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Instantons are paths describing tunneling events

Chapter 3

The QCD vacuum, chiral symmetries and confinement

3.1 Modern theory of tunneling in quantum mechanics

One of the fundamental differences between classical and quantum mechanics (QM) is that QM allows for
the phenomenon of tunneling between regions where classical motion is permitted, separated by potential

barriers. If the particle energy is smaller than the potential E < V (x) the kinetic energy is negative,

K = E � V (x) < 0,

and therefore the momentum becomes imaginary. Motion under the barrier can therefore be described using
"Euclidean” (imaginary) time ⌧ = it.

In the language of path integrals, tunneling corresponds to paths defined on the complex time plane,
consisting of segments running along real and imaginary directions, separated by specific "turning points.”

Perhaps the most spectacular example of tunneling is the ↵ decay of heavy nuclei (Gamow 1928), in
which an ↵ = p2n2 cluster tunnels from the interior of the nucleus to the outside world through the Coulomb
barrier. We will not discuss this celebrated example here; instead, we illustrate the main ideas using a simpler
setting, the double-well potential (DWP).

We consider the nonrelativistic Hamiltonian with the potential

VDWP = �(x2
� f2)2, (3.1)

which has two minima at x = ±f , often referred to as "classical vacua.” Ignoring tunneling, one would expect
the motion near each minimum to be independent, leading to a doubly degenerate spectrum. In particular,
one expects two ground states with energy

E = !/2 = f
p

2�.

To make contact with QCD-inspired notation, we express all dimensional quantities in terms of the
frequency ! and a dimensionless coupling

↵ = �/!3.

For example, the height of the barrier is

Vmax = V (x = 0) = !
!3

64�
= !

1

64↵
. (3.2)

We define the "weak coupling” regime as ↵ ⌧ 1, in which the barrier is very high, Vmax � !. In this regime,
one can develop a perturbative theory and compute the vacuum energy as a series
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Epert =
!

2
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X

n

Cn↵n
i
, (3.3)

using Feynman diagrams.1

The double degeneracy of the vacuum (and of other states) is lifted by tunneling. The true eigenstates
are symmetric and antisymmetric combinations of the classical vacua, with energies

E± = Epert

h
1 ⌥

r
2

⇡↵
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�

1

12↵

⌘
+ . . .

i
, (3.4)

separated by an exponentially small tunneling contribution.
Using Euclidean time ⌧ , one introduces the Euclidean action2

SE =

Z
d⌧

h1

2
ẋ2 + V (x)

i
. (3.5)

Tunneling amplitudes are determined by minimizing this action over paths connecting the two vacua. The
solution is easy to find: motion in the inverted potential �V turns minima into maxima, and the trajectory
"slides” from one to the other,

xinst(⌧)/f = tanh
h
!(⌧ � ⌧0)/2

i
. (3.6)

This trajectory is called the instanton. Its action,

Sinst = !3/12�,

is precisely the exponent appearing in Eq. (3.4). The existence of instanton-like paths removes the classical
degeneracy and makes the quantum vacuum unique.

So, quantum paths in vacuum can be considered a superposition of "zero-point" perturbative oscillations
near one of the minima, and nonperturbative tunneling events, the instantons. The same general idea we
will discuss below for the QCD vacuum as well.

For an in-depth presentation of modern semiclassical theory, one may consult, for example, the book
[Shuryak, 2020]. The traditional WKB method discussed in QM textbooks can be replaced by the flucton

calculus, in which the wave function is systematically constructed as a semiclassical series to arbitrary order.
The perturbative and semiclassical expansions mentioned above are unified into a single transseries, which
cures the defects of each series individually.3

In general, a transseries takes the form of a triple sum over integers p, k, l,
X

Cpkl ↵
2p

⇥
exp(�const/↵)

⇤k ⇥
log(±1/↵)

⇤l
.

The coefficients Cpkl satisfy highly nontrivial relations due to the phenomenon known as resurgence; for a
pedagogical review see, for example, [Behtash et al., 2017]. Flucton and instanton contributions have been
computed diagrammatically up to three loops.

To demonstrate that semiclassical theory is not merely a collection of complicated formulae, let us examine
how well it works in practice. We focus on the gap (splitting of negative-to-positive parity states) 4

gap = E� � E+,

1 Here one must use diagrams without external legs, whose combinatorial coefficients are more subtle than those of standard
diagrams with external lines.
2 Note that the potential appears with a plus sign here, unlike in Minkowski time. The dot denotes differentiation with respect
to ⌧ , not real time.
3 Divergent series can often be summed using methods such as Borel regularization. These methods relate the ambiguities of
the perturbative series to those arising in instanton calculus.
4 In this sense, it is analogous to a pion mass though for the double-well potential.
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which can be computed numerically as a function of the instanton action S. The numerical results are shown
as data points in Fig. 3.1 and are compared with the one-, two-, and three-loop semiclassical predictions.

The one-loop result is based on evaluating the determinant of the fluctuation operator (see, for example, the
pedagogical review [Vainshtein et al., 1982]). The two-loop correction was computed in [Wohler and Shuryak, 1994];
at this order, new diagrams appear that originate not from the action itself but from enforcing orthogonality
to the zero mode. The three-loop correction was obtained in [Escobar-Ruiz et al., 2015], where many dia-
grams are involved, some evaluated analytically and others numerically. The explicit expressions are shown
in the figure.

As the plot demonstrates, even for actions in the range S = 3 . . . 6,5 the three-loop approximation works
remarkably well. The (unshown) residual discrepancy is consistent with an O(S�3) correction, as expected
from the yet-unknown four-loop contribution.

Looking ahead, QCD instantons have actions Sinst ⇠ 10-12, larger than those shown in the figure. Instan-
ton constituents, known as instanton-dyons, have actions Sinst/Nc ⇠ 4, corresponding roughly to the middle
of the plotted range. One might therefore expect semiclassical theory to work with comparable accuracy
in this context. Unfortunately, for gauge theories the only explicit result currently available is the one-loop
instanton density computed by ’t Hooft in the 1970. Despite half a century of effort higher-loop results have
not yet been obtained.6

Instantons correspond to extrema of the path integral, as they minimize the action. Another obvious
extremum is the "lazy path” x(⌧) = 0. One may also search for complex paths with finite action, motivated
by the principles of complex analysis, which suggest that all nearby extrema should be included.

Paths describing "incomplete tunneling” can be represented by instanton-anti-instanton pairs, or "molecules.”
In the DWP, these configurations were first studied in [Shuryak, 1982d] using numerical simulations of the
path ensemble. The instanton-anti-instanton set was defined via "gradient flow”; in complex analysis, the
corresponding objects are known as Lefschetz thimbles. For a pedagogical introduction, see [Witten, 2010].

The basic idea, dating back to Cauchy, is to deform the integration contour from the real axis into the
complex plane. This deformation is most naturally achieved by decomposing the integration domain into a

5 The action is measured in units of ~, which is set to unity here and throughout.
6 As the dates of the cited references suggest, each step in this program has taken on the order of two decades.
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Fig. 3.1 The splitting of the negative-parity state from the vacuum, gap = E� � E+, shown as data points. The three curves
correspond to one-, two-, and three-loop semiclassical approximations.
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set of thimbles connecting different extrema. On each thimble the phase of the integrand is constant, allowing
the original complex integral to be rewritten as a sum of real integrals (with complex coefficients) that may
be separately amenable to standard numerical methods, like Monte-Carlo sampling.

This opens an intriguing possibility for the complexification of path integrals, both in quantum mechanics
and in quantum field theory. While this approach is not yet fully developed, it may ultimately provide a
nontrivial bridge between perturbative and nonperturbative physics. Here, however, we stop and move on to
instantons in quantum field theory, and in particular in QCD.

3.2 The topological landscape of gauge fields

The landscape refers to the set of minimal-energy gauge-field configurations as a function of two main
variables. The first is the topological Chern-Simons number,

NCS ⌘
✏↵��

16⇡2

Z
d3x

✓
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� +
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✏abcAa

↵Ab
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�

◆
, (3.7)

while the second variable is the r.m.s. size of the configuration, related to the spatial distribution of the
squared field strength,

⇢r.m.s. =

R
r2G2

µ⌫d3rR
G2

µ⌫d3r
. (3.8)

For fixed ⇢, the landscape is shown in Fig. 3.2. It was defined in [Ostrovsky et al., 2002] in the parametric
form

Umin(k, ⇢) = (1 � k2)2
3⇡2

g2⇢
, (3.9)

NCS(k) =
1

4
sign(k)(1 � |k|)2(2 + |k|),

with parameter k. At k = ±1 the minimal energy vanishes, while k = 0 corresponds to a maximum of the
energy. This point was called sphaleron in electroweak theory [Klinkhamer and Manton, 1984].

The set of configurations at arbitrary k is known as the sphaleron path. These are static three-dimensional
magnetic field configurations, also referred to as turning points (by analogy with quantum mechanics, where
the semiclassical momentum vanishes). Such configurations are local energy minima in all directions except
the size and NCS directions, which are held fixed.

The (anti)instanton corresponds to a tunneling path (blue arrow) connecting the bottoms of two neigh-
boring valleys at zero energy. Since these configurations carry topological charge Q = ±1, they induce a
change in the Chern-Simons number �NCS = ±1.

However, instanton paths are not the only form of topological fluctuations that may occur in this landscape.
Indeed, we will discuss two additional classes of paths: (i) those that move along the landscape following the
sphaleron path (or streamline); (ii) those that traverse the landscape at fixed energy, including tunneling.
All of these are illustrated in Fig. 3.2.

The first class is described by a constrained Yang-Mills equation with a nonzero right-hand side, interpreted
as an external current that drags the configuration up (or down) the potential along its gradient. In the
mathematical literature, it is known as Lefschetz timble, a special path connecting two extrema of a function
by following its gradient.

The second class is described by the Yang-Mills equations with a zero right-hand side and therefore occurs
at fixed energy. The history of such a path passes through the turning points twice, with a Euclidean-time
solution in between, a process known as tunneling at nonzero energy. In general, these paths should be
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Fig. 3.2 Topological landscape, shown as the gauge-field energy multiplied by the r.m.s. size versus the Chern-Simons number.

supplemented by Minkowski-time solutions before and after the turning points. The technical term for this
construction is a zigzag path, indicating a transition from real to imaginary time and back again.

3.3 Chiral symmetries of QCD and their breaking

The study of nonperturbative physics in strong interactions began even before the advent of QCD or the intro-
duction of quarks. Already in the early 1960s, Nambu and Jona-Lasinio (NJL) [Nambu and Jona-Lasinio, 1961a],
inspired by the BCS theory of superconductivity, investigated the vacuum structure of a theory with massless

(but strongly interacting) fermions. They showed that an attractive interaction can lead to the formation of
a gap at the surface of the Dirac sea. In other words, fermions can acquire a mass dynamically, rather than
through an explicit mass term in the Lagrangian.

A key difference from the case of superconductivity is that this phenomenon does not occur in the weak-
coupling limit, but instead requires strong coupling.

It is instructive to compare perturbative and nonperturbative forces, using the NJL model as an example
of the latter. The first parameter is the coupling constant. The second important parameter is the ultraviolet
cutoff ⇤NJL ⇠ 1 GeV, below which the hypothetical attractive four-fermion interaction operates. Typical
values used in NJL phenomenology are

GNJL = 19GeV�2, ⇤IR = 0.24 GeV, ⇤UV = 0.645 GeV, (3.10)

for which the constituent quark mass is found to be M ⇡ 0.4 GeV.
Let us compare this to the force arising from one-gluon exchange, Fgluon(k2) = g2/k2. For a typical

momentum exchange inside a meson,
k2 = xx̄ Q2

⇡ Q2/4. (3.11)

The ratio of the NJL interaction to the gluon-exchange force can then be estimated as

GNJL

Fgluon
exp

✓
�

k2

⇤2
UV

◆
. (3.12)

This ratio is shown in Fig. 3.3. While it decreases at large momenta due to the form factor, it remains larger
than unity over a wide range of momentum transfers.

Conditional energy minimization 

Ostrovsky and Shuryak,2002)
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Article
Table 1 | Ratios of �D to 2�H.

xt bin �xt� �xb� �M� �PT � �D/(2�H) ± stat. ± syst. �xt

(GeV/c2) (GeV/c)

0.130 � 0.160 0.147 0.688 4.71 0.651 1.211 ± 0.052 ± 0.053 0.013

0.160 � 0.195 0.179 0.611 4.88 0.717 1.141 ± 0.043 ± 0.025 0.016

0.195 � 0.240 0.216 0.554 5.11 0.757 1.196 ± 0.042 ± 0.044 0.019

0.240 � 0.290 0.263 0.519 5.46 0.786 1.165 ± 0.046 ± 0.032 0.022

0.290 � 0.350 0.315 0.498 5.87 0.785 1.193 ± 0.050 ± 0.034 0.026

0.350 � 0.450 0.385 0.477 6.36 0.776 1.113 ± 0.064 ± 0.039 0.030

Cross section ratios �D/(2�H) binned in xt with their statistical and systematic uncertainties and the average values for the kinematic variables of each xt bin.
The cross section ratios are defined as the ratio of luminosity-corrected yields from the hydrogen and deuterium targets. The final column is the experimental
resolution in xt as determined by Monte Carlo simulations.

Figure 2 | Ratios of d̄(x) to ū(x).

0 0.1 0.2 0.3 0.4
x

0

0.5

1

1.5

2

2.5

u/d

SeaQuest/E906

Syst. uncert.

NuSea/E866

Alberg and Miller
Basso, Bourrely, Pasechnik and Soffer
CT18NLO, SeaQuest kinematics
CTEQ6m, SeaQuest kinematics

Ratios of d̄(x) to ū(x) in the proton (red filled circles) with their statistical (vertical bars) and systematic (yellow boxes) uncertainties extracted from the present
data based on next-to-leading order calculations of the Drell-Yan cross sections. Also shown in the open black squares are the results obtained by the NuSea
experiment with statistical and systematic uncertainties added in quadrature4 . The cyan band shows the predictions of the meson-baryon model of Alberg and
Miller26 and the green band shows the predictions of the statistical parton distributions of Basso, Bourrely, Pasechnik and Soffer22. The red solid (blue dashed)
curves show the calculated ratios of d̄(x) to ū(x) with CT1830 (CTEQ636) parton distributions at the scales of the SeaQuest results. The horizontal bars on the
data points indicate the width of the bins.

ratio d̄(x)/ū(x) above the measured x region was estimated by vary-
ing this value from 1.0 to 0.5 and 2.0. The spread of the results due
to the choice of initial parton distributions was always less than half of
the statistical error. Each xt bin was subdivided into multiple xb sub-
bins. The cross sections for hydrogen and deuterium were calculated
separately for each sub-bin at the �xt�, �xb�, and �M� of that sub-bin
and an acceptance weighted sum was used to determine the final cross
section. These distributions are given in Extended Data Tab. 3. Cal-
culations using only one average xt and xb for each xt bin were less
reliable. It was also found that a leading order extraction of d̄(x)/ū(x)
using leading order parton distributions and cross section calculations
gave very similar results for the ratios compared to the NLO results.

The resulting ratios of d̄(x) to ū(x) distributions starting with the
CT18 distributions are given in Table 2 at the scale of each xt bin
and displayed in Fig. 2, and compared there with the NuSea results.
The trends between the two experiments at higher xt are quite dif-
ferent. No explanation has been found yet for the differing results,
even though there is a small overlap in the members of the NuSea and
SeaQuest collaborations. The present data are reasonably described by
the predictions of the statistical parton distributions of Basso, Bourrely,
Pasechnik and Soffer22 or by the chiral effective perturbation theory of
Alberg and Miller,26 also shown in Fig. 2. These two calculations em-

phasize rather different non-perturbative mechanisms that lead to the
differences in d̄(x) and ū(x). The present data show that d̄ is greater
than ū for the entire x range measured by this experiment. This pro-
vides important support for these and other non-perturbative mecha-
nisms of the QCD structure of the proton that were disfavored by the
NuSea results.

The next major step to help distinguish between the various mod-
els is to measure how much the spin and angular momentum of the
antiquarks contribute to the total spin of the proton. It has long been
realized that these models make rather different predictions for the con-
tribution of the total spin of the proton carried by the antiquarks.16,17

For example, meson-nucleon models predict little spin is carried by
the antiquarks, the statistical model predicts the difference in spin
�d̄(x) � �ū(x) = �

�
d̄(x) � ū(x)

�
and chiral soliton models23

predict �d̄(x) � �ū(x) = �5/3
�
d̄(x) � ū(x)

�
. Experiments are

planned or underway at Fermilab, the Thomas Jefferson National Ac-
celerator Facility, Brookhaven National Laboratory, and the European
Organization for Nuclear Research to pursue this goal.16,17

These results impact the reach of a p-p collider like the Large
Hadron Collider for new physics. For example production of high
mass Z0 and W 0 particles has been shown to be dominated by light

Fig. 2.4 Flavor asymmetry of the antiquark sea as the ratio d̄/ū versus momentum fraction x, from [Dove et al., 2021].

While the partonic description is a robust endpoint of the bridge, it does rely on certain approximations.
In particular, the incoherence assumption underlying DGLAP evolution renders the equations probabilistic
kinetic equations. As emphasized by [Kharzeev and Levin, 2017], this assumption leads to an entanglement
entropy. Yet hadrons are pure quantum states, and a fully consistent description requires their complete
light-front wave functions, without such entanglement and entropy.

Evolving PDFs downward in Q2 reveals a scale at which gluon emission effectively ceases. The lightest
glueballs have masses around Mglueball ⇠ 2 GeV, suggesting a gluon effective mass of order Me↵(gluon) ⇠

1 GeV and placing the lower threshold of perturbative evolution at Q2
⇠ M2

e↵ .
At lower Q2 the dynamics are governed not by quarks and gluons but by the phenomena of chiral symmetry

breaking, which foreground the Nambu-Goldstone pions and the scalar condensate �. In this domain, the
QCD Lagrangian is replaced by a chiral effective Lagrangian with an upper cutoff scale associated with the
original NJL model, ⇤� ⇠ 1 GeV. The mechanism was later related to instantons [Shuryak, 1982g], with the
cutoff scale tied to the typical instanton size ⇢ ⇠ 1/3 fm.

Thus we are led to a natural strategy: the two arcs of the bridge, the chiral and perturbative domains,
might meet smoothly at common 1 GeV scale. In this section we examine whether PDFs computed from
both sides indeed join at that point. Of course many observables require more refined approaches than an
abrupt transition between effective theories. We note, for instance, various efforts to combine perturbative and
nonperturbative contributions, including our own analyses of meson form factors [Shuryak and Zahed, 2021g]
and spin-dependent forces [Shuryak and Zahed, 2021a].

It is not a place to discuss the whole set of well known standard PDFs, so let us jump now to one of
them we will be discussing most: the PDFs of the antiquark "sea". Before addressing the data at Fig.2.4,
consider processes which may add additional q̄q pair to a nucleon. Pairs which arise through gluon splitting
would have ūu and d̄d in equal amounts, since gluons are "flavor blind". By contrast, the instanton-induced
’t Hooft four-fermion interaction generates sea quarks in a maximally flavor-antisymmetric pattern due to
the Pauli principle governing instanton zero modes. The predicted processes are u ! ud̄d and d ! dūu,
but not u ! uūu. Because the proton contains two valence u quarks and one valence d quark, the simplest
first-order estimate based on instanton vertex predicts the ratio

d̄

ū
! 2, (2.6)

the typical instanton  (+antiinstantons) density     
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ninst ⇡ 1 fm�4
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Fig. 3.C.2 Left: Size distribution of instantons from lattice configurations [Hasenfratz, 2000]. The curve represents the theo-
retical prediction in Eq. (3.28). Right: Schematic paths of quarks and antiquarks for pions and nucleons. Instantons are depicted
as small hills with tunnels. Note that chirality flips L $ R, as well as at blue dots indicating quark mass insertions.

have been deeply cooled, meaning that the action is minimized in a way that removes perturbative gluons
while preserving the gauge topology. The curve shown corresponds to the distribution

dn

d⇢
=

dn

d⇢

����
semiclassical

· e�2⇡�⇢2

, (3.28)

proposed in Ref. [Shuryak, 1999], where the suppression of large instanton sizes arises from a dual monopole
condensate inferred from the flux-tube tension �. The semiclassical contribution is known only to one-
loop order [’t Hooft, 1976a]; unfortunately, higher-loop corrections, analogous to those studied in quantum
mechanics, have not yet been calculated.

Note that the four-dimensional ball volume is ⇡2⇢4/2, and the diluteness parameter nI+Ī⇡
2⇢4/2 ⇠

1/20 ⌧ 1 is indeed small. Nevertheless, instantons interact strongly with each other, which motivates
the term liquid in the Instanton Liquid Model. The theoretical description began with a mean-field ap-
proximation [Diakonov and Petrov, 1986], followed by statistical numerical simulations; for a review, see
Ref. [Schäfer and Shuryak, 1998]. An important qualitative feature is that the QCD vacuum is highly inho-
mogeneous17, with most regions essentially free of strong fields, while at instanton centers the field strengths
are large, G ⇠ 2-5 GeV2.

The broader implication of this analysis is that the topological structure of the QCD vacuum is not
merely a theoretical curiosity but the organizing principle behind hadron formation. Instantons break chiral
symmetry, generate dynamical masses, produce multiplet structures in the diquark sector, and ultimately
give rise to the bound-state structure of the low-lying baryons. The instanton liquid model therefore provides
a unified, predictive, and physically transparent framework for understanding low-energy hadron physics.

Confinement is not as essential for ground state hadrons, as it is for the high lying ones and their manifest
Reggeization. In the Euclidean formulation, the pion and nucleon worldlines are kept bunched by the ’t Hooft
interactions, which makes them less sensitive to flux piercing by P-vortices in the dual description. This is
not the case for the Delta and high-lying hadrons, where the worldlines are wider and more prone to flux
piercing.

17 Attempts to describe the vacuum using averaged propagators or vertices are therefore doomed to fail. Instead, one should
compute entire processes (such as form factors or scattering amplitudes) in the background of a single instanton and subsequently
average over the ensemble.
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ninst(⇡
2/2)⇢4 ⇠ 1/20 ⌧ 1

yet it is enough to break chiral symmetry! inputs <Q^2> and <qbar q>
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where U = uRuL and Uµ⌫ = uR�µ⌫uL, with analogous definitions for D and S. For a single instanton within
the instanton liquid model, the coupling constant G is related to the instanton density as

G =
nI+Ī

2

✓
4⇡2⇢3

◆3✓ 1

m⇤
u⇢

◆✓
1

m⇤
d⇢

◆✓
1

m⇤
s⇢

◆
, (3.35)

with the so-called determinantal mass

m⇤
f = mf +

nI+Ī

2Nc

4⇡2⇢2

m⇤
f

, (3.36)

where mf is the Higgs-induced quark mass appearing in the fundamental QCD Lagrangian.
For most of the analyses in this work, we will specialize to Nf = 2, with u and d quarks of nearly degenerate

masses. Strangeness will also be addressed in a similar spirit, using U - and V -spin. The interaction (3.34)
explicitly breaks the UA(1) axial symmetry, while preserving flavor and left-right symmetry. This structure
becomes more transparent after a Fierz transformation,

G

8(N2
c � 1)

 
2Nc � 1

2Nc

⇥
( ̄ )2 � ( ̄⌧a )2 � ( ̄ i�5 )2 + ( ̄ i�5⌧a )2

⇤
�

1

4Nc

⇥
( ̄�µ⌫ )2 � ( ̄�µ⌫⌧

a )2
⇤
!

.

(3.37)

This interaction is strongly attractive in the � and pion channels and repulsive in the ⌘0 channel, thereby
resolving the UA(1) problem. Equation (3.37) is the QCD realization of the interaction originally proposed
in the pre-QCD era [Nambu and Jona-Lasinio, 1961a]. Finite instanton-size effects can be restored by the
replacement  (x) !

p
F(i@) (x) in (3.37), with the universal profile F(k) in momentum space (k =

p
k2),

F(k) =
⇥
(zF 0(z))2

⇤ ����
z= k⇢

2

, F (z) = I0(z)K0(z) � I1(z)K1(z) . (3.38)

In addition to changing quark flavors, this Lagrangian also induces chirality flips19.
This Lagrangian can be written in several equivalent forms, which may initially appear confusing. Any

multi-fermion operator can be identically rewritten using Fierz identities, which regroup fermions into dif-
ferent pairs. For four-fermion operators there are three possible pairings, corresponding to pairing a given
fermion with any of the remaining three. As a result, the Nf = 2 ’t Hooft Lagrangian admits three equivalent
representations. Different forms may be more convenient for different applications, but their coexistence in
the literature can lead to confusion. Following Ref. [Rapp et al., 2000], we present all three forms here. In
what follows, ta denote color generators (Gell-Mann matrices for Nc = 3), ⌧� = (⌧ , i) with ⌧ the isospin
matrices, and the momentum-dependent form factor F (k) (a Dirac matrix) is related to the zero-mode
solution.

L1 =
G

4(N2
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
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2Nc
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�
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2(N2
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�
(q̄F+⌧�

↵ taFq)2 + (q̄F+�5⌧
�
↵ taFq)2

�

�
Nc

4(N2
c � 1)

(q̄F+�µ⌫⌧
�
↵ taFq)2

�
(3.39)

19 In a talk, T. D. Lee once compared instanton tunneling to driving from Queens to Manhattan. Shuryak remarked that a
better analogy is tunneling from Britain to France, since it naturally incorporates the interchange of left- and right-handed
fermions.

’t Hooft effective Lagrangian, 1976



Appendix

3.A Chiral symmetry breaking: brief derivations

Historically, the concept of effective quark masses generated by dynamical chiral symmetry breaking was
introduced by Nambu and Jona-Lasinio [Nambu and Jona-Lasinio, 1961b]. The central idea is that an at-
tractive interaction between a quark and an antiquark can be sufficiently strong to open a gap at the surface
of the massless Dirac sea, in close analogy with electron-electron attraction producing a spectral gap at the
Fermi surface in superconductors. As discussed in the Introduction and in the chapter on the QCD vacuum,
the modern formulation [Shuryak, 1982e, Diakonov and Petrov, 1986] of the NJL four-fermion operator is
nothing but the instanton-induced ’t Hooft vertex.

The mechanism can be demonstrated most simply in the mean-field approximation, following the NJL
approach. The emergent constituent quark mass in the rest frame appears as a solution of the gap equa-

tion (14.34),

M(k) = m + 2gSF(k)

Z
d4q

(2⇡)4
4M(q)

q2 + M2(q)
F(q). (3.18)

The last term represents a dressed quark loop generated by the four-fermion interaction, with gS = GS/Nc

denoting the rescaled ’t Hooft coupling. In contrast to the local NJL model, instanton semiclassical theory
introduces the form factor F(q), which reflects the finite size of instantons.

A formal solution of Eq. (3.18) can be written as

M(k) = m [1 � F(k)] + M F(k) ⇠ M F(k), (3.19)

which reduces Eq. (3.18) to the standard gap equation for the constituent mass M ,

m

M
= 1 � 8gS

Z
d4k

(2⇡)4
F

2(k)

k2 + M2
. (3.20)

After neglecting the momentum dependence of the running mass in the denominator of Eq. (3.20), as
discussed in [Kock and Zahed, 2021], one finds that solutions for M exist only for couplings exceeding a
critical value. In the instanton liquid model (ILM), this critical coupling is determined by the instanton-
antiinstanton density.

The chiral condensate is obtained in a similar manner,

h ̄ i = �

Z
d4k

(2⇡)4
Tr S(k) = �8NcM

Z
d4k

(2⇡)4
F(k)

k2 + M2
. (3.21)

Note that this expression reduces to the scalar mean-field expectation value h�i = h ̄ i/Nc only in the local
limit of vanishing instanton size. In that limit, both Eqs. (3.20) and (3.21) diverge logarithmically in the

41



2.2 Bridging hadronic spectroscopy to partonic observables 15

Fig. 2.2 The left sketch shows a pion propagating through the instanton vacuum; the right shows a nucleon. In the latter, the
ud pair forms "good diquarks”. Blue dots mark quark mass insertions where chirality flips occur.

sor 2+ channels exhibit no first-order effect3. One notable prediction made in [Schäfer and Shuryak, 1995]
was that the scalar glueball

has much smaller size, with the radius near
rmass ⇡ 0.2 fm. After decades of hints, recent lattice works (e.g. [Abbott et al., 2025]) strongly support

this prediction.

2.2 Bridging hadronic spectroscopy to partonic observables

Hadronic spectroscopy emerged in the 1950s with the discovery of numerous hadronic resonances, the excited
states of mesons and baryons. The classification of these states was placed on firm footing in the 1960s through
the flavor SU(3) symmetry introduced by Gell-Mann and Zweig. The 1970s brought dramatic progress:
asymptotic freedom and QCD was discovered [Gross and Wilczek, 1973] and [Politzer, 1973]. Then heavy-
quark bound states ( quarkonia) were observed experimentally. Starting around 1980s, numerical simulation
on 4d lattice has evolved into a highly successful tool, with simulations now reproducing hadronic spectra
and properties with impressive accuracy. One might therefore think that most conceptual developments were
concluded in the late twentieth century.

Yet the field has undergone a pronounced revival, as many new hadrons have been discovered. In partic-
ularly tetraquarks and pentaquarks are in Particle Data.

Increasing attention is once again turning to six-quark (hexaquark) and twelve-quark configurations, which
may play a role in the structure of the deuteron and 4He.

The renewed theoretical efforts have reignited questions concerning the origin of the forces among quarks,
both heavy and light, and have motivated deeper exploration of connections between these forces and the
structure of the QCD vacuum. Relations between baryonic and mesonic forces have been generalized to mul-
tiquark systems, and puzzles associated with spin-dependent interactions, particularly spin-orbit couplings,
have inspired new analyses. Later chapters will introduce the relevant quark symmetry group represen-
tations, methods for constructing spectra and wave functions using recent features of Mathematica, and

3 This occurs because a strong instanton field nevertheless has zero stress tensor.

schematic picture for the pion and nucleon 

propagating in ILM

’t Hooft 1976

discovered effective interaction  
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Fig. 3.C.2 Left: Size distribution of instantons from lattice configurations [Hasenfratz, 2000]. The curve represents the theo-
retical prediction in Eq. (3.28). Right: Schematic paths of quarks and antiquarks for pions and nucleons. Instantons are depicted
as small hills with tunnels. Note that chirality flips L $ R, as well as at blue dots indicating quark mass insertions.

have been deeply cooled, meaning that the action is minimized in a way that removes perturbative gluons
while preserving the gauge topology. The curve shown corresponds to the distribution

dn

d⇢
=

dn

d⇢

����
semiclassical

· e�2⇡�⇢2

, (3.28)

proposed in Ref. [Shuryak, 1999], where the suppression of large instanton sizes arises from a dual monopole
condensate inferred from the flux-tube tension �. The semiclassical contribution is known only to one-
loop order [’t Hooft, 1976a]; unfortunately, higher-loop corrections, analogous to those studied in quantum
mechanics, have not yet been calculated.

Note that the four-dimensional ball volume is ⇡2⇢4/2, and the diluteness parameter nI+Ī⇡
2⇢4/2 ⇠

1/20 ⌧ 1 is indeed small. Nevertheless, instantons interact strongly with each other, which motivates
the term liquid in the Instanton Liquid Model. The theoretical description began with a mean-field ap-
proximation [Diakonov and Petrov, 1986], followed by statistical numerical simulations; for a review, see
Ref. [Schäfer and Shuryak, 1998]. An important qualitative feature is that the QCD vacuum is highly inho-
mogeneous17, with most regions essentially free of strong fields, while at instanton centers the field strengths
are large, G ⇠ 2-5 GeV2.

The broader implication of this analysis is that the topological structure of the QCD vacuum is not
merely a theoretical curiosity but the organizing principle behind hadron formation. Instantons break chiral
symmetry, generate dynamical masses, produce multiplet structures in the diquark sector, and ultimately
give rise to the bound-state structure of the low-lying baryons. The instanton liquid model therefore provides
a unified, predictive, and physically transparent framework for understanding low-energy hadron physics.

Confinement is not as essential for ground state hadrons, as it is for the high lying ones and their manifest
Reggeization. In the Euclidean formulation, the pion and nucleon worldlines are kept bunched by the ’t Hooft
interactions, which makes them less sensitive to flux piercing by P-vortices in the dual description. This is
not the case for the Delta and high-lying hadrons, where the worldlines are wider and more prone to flux
piercing.

17 Attempts to describe the vacuum using averaged propagators or vertices are therefore doomed to fail. Instead, one should
compute entire processes (such as form factors or scattering amplitudes) in the background of a single instanton and subsequently
average over the ensemble.

3.C QCD topological objects observed on the lattice 43

Fig. 3.C.1 Instantons (yellow) and anti-instantons (blue) in the deep-cooled Yang-Mills vacuum. After center projection, they
are threaded by center P-vortices [Biddle et al., 2020b, Biddle et al., 2020a]. These configurations constitute the primordial
gluon epoxy (hard glue) at the origin of light hadron masses [Zahed, 2021]. The center P-vortices are responsible for confinement.
See text for details.

3.C QCD topological objects observed on the lattice

Over the last decades, lattice gauge theory has developed into a large and mature field, eventually reaching
the capability to perform numerical simulations with (near-)realistic quark masses. As a result, the main
features of the hadronic spectrum have been successfully reproduced. One may therefore ask why further
efforts to derive and understand many aspects of hadronic structure, as described in this review, are still
justified.

There are essentially two reasons. The first, discussed in the first half of this review, concerns a deeper
understanding of the confining and spin-dependent forces between quarks. The second is the goal of bridging

the gap between spectroscopy and light-cone observables. Lattice results, used to the fullest extent possible,
guide attempts to explain these phenomena in terms of models that are significantly simpler than full-scale
numerical simulations of Euclidean gauge fields.

Proceeding in this spirit, we present two relatively recent examples of visualizations of vacuum fields in
QCD. The Instanton Liquid Model discussed above describes these fields as highly inhomogeneous: localized
regions of very strong gauge fields at instanton centers are surrounded by "empty” space-time largely free
of nonperturbative fields. Since the mid-1990s, such field distributions have been extracted from lattice
configurations using various "cooling” methods. Since a picture is worth many words, we refer the reader
to the visualization shown in Fig. 3.C.1, which displays a representative topological charge distribution
from Refs. [Leinweber, 1999, Biddle et al., 2020b, Biddle et al., 2020a]. It reveals a number of instantons
and anti-instantons populating the QCD vacuum.

Note that the topological clusters are also threaded by thin center vortices, or Z3-flux strings, which span
world-sheet surfaces in four dimensions. While center vortices are essential for enforcing confinement at long
distances, Fig. 3.C.1 shows that they are, on average, largely decoupled from the strong and inhomogeneous
topological fields, except at the branching points of P-vortices. Moreover, the field strength associated with
these vortices in the vicinity of topological objects is approximately �T ⇢̄ ⇡ 0.3 GeV. This is weaker than
the typical chromo-electric or chromo-magnetic field strength at an instanton center,

p
E =

p
B ⇡ 2.5/⇢̄ ⇡

1.5 GeV, yet it is crucial for long-distance color correlations.
Many years later, lattice simulations have quantified instanton parameters in a systematic way, see for

example the size distribution shown in Fig. 3.C.2. Technically, this is obtained from lattice gauge fields that

Leinweber et al, 2020 A.Hazenfratz et al, 2000

size distribution 
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Figure 2. (Color online) Evolution of the average instanton size (leftmost upper), density (right-
most upper) and the histogram of sizes (lower) with the Gradient flow time for 100 quenched gauge
field configurations corresponding to � = 4.2 (see Tab. 2). The error bars for the instanton size
show the width of the distribution rather than the standard deviation of the mean. For the density,
the error bars incorporate an estimate of the systematic uncertainty associated to the distance filter
discussed in the text.

when the density drops. We have checked that, if the Gradient flow is driven by the Iwasaki
gauge action, the observed evolution does not differ from the one described above.

4 Momentum running, flow evolution and flavor effects

As we have discussed in Sec. 2, the running of two- and three-gluon Green’s functions can
be combined to yield a strong coupling definition, the estimate of which, computed from
the gauge fields for a semiclassical multi-instanton ensemble leaves us with a very striking
signature for the presence of instantons. In the following, we will use this coupling obtained
from the lattice gauge fields to detect instantons by analyzing its running both at large-
and small-momenta, as explained in Ref. [29], for all the set-up’s of Tab. 1. We will then
compare the obtained results with the ones stemming from instanton localization for the
quenched case at � = 4.2 derived in the previous section, and will also study their evolution
with the Gradient flow time. Furthermore, we will take advantage of the other lattice
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Figure 5. (Color online) Comparison of the instanton density evolution with Gradient flow time
(in units of t0 = 0.01125fm2) from instanton localization (red) and from ↵MOM(k) (blue). The
dashed lines correspond to Eq. (4.3) resulting from the toy model described in the text which
fits either localization (red) or Green’s functions estimates (blue). The value at zero flow time
extrapolated from the instanton localization estimates strikingly coincides with the result from the
Green’s functions.

Now, as Eq. (2.11) tells, the IR running of ↵MOM(k) is basically determined by the
instanton density and, thus, a direct comparison of the results of the low-momenta fits
shown in Fig. 6 makes possible the scrutiny of the evolution of this density with the number
of flavors. Indeed, it suggests that the instanton density increases monotonously with the
number of dynamical flavors. If we furthermore accept that the ratio �⇢2/⇢̄2 is the same for
Nf = 0, Nf = 2+1 and Nf = 2+1+1, we obtain that the instanton density increases by a
factor 1.3(1) from Nf = 0 to Nf = 2+1 and by a factor 1.5(1) from Nf = 0 to Nf = 2+1+1.
These two ratios are nearly compatible within the errors and this suggests a very mild effect
of the charm quark on the instanton density, certainly owing to its sizeable mass threshold.
The role of the charm quark and the dependence on the quark masses has not been studied
in detail yet but the fact that the instanton density grows with the presence of dynamical
flavors has been previously reported, for instance, in Ref. [11]. In the previous reference it
was interpreted as follows: it is well known that an isolated instanton produces a zero mode
of the fermion determinant [11, 48] and, as a consequence of this and the action of a given
gauge field being weighted by [det(/D + m)]

NF , the existence of zero modes of the Dirac
operator would be highly improbable in the chiral limit. Becoming more improbable the
larger is the number of light fermion flavors. Thereupon, a large density of instantons can
be understood as favoring the instanton superposition and thus suppressing the effect of
isolated instantons. Or, in other words, it can be thought to enhance non-linear effects and
pseudo-particle interactions destroying the zero-modes associated to the single instanton
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spin-dependent forces between quarks. The inclusion of such molecules is the novel element of the vacuum
model developed here.

Close instanton-anti-instanton pairs are, of course, well known and have been observed on the lattice.
However, they are not visible in Fig. 3.C.1, which was obtained using so-called deep cooling of gauge con-
figurations. During this process, closely spaced instanton-anti-instanton pairs are already annihilated. The
role of the molecular component of the vacuum was previously explored in connection with phase transitions
in hot and dense matter. Indeed, neglecting quark masses, this component is the only one that survives at
temperatures T > Tc, where chiral symmetry is restored. The combined treatment of "atomic” and "molecu-
lar” components dates back to Ref. [Ilgenfritz and Shuryak, 1989]. The molecular component was also shown
to be important at high baryon density, where it contributes to quark pairing and color superconductiv-
ity [Rapp et al., 1998]. More recently, we have explored its role through nonperturbative contributions to
mesonic form factors [Shuryak and Zahed, 2021g] and matching kernels [Liu and Zahed, 2021].

The theory of sphaleron processes (schematically illustrated in the middle of Fig. 3.2) is closely related to
the issue of IĪ interactions. The numerical calculation of the streamline along the action gradient was first
performed for quantum-mechanical instantons in Ref. [Shuryak, 1988]. For gauge theories, the streamline
equation was derived in Ref. [Balitsky and Yung, 1986], solved approximately in Ref. [Yung, 1988], and
computed numerically in Ref. [Verbaarschot, 1991]. A surprising finding of the latter work was that the
Yung ansatz is remarkably accurate not only at large separations R � ⇢, where it was originally derived,
but in fact down to zero separation. Note that the last two works employed conformal inversion about the
instanton center, rendering the instanton and anti-instanton co-central.

Consider an instanton I and an anti-instanton Ī of equal size ⇢ and identical color orientation, with their
four-dimensional separation R serving as the parameter of the configuration. Their centers are located at
x1µ = (0, 0, 0, R/2) and x2µ = (0, 0, 0, �R/2). In the mathematical literature, such a family of configura-
tions is known as a Lefschetz thimble. It interpolates between one extremum at R ! 1, corresponding to
independent I and Ī, and the perturbative vacuum with vanishing mean field at R = 0. For y4 < 0, the
gauge fields are approximately anti-self-dual, E ⇡ �B, while for y4 > 0 they are approximately self-dual,
E ⇡ B. At y4 = 0, the electric field vanishes. As shown in Ref. [Ostrovsky et al., 2002], the three-dimensional
magnetic objects obtained using the Yung ansatz closely resemble sphaleron-path configurations obtained
via constrained energy minimization.

The instanton-anti-instanton streamline thus provides a semiclassical description of sphaleron pro-
duction. In the context of electroweak theory, it was first applied in Refs. [Khoze and Ringwald, 1991,
Shuryak and Verbaarschot, 1992] more than three decades ago. Recent interest in the production of QCD
sphalerons at the LHC and RHIC is discussed in our work [Shuryak and Zahed, 2021d].

We now turn to lattice observables to which the molecular component of the instanton ensemble con-
tributes. The simplest example is the gluon condensate hG2

µ⌫i, introduced within the framework of QCD
sum rules [Shifman et al., 1979]. The numerical value of this condensate has been subject to significant revi-
sions, with later studies suggesting a substantially larger magnitude. Additional discrepancies were identified
in lattice attempts to extract local or nonlocal observables involving powers of the gauge-field strength Gµ⌫ .

As already mentioned, instantons (I) are solutions of the Yang-Mills equations in Euclidean time
⌧ = ix(4) [Belavin et al., 1975], semiclassically describing tunneling between gauge-field configurations with
different topology (Chern-Simons number). Anti-instantons (Ī) describe tunneling in the opposite direction.
By molecules we mean strongly overlapping IĪ configurations, corresponding to incomplete tunneling events.

Historically, overlapping IĪ configurations were first studied in the context of the well-known quantum-
mechanical double-well potential. As discussed, for example, in Ref. [Shuryak, 1988], one can fix certain
points along the path and minimize the action, leading to the concept of conditional minima. Action min-
imization along the direction of its gradient (known as gradient flow) produces streamline configurations.
(The analogous objects in complex analysis are known as Lefschetz thimbles.)

In gauge theory, the first derivations of such configurations were performed in Refs. [Balitsky and Yung, 1986,
Yung, 1988] for large IĪ separations, and in full generality in Ref. [Verbaarschot, 1991], using conformal trans-
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The theory of sphaleron processes (schematically illustrated in the middle of Fig. 3.2) is closely related to
the issue of IĪ interactions. The numerical calculation of the streamline along the action gradient was first
performed for quantum-mechanical instantons in Ref. [Shuryak, 1988]. For gauge theories, the streamline
equation was derived in Ref. [Balitsky and Yung, 1986], solved approximately in Ref. [Yung, 1988], and
computed numerically in Ref. [Verbaarschot, 1991]. A surprising finding of the latter work was that the
Yung ansatz is remarkably accurate not only at large separations R � ⇢, where it was originally derived,
but in fact down to zero separation. Note that the last two works employed conformal inversion about the
instanton center, rendering the instanton and anti-instanton co-central.

Consider an instanton I and an anti-instanton Ī of equal size ⇢ and identical color orientation, with their
four-dimensional separation R serving as the parameter of the configuration. Their centers are located at
x1µ = (0, 0, 0, R/2) and x2µ = (0, 0, 0, �R/2). In the mathematical literature, such a family of configura-
tions is known as a Lefschetz thimble. It interpolates between one extremum at R ! 1, corresponding to
independent I and Ī, and the perturbative vacuum with vanishing mean field at R = 0. For y4 < 0, the
gauge fields are approximately anti-self-dual, E ⇡ �B, while for y4 > 0 they are approximately self-dual,
E ⇡ B. At y4 = 0, the electric field vanishes. As shown in Ref. [Ostrovsky et al., 2002], the three-dimensional
magnetic objects obtained using the Yung ansatz closely resemble sphaleron-path configurations obtained
via constrained energy minimization.

The instanton-anti-instanton streamline thus provides a semiclassical description of sphaleron pro-
duction. In the context of electroweak theory, it was first applied in Refs. [Khoze and Ringwald, 1991,
Shuryak and Verbaarschot, 1992] more than three decades ago. Recent interest in the production of QCD
sphalerons at the LHC and RHIC is discussed in our work [Shuryak and Zahed, 2021d].

We now turn to lattice observables to which the molecular component of the instanton ensemble con-
tributes. The simplest example is the gluon condensate hG2

µ⌫i, introduced within the framework of QCD
sum rules [Shifman et al., 1979]. The numerical value of this condensate has been subject to significant revi-
sions, with later studies suggesting a substantially larger magnitude. Additional discrepancies were identified
in lattice attempts to extract local or nonlocal observables involving powers of the gauge-field strength Gµ⌫ .
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Historically, overlapping IĪ configurations were first studied in the context of the well-known quantum-
mechanical double-well potential. As discussed, for example, in Ref. [Shuryak, 1988], one can fix certain
points along the path and minimize the action, leading to the concept of conditional minima. Action min-
imization along the direction of its gradient (known as gradient flow) produces streamline configurations.
(The analogous objects in complex analysis are known as Lefschetz thimbles.)

In gauge theory, the first derivations of such configurations were performed in Refs. [Balitsky and Yung, 1986,
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By molecules we mean strongly overlapping IĪ configurations, corresponding to incomplete tunneling events.
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formations to render I and Ī co-central. These configurations were later applied to finite-temperature QCD
in Ref. [Ilgenfritz and Shuryak, 1989], and to the semiclassical theory of sphalerons at high-energy colliders
in Ref. [Shuryak and Verbaarschot, 1992], although such objects have not yet been observed experimentally
in either QCD or the electroweak sector.

Gauge-field configurations obtained from lattice simulations, after gradient-flow filtering of gluons, reveal
a rather dense ensemble of IĪ molecules. With continued gradient flow, these molecules annihilate, leaving
behind a dilute ensemble of isolated instantons and anti-instantons that is stable under action minimization.
This ensemble is what is traditionally referred to as the Instanton Liquid Model [Shuryak, 1982b]. Examples
of recent lattice studies investigating molecular configurations and their annihilation under gradient flow can
be found in Ref. [Athenodorou et al., 2018].

In later work, however, we did not employ either Verbaarschot’s or Yung’s streamline configurations.
Instead, we adopted a variant of the so-called ratio ansatz

Aµa(x) =
⌘̄aµ⌫y⌫

I ⇢2/Y 2
I + ⌘aµ⌫y⌫

A⇢2/Y 2
A

1 + ⇢2/YA + ⇢2/YI
, (3.32)

where I and A denote the instanton and anti-instanton, respectively. The centers are located at ym
I,A = xm

for m = 1, 2, 3, with y4
I = x4

� R/2 and y4
A = x4 + R/2. Capital Y denotes the squared distances, for

example YA = yµ
Ayµ

A. Near one of the centers (e.g. YI small and YA large), the first term dominates, and
cancellation of YA between numerator and denominator yields the usual singular-gauge fields of an instanton
or anti-instanton.

Fig. 3.F.1 Action of the IĪ configurations (in units of the single-instanton action 8⇡
2) as a function of the separation R/⇢.

The solid line corresponds to the streamline configuration [Verbaarschot, 1991], while the points show the result obtained using
the ansatz (3.32).

It is straightforward for symbolic programs such as Mathematica to generate explicit (though lengthy)
expressions for the field strengths and their squares. The distribution of the gauge-invariant scalar combi-
nation [Ga

µ⌫ ]2 (the action density) is shown in Fig. 3.F.2. The integrated action, measured in units of the
single-instanton action S0 = 8⇡2/g2, approaches 2 at large separation R ! 1. At small R, however, it does
not vanish but instead exhibits a repulsive core for R . 0.5. This feature is unimportant for our purposes,
since in subsequent calculations we take IĪ molecules with R = ⇢ as representative of the vacuum.

The behavior of the gauge fields is illustrated in the right panel of Fig. 3.F.2. The electric field is odd under
x4

! �x4, while the magnetic field is even. Similarly, A4 is odd, implying that the configuration restricted
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Fig. 3.F.2 Left: Contour plot of the action density as a function of x
1 and x

4, in units of the instanton size ⇢. The separation
between the centers is R = ⇢, oriented along the Euclidean time direction ⌧ = x

4. Right: Electric (black solid) and magnetic
(blue dashed) field components with µ = 3, a = 3 as functions of x

4
/⇢.

to the three-dimensional subspace at x4 = 0 is purely magnetic and belongs to the so-called sphaleron path.
The molecular configurations can therefore be interpreted as tunneling amplitudes and anti-amplitudes,
separated by the analogue of a quantum-mechanical turning point, at which the electric field (and hence the
momentum) vanishes.

Individual instantons (anti-instantons) are self-dual (anti-self-dual), and as a result all components of the
stress tensor vanish. This is not the case for molecular configurations. In particular, the Poynting vector
P = [Ea

⇥ B
a], which characterizes the direction and magnitude of energy flow, is nonzero. Since the

configuration is localized, the energy flow must form closed loops, which turn out to be circular.

3.G ’t Hooft effective Lagrangian

The derivation is based on the zero-mode contribution to the quark propagator,

S(x, y) =
 0(x) +

0 (y)

im
+

X

� 6=0

 �(x) +
� (y)

�+ im
. (3.33)

At large distances, the zero mode  0 behaves as xµ�µ/x4, corresponding to a free propagator in empty space.
Amputating these external legs leads to an effective quasi-local vertex with 2Nf fermion legs, known as the
’t Hooft effective Lagrangian [’t Hooft, 1976b]. It includes the zero modes of all light quark flavors (u, d, s)
and therefore induces flavor-mixing interactions,

ūu $ d̄d $ s̄s .

For Nf = 3, in the local (zero-size instanton) approximation and in the chiral limit (mq = 0), the
interaction takes the form of determinantal interactions among the u, d, s quarks [Chernyshev et al., 1996],

V
L+R
qqq =

G

Nc(N2
c � 1)

✓
2Nc + 1

2(Nc + 2)

◆
det(UDS) +

1

2(Nc + 1)

✓
det(Uµ⌫Dµ⌫S) + cyclic

◆�
+ (L $ R) ,(3.34)
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local versions (some related with the instanton liquid model) have been used to calculate the pion light-front
wave function [Broniowski and Ruiz Arriola, 2017, Petrov and Pobylitsa, 1997, Anikin et al., 2001]. Before
we briefly discuss the results of "realistic" models, related to larger set of hadronic wave functions, let us
introduce some extreme cases. For example, in [Ruiz Arriola and Broniowski, 2002] a "flat" pion wave func-
tion was used as an "initial condition" for radiative evolution. Some typical shapes of the pion and other
light meson wave functions are shown in Fig.19.3.1. Note that ⌘0 is the channel in which ’t Hooft Lagranigian
is repulsive, thus quarks are far from each other and have small relative motion.
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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tal probability of any values, the corresponding matrix
is proportional to this curious matrix Mall ones which has
all matrix element being just 1:

Hn1,n2

NJL = ±G2Mall ones (21)

Mn1,n2

all ones ⌘ 1

The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which

|⇡0
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1
p

2
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and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is
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In matrix elements of the Hamiltonian, h⇡0
|H|⇡0

i and
h⌘|H|⌘i, the nondiagonal operator (ūu)(d̄d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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FIG. 2: default

Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e�ective coupling
G ⇡ 0.65 GeV 2.

The probability to find a quark at momentum frac-
tion x, P = x(1 � x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )

The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di�erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.

Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1 � x) = (1 � s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.
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TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto� Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L�1

max.

Lmax 8 12 16 20 24 28 32 Extrapolated to +�
�+ a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961

K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337

K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf⇡(x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ2

0⇡ = 0.240 ± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].

ing Lmax. Because the physical PDFs do not depend on
the longitudinal cuto�, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function

f(x) = xa(1 � x)b/B(a + 1, b + 1), (12)

for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a + 1, b + 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L�1

max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.

III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS

A. PDFs and structure function

By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated

to the infinite longitudinal basis cuto� as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2

and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of �2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.

We adopt µ2
0⇡ = 0.240 ± 0.024 GeV2 for the initial

scale of the pion PDF and µ2
0K = 0.246 ± 0.024 GeV2 for

the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uK

v /u⇡
v data from the CERN-

NA-003 experiment [7]. At our central value of the ini-
tial scales, the �2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uK

v /u⇡
v , the corresponding

FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).

Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposite direction. In fact two maxima are
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.

Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto�s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (�p?-related)
Mmax is given. Since the aim of this paper is to extend

FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].

In contrast, in 1980’s Chernyak and collaborators [56], using the QCD sum rules, arrived

at the pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (120)

known as “the double-hump” one. But, since then no support for this shape has materi-

alized, and it also does not agree with lattice results on momentum fractions, so we will

not discuss it. Let us state once again, that we see phenomenological failure of the pQCD

expressions not in the modified shape of the wave function, but in missing nonperturbative

part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and

therefore they exist even in models without confinement, such as the NJL and ILM. Their

wave functions and parton distribution amplitudes (PDA) have been calculated in various

approximations. The question was addressed originally in the ILM framework in [57], and

more recently using the quasi-distribution proposal by one of us in [13]. The distribution

x

Fig. 19.3.1 Left plot: the pion DA from [Kock et al., 2020] sizes, for different instanton. Right plot: the light mesons - pion,rho
and ⌘

0 light front distribution functions, from [Shuryak, 2019].

In contrast, in 1980’s Chernyak and collaborators [Chernyak and Zhitnitsky, 1984] using the QCD sum
rules arrived at pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (19.14)

known as "the double-hump" one. But, since then no support for this shape has materialized, and it also does
not agree with lattice results on momentum fractions, so we will not discuss it. Let us state once again, that
we see phenomenological failure of the pQCD expressions not in the modified shape of the wave function,
but in missing nonperturbative part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and therefore they exist
even in models without confinement, such as the NJL and ILM. Their wave functions and parton distribution
amplitudes (PDA) have been calculated in various approximations. The question was addressed originally
in the ILM framework in [Petrov et al., 1999], and more recently using the quasi-distribution proposal by
one of us in [Kock et al., 2020]. The distribution amplitude for the light P-pseudoscalars was obtained to
be [Kock et al., 2020]
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where the momentum-dependent quark mass is
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Here �P is a cut-off parameter of order 1, e.g. �⇡ = 3.41, and M(0) = 386 MeV with an instanton size
⇢ = 0.3 fm. As shown in [Kock et al., 2020], this momentum dependence has been confirmed by lattice
studies. For a light current quark mass mf , the running effective quark mass M(k, mf ) ⇡ M(k) + mf .

19.3 Pion Distribution Amplitudes on the LF and pion formfactors 257

local versions (some related with the instanton liquid model) have been used to calculate the pion light-front
wave function [Broniowski and Ruiz Arriola, 2017, Petrov and Pobylitsa, 1997, Anikin et al., 2001]. Before
we briefly discuss the results of "realistic" models, related to larger set of hadronic wave functions, let us
introduce some extreme cases. For example, in [Ruiz Arriola and Broniowski, 2002] a "flat" pion wave func-
tion was used as an "initial condition" for radiative evolution. Some typical shapes of the pion and other
light meson wave functions are shown in Fig.19.3.1. Note that ⌘0 is the channel in which ’t Hooft Lagranigian
is repulsive, thus quarks are far from each other and have small relative motion.
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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is proportional to this curious matrix Mall ones which has
all matrix element being just 1:
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NJL = ±G2Mall ones (21)
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all ones ⌘ 1

The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which

|⇡0
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and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is
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In matrix elements of the Hamiltonian, h⇡0
|H|⇡0

i and
h⌘|H|⌘i, the nondiagonal operator (ūu)(d̄d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e�ective coupling
G ⇡ 0.65 GeV 2.

The probability to find a quark at momentum frac-
tion x, P = x(1 � x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )

The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di�erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.

Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1 � x) = (1 � s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.
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TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto� Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L�1

max.

Lmax 8 12 16 20 24 28 32 Extrapolated to +�
�+ a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961

K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337

K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf⇡(x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ2

0⇡ = 0.240 ± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].

ing Lmax. Because the physical PDFs do not depend on
the longitudinal cuto�, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function

f(x) = xa(1 � x)b/B(a + 1, b + 1), (12)

for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a + 1, b + 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L�1

max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.

III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS

A. PDFs and structure function

By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated

to the infinite longitudinal basis cuto� as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2

and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of �2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.

We adopt µ2
0⇡ = 0.240 ± 0.024 GeV2 for the initial

scale of the pion PDF and µ2
0K = 0.246 ± 0.024 GeV2 for

the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uK

v /u⇡
v data from the CERN-

NA-003 experiment [7]. At our central value of the ini-
tial scales, the �2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uK

v /u⇡
v , the corresponding

FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).

Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposite direction. In fact two maxima are
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.

Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto�s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (�p?-related)
Mmax is given. Since the aim of this paper is to extend

FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].

In contrast, in 1980’s Chernyak and collaborators [56], using the QCD sum rules, arrived

at the pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (120)

known as “the double-hump” one. But, since then no support for this shape has materi-

alized, and it also does not agree with lattice results on momentum fractions, so we will

not discuss it. Let us state once again, that we see phenomenological failure of the pQCD

expressions not in the modified shape of the wave function, but in missing nonperturbative

part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and

therefore they exist even in models without confinement, such as the NJL and ILM. Their

wave functions and parton distribution amplitudes (PDA) have been calculated in various

approximations. The question was addressed originally in the ILM framework in [57], and

more recently using the quasi-distribution proposal by one of us in [13]. The distribution

x

Fig. 19.3.1 Left plot: the pion DA from [Kock et al., 2020] sizes, for different instanton. Right plot: the light mesons - pion,rho
and ⌘

0 light front distribution functions, from [Shuryak, 2019].

In contrast, in 1980’s Chernyak and collaborators [Chernyak and Zhitnitsky, 1984] using the QCD sum
rules arrived at pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (19.14)

known as "the double-hump" one. But, since then no support for this shape has materialized, and it also does
not agree with lattice results on momentum fractions, so we will not discuss it. Let us state once again, that
we see phenomenological failure of the pQCD expressions not in the modified shape of the wave function,
but in missing nonperturbative part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and therefore they exist
even in models without confinement, such as the NJL and ILM. Their wave functions and parton distribution
amplitudes (PDA) have been calculated in various approximations. The question was addressed originally
in the ILM framework in [Petrov et al., 1999], and more recently using the quasi-distribution proposal by
one of us in [Kock et al., 2020]. The distribution amplitude for the light P-pseudoscalars was obtained to
be [Kock et al., 2020]

'P (x) =
2Nc
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where the momentum-dependent quark mass is

M(k) = M(0)

✓����z
✓

I0K0 � I1K1

◆0����
2◆

z= 1
2 ⇢k

(19.16)

Here �P is a cut-off parameter of order 1, e.g. �⇡ = 3.41, and M(0) = 386 MeV with an instanton size
⇢ = 0.3 fm. As shown in [Kock et al., 2020], this momentum dependence has been confirmed by lattice
studies. For a light current quark mass mf , the running effective quark mass M(k, mf ) ⇡ M(k) + mf .

meson distribution amplitudes in ILM

19.3 Pion Distribution Amplitudes on the LF and pion formfactors 257

local versions (some related with the instanton liquid model) have been used to calculate the pion light-front
wave function [Broniowski and Ruiz Arriola, 2017, Petrov and Pobylitsa, 1997, Anikin et al., 2001]. Before
we briefly discuss the results of "realistic" models, related to larger set of hadronic wave functions, let us
introduce some extreme cases. For example, in [Ruiz Arriola and Broniowski, 2002] a "flat" pion wave func-
tion was used as an "initial condition" for radiative evolution. Some typical shapes of the pion and other
light meson wave functions are shown in Fig.19.3.1. Note that ⌘0 is the channel in which ’t Hooft Lagranigian
is repulsive, thus quarks are far from each other and have small relative motion.
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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and over (x0
1, x

0
2) in the other. But since this gives to-

tal probability of any values, the corresponding matrix
is proportional to this curious matrix Mall ones which has
all matrix element being just 1:

Hn1,n2

NJL = ±G2Mall ones (21)

Mn1,n2

all ones ⌘ 1

The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which

|⇡0
i ⇠

1
p

2
(ūu + d̄d)

and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is

|⌘i ⇠
1

p
2
(ūu � d̄d)

In matrix elements of the Hamiltonian, h⇡0
|H|⇡0

i and
h⌘|H|⌘i, the nondiagonal operator (ūu)(d̄d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e�ective coupling
G ⇡ 0.65 GeV 2.

The probability to find a quark at momentum frac-
tion x, P = x(1 � x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )

The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di�erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.

Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1 � x) = (1 � s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.
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TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto� Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L�1

max.

Lmax 8 12 16 20 24 28 32 Extrapolated to +�
�+ a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961

K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337

K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf⇡(x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ2

0⇡ = 0.240 ± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].

ing Lmax. Because the physical PDFs do not depend on
the longitudinal cuto�, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function

f(x) = xa(1 � x)b/B(a + 1, b + 1), (12)

for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a + 1, b + 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L�1

max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.

III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS

A. PDFs and structure function

By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated

to the infinite longitudinal basis cuto� as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2

and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of �2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.

We adopt µ2
0⇡ = 0.240 ± 0.024 GeV2 for the initial

scale of the pion PDF and µ2
0K = 0.246 ± 0.024 GeV2 for

the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uK

v /u⇡
v data from the CERN-

NA-003 experiment [7]. At our central value of the ini-
tial scales, the �2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uK

v /u⇡
v , the corresponding

FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).

Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposite direction. In fact two maxima are
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.

Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto�s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (�p?-related)
Mmax is given. Since the aim of this paper is to extend

FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].

In contrast, in 1980’s Chernyak and collaborators [56], using the QCD sum rules, arrived

at the pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (120)

known as “the double-hump” one. But, since then no support for this shape has materi-

alized, and it also does not agree with lattice results on momentum fractions, so we will

not discuss it. Let us state once again, that we see phenomenological failure of the pQCD

expressions not in the modified shape of the wave function, but in missing nonperturbative

part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and

therefore they exist even in models without confinement, such as the NJL and ILM. Their

wave functions and parton distribution amplitudes (PDA) have been calculated in various

approximations. The question was addressed originally in the ILM framework in [57], and

more recently using the quasi-distribution proposal by one of us in [13]. The distribution

x

Fig. 19.3.1 Left plot: the pion DA from [Kock et al., 2020] sizes, for different instanton. Right plot: the light mesons - pion,rho
and ⌘

0 light front distribution functions, from [Shuryak, 2019].

In contrast, in 1980’s Chernyak and collaborators [Chernyak and Zhitnitsky, 1984] using the QCD sum
rules arrived at pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (19.14)

known as "the double-hump" one. But, since then no support for this shape has materialized, and it also does
not agree with lattice results on momentum fractions, so we will not discuss it. Let us state once again, that
we see phenomenological failure of the pQCD expressions not in the modified shape of the wave function,
but in missing nonperturbative part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and therefore they exist
even in models without confinement, such as the NJL and ILM. Their wave functions and parton distribution
amplitudes (PDA) have been calculated in various approximations. The question was addressed originally
in the ILM framework in [Petrov et al., 1999], and more recently using the quasi-distribution proposal by
one of us in [Kock et al., 2020]. The distribution amplitude for the light P-pseudoscalars was obtained to
be [Kock et al., 2020]
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where the momentum-dependent quark mass is

M(k) = M(0)

✓����z
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I0K0 � I1K1

◆0����
2◆

z= 1
2 ⇢k

(19.16)

Here �P is a cut-off parameter of order 1, e.g. �⇡ = 3.41, and M(0) = 386 MeV with an instanton size
⇢ = 0.3 fm. As shown in [Kock et al., 2020], this momentum dependence has been confirmed by lattice
studies. For a light current quark mass mf , the running effective quark mass M(k, mf ) ⇡ M(k) + mf .



19.3 Pion Distribution Amplitudes on the LF and pion formfactors 257

local versions (some related with the instanton liquid model) have been used to calculate the pion light-front
wave function [Broniowski and Ruiz Arriola, 2017, Petrov and Pobylitsa, 1997, Anikin et al., 2001]. Before
we briefly discuss the results of "realistic" models, related to larger set of hadronic wave functions, let us
introduce some extreme cases. For example, in [Ruiz Arriola and Broniowski, 2002] a "flat" pion wave func-
tion was used as an "initial condition" for radiative evolution. Some typical shapes of the pion and other
light meson wave functions are shown in Fig.19.3.1. Note that ⌘0 is the channel in which ’t Hooft Lagranigian
is repulsive, thus quarks are far from each other and have small relative motion.
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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2) in the other. But since this gives to-

tal probability of any values, the corresponding matrix
is proportional to this curious matrix Mall ones which has
all matrix element being just 1:

Hn1,n2

NJL = ±G2Mall ones (21)

Mn1,n2

all ones ⌘ 1

The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which

|⇡0
i ⇠

1
p

2
(ūu + d̄d)

and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is

|⌘i ⇠
1

p
2
(ūu � d̄d)

In matrix elements of the Hamiltonian, h⇡0
|H|⇡0

i and
h⌘|H|⌘i, the nondiagonal operator (ūu)(d̄d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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FIG. 2: default

Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e�ective coupling
G ⇡ 0.65 GeV 2.

The probability to find a quark at momentum frac-
tion x, P = x(1 � x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )

The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di�erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.

Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1 � x) = (1 � s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.

5

TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto� Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L�1

max.

Lmax 8 12 16 20 24 28 32 Extrapolated to +�
�+ a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961

K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337

K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf⇡(x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ2

0⇡ = 0.240 ± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].

ing Lmax. Because the physical PDFs do not depend on
the longitudinal cuto�, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function

f(x) = xa(1 � x)b/B(a + 1, b + 1), (12)

for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a + 1, b + 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L�1

max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.

III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS

A. PDFs and structure function

By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated

to the infinite longitudinal basis cuto� as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2

and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of �2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.

We adopt µ2
0⇡ = 0.240 ± 0.024 GeV2 for the initial

scale of the pion PDF and µ2
0K = 0.246 ± 0.024 GeV2 for

the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uK

v /u⇡
v data from the CERN-

NA-003 experiment [7]. At our central value of the ini-
tial scales, the �2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uK

v /u⇡
v , the corresponding

FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).

Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposite direction. In fact two maxima are
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.

Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto�s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (�p?-related)
Mmax is given. Since the aim of this paper is to extend

FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].

In contrast, in 1980’s Chernyak and collaborators [56], using the QCD sum rules, arrived

at the pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (120)

known as “the double-hump” one. But, since then no support for this shape has materi-

alized, and it also does not agree with lattice results on momentum fractions, so we will

not discuss it. Let us state once again, that we see phenomenological failure of the pQCD

expressions not in the modified shape of the wave function, but in missing nonperturbative

part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and

therefore they exist even in models without confinement, such as the NJL and ILM. Their

wave functions and parton distribution amplitudes (PDA) have been calculated in various

approximations. The question was addressed originally in the ILM framework in [57], and

more recently using the quasi-distribution proposal by one of us in [13]. The distribution

x

Fig. 19.3.1 Left plot: the pion DA from [Kock et al., 2020] sizes, for different instanton. Right plot: the light mesons - pion,rho
and ⌘

0 light front distribution functions, from [Shuryak, 2019].

In contrast, in 1980’s Chernyak and collaborators [Chernyak and Zhitnitsky, 1984] using the QCD sum
rules arrived at pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (19.14)

known as "the double-hump" one. But, since then no support for this shape has materialized, and it also does
not agree with lattice results on momentum fractions, so we will not discuss it. Let us state once again, that
we see phenomenological failure of the pQCD expressions not in the modified shape of the wave function,
but in missing nonperturbative part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and therefore they exist
even in models without confinement, such as the NJL and ILM. Their wave functions and parton distribution
amplitudes (PDA) have been calculated in various approximations. The question was addressed originally
in the ILM framework in [Petrov et al., 1999], and more recently using the quasi-distribution proposal by
one of us in [Kock et al., 2020]. The distribution amplitude for the light P-pseudoscalars was obtained to
be [Kock et al., 2020]
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where the momentum-dependent quark mass is

M(k) = M(0)

✓����z
✓

I0K0 � I1K1

◆0����
2◆

z= 1
2 ⇢k

(19.16)

Here �P is a cut-off parameter of order 1, e.g. �⇡ = 3.41, and M(0) = 386 MeV with an instanton size
⇢ = 0.3 fm. As shown in [Kock et al., 2020], this momentum dependence has been confirmed by lattice
studies. For a light current quark mass mf , the running effective quark mass M(k, mf ) ⇡ M(k) + mf .

19.3 Pion Distribution Amplitudes on the LF and pion formfactors 257

local versions (some related with the instanton liquid model) have been used to calculate the pion light-front
wave function [Broniowski and Ruiz Arriola, 2017, Petrov and Pobylitsa, 1997, Anikin et al., 2001]. Before
we briefly discuss the results of "realistic" models, related to larger set of hadronic wave functions, let us
introduce some extreme cases. For example, in [Ruiz Arriola and Broniowski, 2002] a "flat" pion wave func-
tion was used as an "initial condition" for radiative evolution. Some typical shapes of the pion and other
light meson wave functions are shown in Fig.19.3.1. Note that ⌘0 is the channel in which ’t Hooft Lagranigian
is repulsive, thus quarks are far from each other and have small relative motion.
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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and over (x0
1, x

0
2) in the other. But since this gives to-

tal probability of any values, the corresponding matrix
is proportional to this curious matrix Mall ones which has
all matrix element being just 1:

Hn1,n2

NJL = ±G2Mall ones (21)

Mn1,n2

all ones ⌘ 1

The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which

|⇡0
i ⇠

1
p

2
(ūu + d̄d)

and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is

|⌘i ⇠
1

p
2
(ūu � d̄d)

In matrix elements of the Hamiltonian, h⇡0
|H|⇡0

i and
h⌘|H|⌘i, the nondiagonal operator (ūu)(d̄d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e�ective coupling
G ⇡ 0.65 GeV 2.

The probability to find a quark at momentum frac-
tion x, P = x(1 � x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )

The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di�erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.

Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1 � x) = (1 � s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.
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TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto� Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L�1

max.

Lmax 8 12 16 20 24 28 32 Extrapolated to +�
�+ a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961

K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337

K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf⇡(x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ2

0⇡ = 0.240 ± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].

ing Lmax. Because the physical PDFs do not depend on
the longitudinal cuto�, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function

f(x) = xa(1 � x)b/B(a + 1, b + 1), (12)

for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a + 1, b + 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L�1

max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.

III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS

A. PDFs and structure function

By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated

to the infinite longitudinal basis cuto� as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2

and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of �2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.

We adopt µ2
0⇡ = 0.240 ± 0.024 GeV2 for the initial

scale of the pion PDF and µ2
0K = 0.246 ± 0.024 GeV2 for

the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uK

v /u⇡
v data from the CERN-

NA-003 experiment [7]. At our central value of the ini-
tial scales, the �2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uK

v /u⇡
v , the corresponding

FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).

Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposite direction. In fact two maxima are
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.

Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto�s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (�p?-related)
Mmax is given. Since the aim of this paper is to extend

FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].

In contrast, in 1980’s Chernyak and collaborators [56], using the QCD sum rules, arrived

at the pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (120)

known as “the double-hump” one. But, since then no support for this shape has materi-

alized, and it also does not agree with lattice results on momentum fractions, so we will

not discuss it. Let us state once again, that we see phenomenological failure of the pQCD

expressions not in the modified shape of the wave function, but in missing nonperturbative

part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and

therefore they exist even in models without confinement, such as the NJL and ILM. Their

wave functions and parton distribution amplitudes (PDA) have been calculated in various

approximations. The question was addressed originally in the ILM framework in [57], and

more recently using the quasi-distribution proposal by one of us in [13]. The distribution

x

Fig. 19.3.1 Left plot: the pion DA from [Kock et al., 2020] sizes, for different instanton. Right plot: the light mesons - pion,rho
and ⌘

0 light front distribution functions, from [Shuryak, 2019].

In contrast, in 1980’s Chernyak and collaborators [Chernyak and Zhitnitsky, 1984] using the QCD sum
rules arrived at pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (19.14)

known as "the double-hump" one. But, since then no support for this shape has materialized, and it also does
not agree with lattice results on momentum fractions, so we will not discuss it. Let us state once again, that
we see phenomenological failure of the pQCD expressions not in the modified shape of the wave function,
but in missing nonperturbative part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and therefore they exist
even in models without confinement, such as the NJL and ILM. Their wave functions and parton distribution
amplitudes (PDA) have been calculated in various approximations. The question was addressed originally
in the ILM framework in [Petrov et al., 1999], and more recently using the quasi-distribution proposal by
one of us in [Kock et al., 2020]. The distribution amplitude for the light P-pseudoscalars was obtained to
be [Kock et al., 2020]

'P (x) =
2Nc

f2
P

Z
d2k?
(2⇡)3

✓(xx̄)

(k2
? + M2(0, mf ) � xx̄m2

P )
M2

✓p
k2

? + M2(0, mf )

�P

p
xx̄

◆
(19.15)

where the momentum-dependent quark mass is

M(k) = M(0)

✓����z
✓

I0K0 � I1K1

◆0����
2◆

z= 1
2 ⇢k

(19.16)

Here �P is a cut-off parameter of order 1, e.g. �⇡ = 3.41, and M(0) = 386 MeV with an instanton size
⇢ = 0.3 fm. As shown in [Kock et al., 2020], this momentum dependence has been confirmed by lattice
studies. For a light current quark mass mf , the running effective quark mass M(k, mf ) ⇡ M(k) + mf .

19.3 Pion Distribution Amplitudes on the LF and pion formfactors 257

local versions (some related with the instanton liquid model) have been used to calculate the pion light-front
wave function [Broniowski and Ruiz Arriola, 2017, Petrov and Pobylitsa, 1997, Anikin et al., 2001]. Before
we briefly discuss the results of "realistic" models, related to larger set of hadronic wave functions, let us
introduce some extreme cases. For example, in [Ruiz Arriola and Broniowski, 2002] a "flat" pion wave func-
tion was used as an "initial condition" for radiative evolution. Some typical shapes of the pion and other
light meson wave functions are shown in Fig.19.3.1. Note that ⌘0 is the channel in which ’t Hooft Lagranigian
is repulsive, thus quarks are far from each other and have small relative motion.
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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and over (x0
1, x

0
2) in the other. But since this gives to-

tal probability of any values, the corresponding matrix
is proportional to this curious matrix Mall ones which has
all matrix element being just 1:

Hn1,n2

NJL = ±G2Mall ones (21)

Mn1,n2

all ones ⌘ 1

The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which

|⇡0
i ⇠

1
p

2
(ūu + d̄d)

and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is

|⌘i ⇠
1

p
2
(ūu � d̄d)

In matrix elements of the Hamiltonian, h⇡0
|H|⇡0

i and
h⌘|H|⌘i, the nondiagonal operator (ūu)(d̄d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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FIG. 2: default

Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e�ective coupling
G ⇡ 0.65 GeV 2.

The probability to find a quark at momentum frac-
tion x, P = x(1 � x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )

The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di�erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.

Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1 � x) = (1 � s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.
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TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto� Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L�1

max.

Lmax 8 12 16 20 24 28 32 Extrapolated to +�
�+ a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961

K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337

K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf⇡(x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ2

0⇡ = 0.240 ± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].

ing Lmax. Because the physical PDFs do not depend on
the longitudinal cuto�, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function

f(x) = xa(1 � x)b/B(a + 1, b + 1), (12)

for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a + 1, b + 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L�1

max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.

III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS

A. PDFs and structure function

By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated

to the infinite longitudinal basis cuto� as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2

and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of �2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.

We adopt µ2
0⇡ = 0.240 ± 0.024 GeV2 for the initial

scale of the pion PDF and µ2
0K = 0.246 ± 0.024 GeV2 for

the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uK

v /u⇡
v data from the CERN-

NA-003 experiment [7]. At our central value of the ini-
tial scales, the �2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uK

v /u⇡
v , the corresponding

FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).

Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposite direction. In fact two maxima are
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.

Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto�s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (�p?-related)
Mmax is given. Since the aim of this paper is to extend

FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].
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alized, and it also does not agree with lattice results on momentum fractions, so we will
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expressions not in the modified shape of the wave function, but in missing nonperturbative
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The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and

therefore they exist even in models without confinement, such as the NJL and ILM. Their
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Fig. 19.3.1 Left plot: the pion DA from [Kock et al., 2020] sizes, for different instanton. Right plot: the light mesons - pion,rho
and ⌘

0 light front distribution functions, from [Shuryak, 2019].

In contrast, in 1980’s Chernyak and collaborators [Chernyak and Zhitnitsky, 1984] using the QCD sum
rules arrived at pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (19.14)

known as "the double-hump" one. But, since then no support for this shape has materialized, and it also does
not agree with lattice results on momentum fractions, so we will not discuss it. Let us state once again, that
we see phenomenological failure of the pQCD expressions not in the modified shape of the wave function,
but in missing nonperturbative part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and therefore they exist
even in models without confinement, such as the NJL and ILM. Their wave functions and parton distribution
amplitudes (PDA) have been calculated in various approximations. The question was addressed originally
in the ILM framework in [Petrov et al., 1999], and more recently using the quasi-distribution proposal by
one of us in [Kock et al., 2020]. The distribution amplitude for the light P-pseudoscalars was obtained to
be [Kock et al., 2020]
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where the momentum-dependent quark mass is

M(k) = M(0)
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2 ⇢k

(19.16)

Here �P is a cut-off parameter of order 1, e.g. �⇡ = 3.41, and M(0) = 386 MeV with an instanton size
⇢ = 0.3 fm. As shown in [Kock et al., 2020], this momentum dependence has been confirmed by lattice
studies. For a light current quark mass mf , the running effective quark mass M(k, mf ) ⇡ M(k) + mf .

meson distribution amplitudes in ILM

19.3 Pion Distribution Amplitudes on the LF and pion formfactors 257

local versions (some related with the instanton liquid model) have been used to calculate the pion light-front
wave function [Broniowski and Ruiz Arriola, 2017, Petrov and Pobylitsa, 1997, Anikin et al., 2001]. Before
we briefly discuss the results of "realistic" models, related to larger set of hadronic wave functions, let us
introduce some extreme cases. For example, in [Ruiz Arriola and Broniowski, 2002] a "flat" pion wave func-
tion was used as an "initial condition" for radiative evolution. Some typical shapes of the pion and other
light meson wave functions are shown in Fig.19.3.1. Note that ⌘0 is the channel in which ’t Hooft Lagranigian
is repulsive, thus quarks are far from each other and have small relative motion.
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with the same cuto� k? � M(0) for light quarks u, d, s. For comparison, the result for the modified e�ective quark
mass (57) is
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx̄ [28] (dashed curve). We have set f⇡ = 93 MeV and m⇡ = 135MeV and fixed �⇡ = 3.41894
for the overall normalization of the PDA with the modified e�ective mass. (No such a modification is needed for the
unmodified e�ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx̄ [28]. The single qq̄-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡ M(0, 5) ⇡ M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.

Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e�ective quark mass with very di�erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto� is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx̄). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].

In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e�ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.

FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx̄ [28] (dashed curve).

C. QCD evolution of pion PDA

The pion PDA (66) is defined at a low renormalization scale set by the instanton size Q0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
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0
2) in the other. But since this gives to-

tal probability of any values, the corresponding matrix
is proportional to this curious matrix Mall ones which has
all matrix element being just 1:

Hn1,n2

NJL = ±G2Mall ones (21)

Mn1,n2

all ones ⌘ 1

The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which

|⇡0
i ⇠

1
p

2
(ūu + d̄d)

and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is
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1

p
2
(ūu � d̄d)

In matrix elements of the Hamiltonian, h⇡0
|H|⇡0

i and
h⌘|H|⌘i, the nondiagonal operator (ūu)(d̄d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e�ective coupling
G ⇡ 0.65 GeV 2.

The probability to find a quark at momentum frac-
tion x, P = x(1 � x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )

The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di�erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.

Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1 � x) = (1 � s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.

5

TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto� Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L�1

max.

Lmax 8 12 16 20 24 28 32 Extrapolated to +�
�+ a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961

K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337

K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf⇡(x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ2

0⇡ = 0.240 ± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].

ing Lmax. Because the physical PDFs do not depend on
the longitudinal cuto�, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function

f(x) = xa(1 � x)b/B(a + 1, b + 1), (12)

for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a + 1, b + 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L�1

max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.

III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS

A. PDFs and structure function

By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated

to the infinite longitudinal basis cuto� as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2

and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of �2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.

We adopt µ2
0⇡ = 0.240 ± 0.024 GeV2 for the initial

scale of the pion PDF and µ2
0K = 0.246 ± 0.024 GeV2 for

the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uK

v /u⇡
v data from the CERN-

NA-003 experiment [7]. At our central value of the ini-
tial scales, the �2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uK

v /u⇡
v , the corresponding

FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).

Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposite direction. In fact two maxima are
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.

Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto�s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (�p?-related)
Mmax is given. Since the aim of this paper is to extend

FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].

In contrast, in 1980’s Chernyak and collaborators [56], using the QCD sum rules, arrived

at the pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (120)

known as “the double-hump” one. But, since then no support for this shape has materi-

alized, and it also does not agree with lattice results on momentum fractions, so we will

not discuss it. Let us state once again, that we see phenomenological failure of the pQCD

expressions not in the modified shape of the wave function, but in missing nonperturbative

part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and

therefore they exist even in models without confinement, such as the NJL and ILM. Their

wave functions and parton distribution amplitudes (PDA) have been calculated in various

approximations. The question was addressed originally in the ILM framework in [57], and

more recently using the quasi-distribution proposal by one of us in [13]. The distribution

x

Fig. 19.3.1 Left plot: the pion DA from [Kock et al., 2020] sizes, for different instanton. Right plot: the light mesons - pion,rho
and ⌘

0 light front distribution functions, from [Shuryak, 2019].

In contrast, in 1980’s Chernyak and collaborators [Chernyak and Zhitnitsky, 1984] using the QCD sum
rules arrived at pion wave function

'CZ(x) = 30x(1 � x)(2x � 1)2 (19.14)

known as "the double-hump" one. But, since then no support for this shape has materialized, and it also does
not agree with lattice results on momentum fractions, so we will not discuss it. Let us state once again, that
we see phenomenological failure of the pQCD expressions not in the modified shape of the wave function,
but in missing nonperturbative part of the hard blocks.

The light pseudoscalar mesons P = ⇡, K, ⌘ are related to chiral symmetry breaking and therefore they exist
even in models without confinement, such as the NJL and ILM. Their wave functions and parton distribution
amplitudes (PDA) have been calculated in various approximations. The question was addressed originally
in the ILM framework in [Petrov et al., 1999], and more recently using the quasi-distribution proposal by
one of us in [Kock et al., 2020]. The distribution amplitude for the light P-pseudoscalars was obtained to
be [Kock et al., 2020]

'P (x) =
2Nc

f2
P

Z
d2k?
(2⇡)3
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(k2
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(19.15)

where the momentum-dependent quark mass is

M(k) = M(0)

✓����z
✓

I0K0 � I1K1

◆0����
2◆

z= 1
2 ⇢k

(19.16)

Here �P is a cut-off parameter of order 1, e.g. �⇡ = 3.41, and M(0) = 386 MeV with an instanton size
⇢ = 0.3 fm. As shown in [Kock et al., 2020], this momentum dependence has been confirmed by lattice
studies. For a light current quark mass mf , the running effective quark mass M(k, mf ) ⇡ M(k) + mf .
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The corresponding shape of the wave function is shown in the upper plot of Fig.19.3.1 as reproduced from
[Kock et al., 2020], is in agreement with [Petrov et al., 1999]. Both calculations show a wave functions rather
close to the asymptotic one, and very far from the "double-hump" distribution (19.14).

Another approach to light front wave functions is based on some model-dependent Hamiltonians. Jia and
Vary [Jia and Vary, 2019] introduced a convenient form of it, including constituent quark masses (that is, chi-
ral symmetry breaking), plus some form of confinement, plus NJL-type residual interactions. This approach
was followed by one of us [Shuryak, 2019], who calculated the wave functions for the ⇡, ⇢, ⌘0 mesons, as shown
in the lower plot of Fig.19.3.1. Also, the wave functions for the � and nucleon were given in [Shuryak, 2019],
even with the inclusion of the 5-light-quark tail, providing the first results for the antiquark distribution
inside the nucleon.

For a finite instanton size, the pion DA is

�⇡(x) =

p
NcM

p
2⇡2

C⇡

Z 1

⇢M

2�
p

xx̄

dz
z5

⇢2m2
⇡

4�2 � z2
(F 0(z))4 (19.17)

In the zero instanton size approximation with a fixed transverse momentum cutoff |k?| < ⇤, the pion DA
amplitude is a step function

�⇡(x)
m⇡!0
����!

p
NcM
p

2⇡


ln

✓
1 +

⇤2

M2

◆�1/2

✓(xx̄) (19.18)

in agreement with a result established first in the local NJL model [Broniowski and Ruiz Arriola, 2017].
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Fig. 19.3.2 The perturbative one-gluon exchange diagrams: (a) explains our notations for momenta of quarks and mesons.
The thin solid lines are free quark propagators, the red star indicates the virtual photon (or scalar) vertex, bringing in large
momentum q

µ, and the shaded ovals represent the (light-front) mesonic density matrices (distributions). The diagram (b)
indicates a "Born-style contribution", in which the gluon propagator is substituted by the Fourier transform of the instanton
field. The diagrams (c,d) contain three propagators in the instanton background (thick lines). In (c) all of them are SNZ , made
of nonzero Dirac modes, while in (d) two of them are SZ made of quark zero modes. This last contribution we will refer to as
the "’t Hooft-style term".)
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19.4 Hard and semi-hard vertices of formfactors

This section is based on paper [Shuryak and Zahed, 2021g], from which our studies of the role of instanton-
antiinstanton molecules began.

Out of all formulae in this section, the only part (to our knowledge) derived in literature long ago
[Brodsky and Farrar, 1973, Chernyak and Zhitnitsky, 1977, Radyushkin, 1977] is the first term of (19.19),
with the chirality-diagonal distribution functions.

We will keep the notations of the contributions as explained in Fig.19.3.2. For example, the (photon-
induced) vector scattering amplitude on the pion, with perturbative one-gluon exchange will be referred to
as V ⇡

a , and reads explicitly

V ⇡
a (Q2) = ✏µ(q)(pµ + p0µ) (eu + ed)
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(19.19)

Here we show explicitly the electromagnetic charges eu = 2/3, ed = 1/3, although of course the total charge
of a positive pion is eu + ed = 1. The color matrices give the factor CF = (N2

c � 1)/2Nc = 4/3 with Nc = 3
number of colors. The large spacelike photon momentum is qµ and qµqµ = �Q2 < 0. The photon polarization
vector is ✏µ(q), with ✏µqµ = 0. The momenta of the initial and final mesons are called p and p0. The pion decay
constant is f⇡ ⇡ 133 MeV, it characterizes the wave function at the origin in the transverse plane, r? = 0.
For the pion distribution we use the expression (19.6) which includes not only the chirally diagonal part of
the distribution '⇡(x) but also the chirally non-diagonal one '̃⇡(x). Both depend only on the longitudinal
momentum fraction x of one of the quarks only. They are assumed to correspond to a 2-body sector of the
full wave function. Here the bar indicates that the momentum fractions are those of antiquarks, x̄i ⌘ 1 � xi.
In terms of the asymmetry parameters, these variables read as xi = (1+⇠i)/2, x̄i = (1�⇠i)/2. The regulators
are the gluon mass and quark "transverse energy".

Note that the first term in (19.19) is well known, but the second term ⇠ �2
⇡/Q2 is new, to our knowledge

in the asymptotic analysis. We will keep it since �⇡ is not small, unlike the masses and transverse momenta.
We note further that the last bracket in that term averages to a positive contributions, as it will be shown
in the summary plot Fig. 19.4.1.

The contribution we call the Born-like instanton contribution V ⇡
b has the same traces and can be obtained

by substituting in V ⇡
a the Fourier transforms of the instanton gauge field instead of the gluon propagator,

with
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and is therefore

V ⇡
b (Q2) = ✏µ(q)(pµ + p0µ) (eu + ed)
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The contribution V ⇡
c , with three non-zero mode propagators is
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This section is based on paper [Shuryak and Zahed, 2021g], from which our studies of the role of instanton-
antiinstanton molecules began.

Out of all formulae in this section, the only part (to our knowledge) derived in literature long ago
[Brodsky and Farrar, 1973, Chernyak and Zhitnitsky, 1977, Radyushkin, 1977] is the first term of (19.19),
with the chirality-diagonal distribution functions.

We will keep the notations of the contributions as explained in Fig.19.3.2. For example, the (photon-
induced) vector scattering amplitude on the pion, with perturbative one-gluon exchange will be referred to
as V ⇡

a , and reads explicitly
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Here we show explicitly the electromagnetic charges eu = 2/3, ed = 1/3, although of course the total charge
of a positive pion is eu + ed = 1. The color matrices give the factor CF = (N2

c � 1)/2Nc = 4/3 with Nc = 3
number of colors. The large spacelike photon momentum is qµ and qµqµ = �Q2 < 0. The photon polarization
vector is ✏µ(q), with ✏µqµ = 0. The momenta of the initial and final mesons are called p and p0. The pion decay
constant is f⇡ ⇡ 133 MeV, it characterizes the wave function at the origin in the transverse plane, r? = 0.
For the pion distribution we use the expression (19.6) which includes not only the chirally diagonal part of
the distribution '⇡(x) but also the chirally non-diagonal one '̃⇡(x). Both depend only on the longitudinal
momentum fraction x of one of the quarks only. They are assumed to correspond to a 2-body sector of the
full wave function. Here the bar indicates that the momentum fractions are those of antiquarks, x̄i ⌘ 1 � xi.
In terms of the asymmetry parameters, these variables read as xi = (1+⇠i)/2, x̄i = (1�⇠i)/2. The regulators
are the gluon mass and quark "transverse energy".

Note that the first term in (19.19) is well known, but the second term ⇠ �2
⇡/Q2 is new, to our knowledge

in the asymptotic analysis. We will keep it since �⇡ is not small, unlike the masses and transverse momenta.
We note further that the last bracket in that term averages to a positive contributions, as it will be shown
in the summary plot Fig. 19.4.1.

The contribution we call the Born-like instanton contribution V ⇡
b has the same traces and can be obtained

by substituting in V ⇡
a the Fourier transforms of the instanton gauge field instead of the gluon propagator,

with
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G2(Q⇢

p
x1x2)

↵
(19.20)

and is therefore
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(19.21)

The contribution V ⇡
c , with three non-zero mode propagators is
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V ⇡
c = ✏µ(q)(pµ + p0µ) (eu + ed)

⇡2⇢2f2
⇡�2

⇡

NcM2
hGV (Q⇢)i

Z
dx'̃⇡(x)x

The instanton induced formfactors G and GV (Q⇢) are derived explicitly in [Shuryak and Zahed, 2021g]. The
angular brackets indicate averaging over the instanton size.

The inclusion of instanton-antiinstanton molecules in the hard block of the pion formfactor was the most
important step made in [Shuryak and Zahed, 2021g], from which left plot of Fig.19.4.1 is taken. As one
can see, their contribution (squares) with gluon exchange (disks) together (dotted line) provides a realistic
magnitude of the pion formfactor at intermediate momentum transfers.

For comparison, the right plot of Fig.19.4.1 summarizes current theoretical predictions and experimental
projections1 for coming data of the JLab E12 experiments.

G
a
r
t
h
 
H
u
b
e
r
,
 
h
u
b
e
r
g
@
u
r
e
g
i
n
a
.
c
a

1515

Current and Projected F
π
Data

SHMS+HMS will allow SHMS+HMS will allow 

measurement of measurement of FF
ππ
to     to     

much higher much higher QQ
22
..

No other facility worldwide 

can perform this 

measurement.

New overlap points at New overlap points at 

QQ
22
=1.6,2.45=1.6,2.45 will be closer to will be closer to 

pole to constrain pole to constrain ––tt
minmin

dependence.dependence.

New low New low QQ
2  2  
point (data point (data 

acquired in 2019) will acquired in 2019) will 

provide comparison of the provide comparison of the 

electroproductionelectroproduction extraction extraction 

of of FF
ππ
vs. elastic vs. elastic ππ+e+e data.data. The ~10% measurement of F

π
at Q

2
=8.5 GeV

2

is at higher –t
min
=0.45 GeV

2

15

The pion form factor is the clearest test case for studies of 

QCD’s transition from non–perturbative to perturbative regions.

Fig. 19.4.1 The vector form factors of the pion times the squared momentum transfer, Q
2
F⇡(Q2) (GeV

2) versus Q
2(GeV

2).
Left: from [Shuryak and Zahed, 2021g]. The closed discs show the perturbative gluon exchange contribution. The squares
correspond to the instanton molecule contribution from the nonzero mode propagators. The dotted line above is their sum. The
curve in the l.h.s. is the usual dipole formula, and the open points are some experimental data.
Right: Points with symbols indicated in the upper left corner are experimental data, curves are various predictions of theoretical
models mentioned in the lower right corner. Light blue and red diamonds are not data but location/accuracy projections for
JLab E12 experiments (from their documents).

The pion and kaon formfactors were calculated on the lattice many times, for recent results at the largest
momentum transfers see Fig.19.4.2. according to them, Q2F (Q) ⇡ const up to rather high Q2, no expected
downward transition to perturbative predictions are so far seen: this is one of the most striking puzzles of
the QCD theory.

We will not give here lengthy expressions for other meson formfactors (scalar or Higgs-induced, gravi-
tational or stress-tensor induced): all of them are obtained in the same general setting. Their relative size
and Q2 dependence would perhaps provide better understanding of the origin of the effective hard block.
For example, scalar formfactor need extra chirality flip relative to vector ones: perturbative theory thus
predict extra penalty in form of extra powers of 1/Q. Contrary to that, lattice calculations reported by
[Davies et al., 2018] observed scalar formfactor for c̄c channel to be several times larger than the vector one,
also with flat Q2F (Q2): it remains another open puzzle related with meson formfactors.

1 At the time of this writing we could not locate any publications with their results, but perhaps showing projected error bars
and Q

2 range in this review is still worth it.
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The pion and kaon formfactors were calculated on the lattice many times, for recent results at the largest
momentum transfers see Fig.19.4.2. according to them, Q2F (Q) ⇡ const up to rather high Q2, no expected
downward transition to perturbative predictions are so far seen: this is one of the most striking puzzles of
the QCD theory.

We will not give here lengthy expressions for other meson formfactors (scalar or Higgs-induced, gravi-
tational or stress-tensor induced): all of them are obtained in the same general setting. Their relative size
and Q2 dependence would perhaps provide better understanding of the origin of the effective hard block.
For example, scalar formfactor need extra chirality flip relative to vector ones: perturbative theory thus
predict extra penalty in form of extra powers of 1/Q. Contrary to that, lattice calculations reported by
[Davies et al., 2018] observed scalar formfactor for c̄c channel to be several times larger than the vector one,
also with flat Q2F (Q2): it remains another open puzzle related with meson formfactors.

1 At the time of this writing we could not locate any publications with their results, but perhaps showing projected error bars
and Q

2 range in this review is still worth it.
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FIG. 1. Upper panel: ratios Rfi(ts, �) for the pion with Q2 =
9.4 GeV2 from the a = 0.076 fm lattice. Lower panel: ratios
Rfi(ts, �) for the kaon with Q2 = 23.4 GeV2 from the a = 0.04
fm lattice. The colored bands denote the two-state fit results
of the corresponding colored lattice data, and the grey bands
display the bare matrix elements of the ground state.

at Q2 = 9.4 GeV2 on the a = 0.076 fm lattice (upper
panel) and the kaon at Q2 = 23.4 GeV2 on the a = 0.04
fm lattice (lower panel). Despite the very large momen-
tum transfer, reasonable signals can be obtained by using
the optimized boosted sources and large statistics. The
bands in the figure show the results of the two-state fit
with the corresponding statistical errors obtained from
the bootstrap analysis. As one can see from the figure,
the fit results describe the data very well. The grey bands
display the results at the limits of infinite source-sink sep-
aration, giving the bare matrix elements of the pion and
kaon ground states, that is, the bare form factors. These
bare matrix elements FB

M (Q2) are then converted to phys-
ical form factor values FM (Q2) = ZV FB

M (Q2) using the
vector current renormalization factors ZV . We use the
values of ZV calculated in our previous studies [33, 52]
employing the same lattice setups, specifically 1/ZV =
1.048(2) and 1.024(1) for the a = 0.076 fm and 0.04 fm
lattices, respectively.

Form factors from low to high Q2. Our results of the

FIG. 2. The renormalized EMFF of the pion (upper panel)
and kaon (lower panel) are shown as Q2FM (Q2)/f2

M . For the
case of pion, we include the low Q2 results (filled square sym-
bols) from Ref. [33] that uses the same lattice setup, as well as
the results from F⇡ collaboration [60] extracted from the ex-
perimental data (open triangle symbols). For the case of kaon,
we show the results from two di�erent lattices with a = 0.076
fm (filled circle symbols) and a = 0.04 fm (open circle sym-
bols). The blue bands represent the twist two (tw2) pQCD
results using the collinear factorization at NNLO. The purple
bands denote the pQCD results obtained within the kT fac-
torization theorem, which includes higher-twist contributions
from Refs. [61–63]; see text. The width of the band presents
the perturbative uncertainty. In the case of the NNLO twist
two results, it corresponds to the scale variation from µ = Q/2
to µ = 2Q and also includes the uncertainties of the confor-
mal moments of the pion and kaon DA; see text. The green
bands show the predictions with the VMD model by the fit
on the lattice data at the low Q2 region; see text. The dashed
lines display the predictions from the DSE [64], BSE21 [65]
and BSE24 [66]; see text.

renormalized EMFF for the pion and the kaon are shown
in Fig. 2 as the combination Q2FM (Q2)/f2

M , where fM

is the meson decay constant for M = ⇡+ or K+, the rea-
son for this combination will become clear below. We use
the following values of the pion and kaon decay constant
from FLAG21 [67–70]: f⇡ = 130.2 MeV and fK = 155.7
MeV. For the pion, we also show the lattice results at
low Q2 (BNL21) from Ref. [33] obtained using the same
lattice setup with a = 0.076 fm. Furthermore, in the
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Fig. 19.4.2 Pion and kaon formfactors calculated on the lattice [Ding et al., 2024] at larger momentum transfer values, shown
by open squares.
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where the wave function factorizes into a momentum profile and a Dirac-isospin factor,

�a
⇡(x, k?) =

1
p

Nc
'⇡(x, k?) ū(k) i�5⌧

a v(P � k). (20.52)

The scalar profile contains the instanton zero-mode form factor,

F (k) = [z(I0K0 � I1K1)
0]

2
z=k⇢/2 , (20.53)

where modified Bessel functions encode the nonlocal structure of the zero mode [Diakonov et al., 1997,
Schäfer and Shuryak, 1998, Nowak et al., 1996].

20.16 Scalar Form Factor from Chiral and Instanton Dynamics

Chiral Ward identities imply a representation for the scalar form factor in terms of the pion decay constant
and the sigma field correlator,

FS(q) = �
1

f⇡
+

h�i

f2
⇡

�
m2

⇡

f⇡

Z
d4x eiq·x

hT �(x)�(0)i + · · · . (20.54)

To one loop in chiral perturbation theory one finds

FS(Q2) = �
1

f⇡
+

1

f3
⇡

✓
Q2 +

1

2
m2

⇡

◆
J(Q), (20.55)

where J(Q) is the standard two-pion loop function [Gasser and Leutwyler, 1984]. The sigma-term form factor
follows from

�⇡(Q2) = �
f⇡

2
FS(Q2). (20.56)

Within the ILM the scalar channel is dominated by an emergent sigma meson of mass m� ⇡ 683MeV, giving
the monopole form

�⇡(Q2) =
1/2

1 + Q2/m2
�

, (20.57)

in agreement with the semiclassical analysis [Liu et al., 2024a].

20.17 Semi-Hard Instanton Effects

At scales Q⇢ ⇠ 1 the instanton size ⇢ becomes relevant. The quark propagator in an instanton background
can be schematically written as

SI(x, y) = S0(x � y) + Szero(x, y) + SNZM(x, y), (20.58)

where the zero-mode (chiral) and non-zero-mode (NZM) parts capture distinct physics. The NZM term in-
duces an effective vector form factor GV (⇢Q) in the EMT, modifying the twist-3 contributions and producing
semi-hard corrections:

T⇡
00,NZM(Q2) ⇠ ⇢QGV (⇢Q)

Z
dx1dx2 K(x1, x2) 'P

⇡ (x1)'
P
⇡ (x2) + · · · , (20.59)

with K a calculable kernel. This mechanism implements the transition between soft chiral dynamics and
hard partonic scattering, and is essential for a realistic description of the trace channel at moderate Q2.
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The corresponding shape of the wave function is shown in the upper plot of Fig.19.3.1 as reproduced from
[Kock et al., 2020], is in agreement with [Petrov et al., 1999]. Both calculations show a wave functions rather
close to the asymptotic one, and very far from the "double-hump" distribution (19.14).

Another approach to light front wave functions is based on some model-dependent Hamiltonians. Jia and
Vary [Jia and Vary, 2019] introduced a convenient form of it, including constituent quark masses (that is, chi-
ral symmetry breaking), plus some form of confinement, plus NJL-type residual interactions. This approach
was followed by one of us [Shuryak, 2019], who calculated the wave functions for the ⇡, ⇢, ⌘0 mesons, as shown
in the lower plot of Fig.19.3.1. Also, the wave functions for the � and nucleon were given in [Shuryak, 2019],
even with the inclusion of the 5-light-quark tail, providing the first results for the antiquark distribution
inside the nucleon.

For a finite instanton size, the pion DA is

�⇡(x) =

p
NcM

p
2⇡2

C⇡

Z 1

⇢M

2�
p

xx̄

dz
z5

⇢2m2
⇡

4�2 � z2
(F 0(z))4 (19.17)

In the zero instanton size approximation with a fixed transverse momentum cutoff |k?| < ⇤, the pion DA
amplitude is a step function

�⇡(x)
m⇡!0
����!

p
NcM
p

2⇡


ln

✓
1 +

⇤2

M2

◆�1/2

✓(xx̄) (19.18)

in agreement with a result established first in the local NJL model [Broniowski and Ruiz Arriola, 2017].
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Fig. 19.3.2 The perturbative one-gluon exchange diagrams: (a) explains our notations for momenta of quarks and mesons.
The thin solid lines are free quark propagators, the red star indicates the virtual photon (or scalar) vertex, bringing in large
momentum q

µ, and the shaded ovals represent the (light-front) mesonic density matrices (distributions). The diagram (b)
indicates a "Born-style contribution", in which the gluon propagator is substituted by the Fourier transform of the instanton
field. The diagrams (c,d) contain three propagators in the instanton background (thick lines). In (c) all of them are SNZ , made
of nonzero Dirac modes, while in (d) two of them are SZ made of quark zero modes. This last contribution we will refer to as
the "’t Hooft-style term".)
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19.4 Hard and semi-hard vertices of formfactors

This section is based on paper [Shuryak and Zahed, 2021g], from which our studies of the role of instanton-
antiinstanton molecules began.

Out of all formulae in this section, the only part (to our knowledge) derived in literature long ago
[Brodsky and Farrar, 1973, Chernyak and Zhitnitsky, 1977, Radyushkin, 1977] is the first term of (19.19),
with the chirality-diagonal distribution functions.

We will keep the notations of the contributions as explained in Fig.19.3.2. For example, the (photon-
induced) vector scattering amplitude on the pion, with perturbative one-gluon exchange will be referred to
as V ⇡

a , and reads explicitly

V ⇡
a (Q2) = ✏µ(q)(pµ + p0µ) (eu + ed)

✓
2CF ⇡↵sf2
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x̄1 + E2
?/Q2
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x̄2 + E2
?/Q2

� 2

◆�

(19.19)

Here we show explicitly the electromagnetic charges eu = 2/3, ed = 1/3, although of course the total charge
of a positive pion is eu + ed = 1. The color matrices give the factor CF = (N2

c � 1)/2Nc = 4/3 with Nc = 3
number of colors. The large spacelike photon momentum is qµ and qµqµ = �Q2 < 0. The photon polarization
vector is ✏µ(q), with ✏µqµ = 0. The momenta of the initial and final mesons are called p and p0. The pion decay
constant is f⇡ ⇡ 133 MeV, it characterizes the wave function at the origin in the transverse plane, r? = 0.
For the pion distribution we use the expression (19.6) which includes not only the chirally diagonal part of
the distribution '⇡(x) but also the chirally non-diagonal one '̃⇡(x). Both depend only on the longitudinal
momentum fraction x of one of the quarks only. They are assumed to correspond to a 2-body sector of the
full wave function. Here the bar indicates that the momentum fractions are those of antiquarks, x̄i ⌘ 1 � xi.
In terms of the asymmetry parameters, these variables read as xi = (1+⇠i)/2, x̄i = (1�⇠i)/2. The regulators
are the gluon mass and quark "transverse energy".

Note that the first term in (19.19) is well known, but the second term ⇠ �2
⇡/Q2 is new, to our knowledge

in the asymptotic analysis. We will keep it since �⇡ is not small, unlike the masses and transverse momenta.
We note further that the last bracket in that term averages to a positive contributions, as it will be shown
in the summary plot Fig. 19.4.1.
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Here we show explicitly the electromagnetic charges eu = 2/3, ed = 1/3, although of course the total charge
of a positive pion is eu + ed = 1. The color matrices give the factor CF = (N2

c � 1)/2Nc = 4/3 with Nc = 3
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V ⇡
c = ✏µ(q)(pµ + p0µ) (eu + ed)

⇡2⇢2f2
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NcM2
hGV (Q⇢)i

Z
dx'̃⇡(x)x

The instanton induced formfactors G and GV (Q⇢) are derived explicitly in [Shuryak and Zahed, 2021g]. The
angular brackets indicate averaging over the instanton size.

The inclusion of instanton-antiinstanton molecules in the hard block of the pion formfactor was the most
important step made in [Shuryak and Zahed, 2021g], from which left plot of Fig.19.4.1 is taken. As one
can see, their contribution (squares) with gluon exchange (disks) together (dotted line) provides a realistic
magnitude of the pion formfactor at intermediate momentum transfers.

For comparison, the right plot of Fig.19.4.1 summarizes current theoretical predictions and experimental
projections1 for coming data of the JLab E12 experiments.
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Fig. 19.4.1 The vector form factors of the pion times the squared momentum transfer, Q
2
F⇡(Q2) (GeV

2) versus Q
2(GeV

2).
Left: from [Shuryak and Zahed, 2021g]. The closed discs show the perturbative gluon exchange contribution. The squares
correspond to the instanton molecule contribution from the nonzero mode propagators. The dotted line above is their sum. The
curve in the l.h.s. is the usual dipole formula, and the open points are some experimental data.
Right: Points with symbols indicated in the upper left corner are experimental data, curves are various predictions of theoretical
models mentioned in the lower right corner. Light blue and red diamonds are not data but location/accuracy projections for
JLab E12 experiments (from their documents).

The pion and kaon formfactors were calculated on the lattice many times, for recent results at the largest
momentum transfers see Fig.19.4.2. according to them, Q2F (Q) ⇡ const up to rather high Q2, no expected
downward transition to perturbative predictions are so far seen: this is one of the most striking puzzles of
the QCD theory.

We will not give here lengthy expressions for other meson formfactors (scalar or Higgs-induced, gravi-
tational or stress-tensor induced): all of them are obtained in the same general setting. Their relative size
and Q2 dependence would perhaps provide better understanding of the origin of the effective hard block.
For example, scalar formfactor need extra chirality flip relative to vector ones: perturbative theory thus
predict extra penalty in form of extra powers of 1/Q. Contrary to that, lattice calculations reported by
[Davies et al., 2018] observed scalar formfactor for c̄c channel to be several times larger than the vector one,
also with flat Q2F (Q2): it remains another open puzzle related with meson formfactors.

1 At the time of this writing we could not locate any publications with their results, but perhaps showing projected error bars
and Q

2 range in this review is still worth it.
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The pion and kaon formfactors were calculated on the lattice many times, for recent results at the largest
momentum transfers see Fig.19.4.2. according to them, Q2F (Q) ⇡ const up to rather high Q2, no expected
downward transition to perturbative predictions are so far seen: this is one of the most striking puzzles of
the QCD theory.

We will not give here lengthy expressions for other meson formfactors (scalar or Higgs-induced, gravi-
tational or stress-tensor induced): all of them are obtained in the same general setting. Their relative size
and Q2 dependence would perhaps provide better understanding of the origin of the effective hard block.
For example, scalar formfactor need extra chirality flip relative to vector ones: perturbative theory thus
predict extra penalty in form of extra powers of 1/Q. Contrary to that, lattice calculations reported by
[Davies et al., 2018] observed scalar formfactor for c̄c channel to be several times larger than the vector one,
also with flat Q2F (Q2): it remains another open puzzle related with meson formfactors.

1 At the time of this writing we could not locate any publications with their results, but perhaps showing projected error bars
and Q
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FIG. 1. Upper panel: ratios Rfi(ts, �) for the pion with Q2 =
9.4 GeV2 from the a = 0.076 fm lattice. Lower panel: ratios
Rfi(ts, �) for the kaon with Q2 = 23.4 GeV2 from the a = 0.04
fm lattice. The colored bands denote the two-state fit results
of the corresponding colored lattice data, and the grey bands
display the bare matrix elements of the ground state.

at Q2 = 9.4 GeV2 on the a = 0.076 fm lattice (upper
panel) and the kaon at Q2 = 23.4 GeV2 on the a = 0.04
fm lattice (lower panel). Despite the very large momen-
tum transfer, reasonable signals can be obtained by using
the optimized boosted sources and large statistics. The
bands in the figure show the results of the two-state fit
with the corresponding statistical errors obtained from
the bootstrap analysis. As one can see from the figure,
the fit results describe the data very well. The grey bands
display the results at the limits of infinite source-sink sep-
aration, giving the bare matrix elements of the pion and
kaon ground states, that is, the bare form factors. These
bare matrix elements FB

M (Q2) are then converted to phys-
ical form factor values FM (Q2) = ZV FB

M (Q2) using the
vector current renormalization factors ZV . We use the
values of ZV calculated in our previous studies [33, 52]
employing the same lattice setups, specifically 1/ZV =
1.048(2) and 1.024(1) for the a = 0.076 fm and 0.04 fm
lattices, respectively.

Form factors from low to high Q2. Our results of the

0 2 4 6 8 10 12 14

Q2[GeV2]

0

5

10

15

20

25

30

35

40

Q
2 F

�
(Q

2 )
/f

2 �

Lattice
F⇡ collab.
LO(tw2/3/4)+NLO(tw2/3)
LO+NLO+NNLO, tw2

VMD
DSE
BSE21
BSE24

FIG. 2. The renormalized EMFF of the pion (upper panel)
and kaon (lower panel) are shown as Q2FM (Q2)/f2

M . For the
case of pion, we include the low Q2 results (filled square sym-
bols) from Ref. [33] that uses the same lattice setup, as well as
the results from F⇡ collaboration [60] extracted from the ex-
perimental data (open triangle symbols). For the case of kaon,
we show the results from two di�erent lattices with a = 0.076
fm (filled circle symbols) and a = 0.04 fm (open circle sym-
bols). The blue bands represent the twist two (tw2) pQCD
results using the collinear factorization at NNLO. The purple
bands denote the pQCD results obtained within the kT fac-
torization theorem, which includes higher-twist contributions
from Refs. [61–63]; see text. The width of the band presents
the perturbative uncertainty. In the case of the NNLO twist
two results, it corresponds to the scale variation from µ = Q/2
to µ = 2Q and also includes the uncertainties of the confor-
mal moments of the pion and kaon DA; see text. The green
bands show the predictions with the VMD model by the fit
on the lattice data at the low Q2 region; see text. The dashed
lines display the predictions from the DSE [64], BSE21 [65]
and BSE24 [66]; see text.
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M , where fM

is the meson decay constant for M = ⇡+ or K+, the rea-
son for this combination will become clear below. We use
the following values of the pion and kaon decay constant
from FLAG21 [67–70]: f⇡ = 130.2 MeV and fK = 155.7
MeV. For the pion, we also show the lattice results at
low Q2 (BNL21) from Ref. [33] obtained using the same
lattice setup with a = 0.076 fm. Furthermore, in the

3

FIG. 1. Upper panel: ratios Rfi(ts, �) for the pion with Q2 =
9.4 GeV2 from the a = 0.076 fm lattice. Lower panel: ratios
Rfi(ts, �) for the kaon with Q2 = 23.4 GeV2 from the a = 0.04
fm lattice. The colored bands denote the two-state fit results
of the corresponding colored lattice data, and the grey bands
display the bare matrix elements of the ground state.

at Q2 = 9.4 GeV2 on the a = 0.076 fm lattice (upper
panel) and the kaon at Q2 = 23.4 GeV2 on the a = 0.04
fm lattice (lower panel). Despite the very large momen-
tum transfer, reasonable signals can be obtained by using
the optimized boosted sources and large statistics. The
bands in the figure show the results of the two-state fit
with the corresponding statistical errors obtained from
the bootstrap analysis. As one can see from the figure,
the fit results describe the data very well. The grey bands
display the results at the limits of infinite source-sink sep-
aration, giving the bare matrix elements of the pion and
kaon ground states, that is, the bare form factors. These
bare matrix elements FB

M (Q2) are then converted to phys-
ical form factor values FM (Q2) = ZV FB

M (Q2) using the
vector current renormalization factors ZV . We use the
values of ZV calculated in our previous studies [33, 52]
employing the same lattice setups, specifically 1/ZV =
1.048(2) and 1.024(1) for the a = 0.076 fm and 0.04 fm
lattices, respectively.

Form factors from low to high Q2. Our results of the

0 5 10 15 20 25 30

Q2[GeV2]

0

5

10

15

20

25

30

35

40

Q
2 F

K
(Q

2 )
/f

2 K

Lattice
LO(tw2/3/4)+NLO(tw2/3)
LO+NLO+NNLO, tw2

VMD
DSE

FIG. 2. The renormalized EMFF of the pion (upper panel)
and kaon (lower panel) are shown as Q2FM (Q2)/f2

M . For the
case of pion, we include the low Q2 results (filled square sym-
bols) from Ref. [33] that uses the same lattice setup, as well as
the results from F⇡ collaboration [60] extracted from the ex-
perimental data (open triangle symbols). For the case of kaon,
we show the results from two di�erent lattices with a = 0.076
fm (filled circle symbols) and a = 0.04 fm (open circle sym-
bols). The blue bands represent the twist two (tw2) pQCD
results using the collinear factorization at NNLO. The purple
bands denote the pQCD results obtained within the kT fac-
torization theorem, which includes higher-twist contributions
from Refs. [61–63]; see text. The width of the band presents
the perturbative uncertainty. In the case of the NNLO twist
two results, it corresponds to the scale variation from µ = Q/2
to µ = 2Q and also includes the uncertainties of the confor-
mal moments of the pion and kaon DA; see text. The green
bands show the predictions with the VMD model by the fit
on the lattice data at the low Q2 region; see text. The dashed
lines display the predictions from the DSE [64], BSE21 [65]
and BSE24 [66]; see text.

renormalized EMFF for the pion and the kaon are shown
in Fig. 2 as the combination Q2FM (Q2)/f2

M , where fM

is the meson decay constant for M = ⇡+ or K+, the rea-
son for this combination will become clear below. We use
the following values of the pion and kaon decay constant
from FLAG21 [67–70]: f⇡ = 130.2 MeV and fK = 155.7
MeV. For the pion, we also show the lattice results at
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Fig. 19.4.2 Pion and kaon formfactors calculated on the lattice [Ding et al., 2024] at larger momentum transfer values, shown
by open squares.
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lattice
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where the wave function factorizes into a momentum profile and a Dirac-isospin factor,

�a
⇡(x, k?) =

1
p

Nc
'⇡(x, k?) ū(k) i�5⌧

a v(P � k). (20.52)

The scalar profile contains the instanton zero-mode form factor,

F (k) = [z(I0K0 � I1K1)
0]

2
z=k⇢/2 , (20.53)

where modified Bessel functions encode the nonlocal structure of the zero mode [Diakonov et al., 1997,
Schäfer and Shuryak, 1998, Nowak et al., 1996].

20.16 Scalar Form Factor from Chiral and Instanton Dynamics

Chiral Ward identities imply a representation for the scalar form factor in terms of the pion decay constant
and the sigma field correlator,

FS(q) = �
1

f⇡
+

h�i

f2
⇡

�
m2

⇡

f⇡

Z
d4x eiq·x

hT �(x)�(0)i + · · · . (20.54)

To one loop in chiral perturbation theory one finds

FS(Q2) = �
1

f⇡
+

1

f3
⇡

✓
Q2 +

1

2
m2

⇡

◆
J(Q), (20.55)

where J(Q) is the standard two-pion loop function [Gasser and Leutwyler, 1984]. The sigma-term form factor
follows from

�⇡(Q2) = �
f⇡

2
FS(Q2). (20.56)

Within the ILM the scalar channel is dominated by an emergent sigma meson of mass m� ⇡ 683MeV, giving
the monopole form

�⇡(Q2) =
1/2

1 + Q2/m2
�

, (20.57)

in agreement with the semiclassical analysis [Liu et al., 2024a].

20.17 Semi-Hard Instanton Effects

At scales Q⇢ ⇠ 1 the instanton size ⇢ becomes relevant. The quark propagator in an instanton background
can be schematically written as

SI(x, y) = S0(x � y) + Szero(x, y) + SNZM(x, y), (20.58)

where the zero-mode (chiral) and non-zero-mode (NZM) parts capture distinct physics. The NZM term in-
duces an effective vector form factor GV (⇢Q) in the EMT, modifying the twist-3 contributions and producing
semi-hard corrections:

T⇡
00,NZM(Q2) ⇠ ⇢QGV (⇢Q)

Z
dx1dx2 K(x1, x2) 'P

⇡ (x1)'
P
⇡ (x2) + · · · , (20.59)

with K a calculable kernel. This mechanism implements the transition between soft chiral dynamics and
hard partonic scattering, and is essential for a realistic description of the trace channel at moderate Q2.
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4

instanton density – extrapolated to zero cooling time – must be significantly larger than

1 fm
�4.

Applying a the two-component model for instanton ensemble to meson spectroscopy,

let us mention a direction in lattice spectroscopy, which may potentially clarify their roles.

The “long loop” component is related to small Dirac eigenvalues resigning inside a strip

of eigenvalues

|�| ⇠ width(ZMZ) ⇠ ⇢
2

R3
⇠ 20 MeV (7)

as predicted by the original ILM with parameters given above (3). In [12] meson and

baryon spectroscopy was studied, with all Dirac states inside a certain strip of eignevalues

|�| < � eliminated. Strong restructuring of light hadronic spectra were indeed observed

if � > width(ZMZ). In particular, Nambu-Goldstone modes (pions) totally disappear

from spectra, as expected. It would be interesting to extend it to heavy-light sectors, and

to address more generally what happens with all forms of spin-dependent forces.

In section II A we will argue that the upper limit on the total instanton density can

be deduced from central forces in meson spectroscopy, and then use it for spin-dependent

forces. We then switch to spin-dependent forces, first reviewing their phenomenology in

section II B and then theory III C based on standard Wilson line correlators. We will argue

that not all instanton-induced e↵ects are included by this formalism, as it implicitly assume

continuous fermion lines. The part of the quark propagators, related to chiral anomaly,

instanton zero modes and ’t Hooft Lagrangian are to be treated separately, which we do

in section IV. Only including this e↵ective interaction one can describe pions. Yet to get

the correct mass and wave function of vector (⇢) mesons, one also need the e↵ective forces

coming from IĪ molecules, see IV E.

The conclusion we reached in this study we plan to incorporate on the light-front in

the subsequent publications.

II. PERTURBATIVE AND NONPERTURBATIVE FORCES IN QCD

A. The central potential and the “dense instanton ensemble”

Static quark potential Vc(r) is defined by vacuum average of a pair of Wilson lines,

W = Pexp
⇥
ig

Z
dx

µ
A

a
µt̂

a
⇤

(8)

going in the Euclidean time direction and separated by the distance r.

e
�Vc(r)T = hW (~x1)W

+(~x2)i (9)

and the limit of large T ! 1 is assumed here. Its derivation historically has been at the

forefront of lattice studies of the QCD vacuum.
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angle of color rotationalong a straight line

is easy to calculatefor instanton fields

5

Complications related with non-commuting color matrices and P-exponent in the def-

inition of W were avoided by Wilson (in the original paper on LGT), by redefining the

exponents of the gauge fields exp(igA
a
µt̂

a
dx

µ) by the gauge link variables Û . In general,

to evaluate Wilson lines for generic gauge fields one needs to multiply Û along the line.

However, the famous BPTS instanton fields have structure A
a
µ ⇠ ⌘

a
µ⌫x

⌫ , and since all dx
µ

along the straight line are the same, the color axes around which rotation is made, is also

the same. Therefore the accumulated rotation angle is given by a scalar integral which

can be easily calculated.

This approach has been first used to calculate static Q̄Q potential by Princeton group

[1]. Two decades later we generalized it to high energy Q̄Q and dipole-dipole scatterings

[13], by first calculating Wilson lines crossing with angle ✓12 in Euclidean geometry, and,

at the end, analytically transforming scattering amplitude to the (near) light front by

the substitution of the angle ✓12 ! �i(y1 � y2), to the hyperbolic angle being the relative

rapidity of two colliding particles. Unfortunately, neither of these work were widely noticed

or actually used by phenomenologists.

Extensive study of the instanton-induced e↵ects on heavy quarkonia has been revived

recently by Musakhanov et al (see e.g. [14]), who calculated the magnitude of the e↵ect

for central as well as spin-spin, spin-orbit and tensor forces. If the instanton parameters of

the original ILM [15] were used, the central potential was found to reach the magnitude of

⇠ 150 MeV , and then is stabilized at large r. If so, it is an order of magnitude smaller than

the phenomenological potential, and was treated as a correction. Spin-spin potential is

short ranged, and of magnitude of only about 30MeV , providing a very small correction.

Spin-orbit and tensor forces are even smaller. We will modify these results, as we discuss

below.

The inctanton-induced central otential has the form

Vinstanton(r) =
4⇡nĪ+I⇢

3

Nc⇢
I
�r

⇢

�
(10)

where nĪ+I is the instanton plus antiinstanton 4-dimensional density, ⇢ is the typical

instanton size, and the function I(x) is defined by the integral over the instanton location

I(x) =

Z 1

0

dyy
2

Z
1

�1

dc
⇥
1 � cos(↵1)cos(↵2) �

y + xcp
y2 + x2 + 2xyc

sin(↵1)sin(↵2)
⇤

(11)

in which c = cos(�), and two color rotation angles are

↵1 = ⇡
yp

y2 + 1
, ↵2 = ⇡

s
y2 + x2 + 2xyc

y2 + x2 + 2xyc + 1
(12)

( Going ahead of ourselves, we note that in subsequent paper we will generalize this

correlator of the Wilson lines to a light-front setting.)
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Eichten, Feinberg 1981

spin forces are related to WGWG nonlocals
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FIG. 3. Nonrelativisitc energies Mi � 2Mb for spin averaged b̄b states as a function of prin-
cipal quantum number n. Five red squares show the experimentally determined masses of
⌥[1S], ⌘b[1S], ⌥[2S], ⌥[3S], ⌥[4S], the blue circles correspond to standard Cornell potential, while
black closed circles are based on the instanton-induced potential shown in Fig.1.

B. Phenomenology of spin-dependent forces

To start, let us consider the first 1S-shell, with zero orbital momentum L = 0, to

remind the magnitude of the spin-spin forces. Starting from heavy quarkonia and move

toward lighter systems, one sees the trend from the following selection of data (all in MeV)

M(⌥) � M(⌘b) = 61.; M(J/ ) � M(⌘c) = 116.; (heavy � heavy)

M(B⇤) � M(B) = 35.5; M(D⇤) � M(D) = 137. (heavy � light) (14)

M(K⇤) � M(K) = 398. M(⇢) � M(⇡) = 636. (light � light)

The first observation is that these splittings grow along the table, for light quarks the

splitting becomes comparable to the scale of mesonic masses, and therefore cannot be

treated as a perturbation.

Naively, the flavor dependence of spin-spin forces should just follow a product of quark

magnetic moments, which is ⇠ 1/M1M2, times some universal magnetic fields in the QCD

vacuum as defined in correlators of section A. Yet the Table show it is not at all like

this even for heavy quarks: e.g. charm and bottom e↵ects are di↵erent by a factor of

but for bb states with N>4 or  
ligher quark states, still one has to use linear 

for r> 1 fm 

6

The extension of the original instanton liquid model we consider now includes not only

“well separated instantons” producing small Dirac eigenvalues and chiral breaking, but

also a “molecular component”, not related to those. The parameters of this component

has not yet been quantified. Using for simplicity the same instanton size ⇢ = 1/3 fm as

in ILM, we have one parameter to discuss, the “molecular density” nmol.

We will now argue that the phenomenological central potential provide an upper limit

to nmol value. In Fig.1 we compare the static instanton-induced potential (solid line) to the

linear confining potential used in quarkonium spectroscopy (the dashed line). Note that

they approximately coincide for r < 1 fm ⇡ 5 GeV
�1, provided for the total instanton

density

nmol + nI + nĪ = 7. fm�4
Rdense ⌘ n

�1/4 = 0.61 fm ⇡ 2⇢ (13)

Note that interparticle distance R is about twice the instanton radius, so it is corresponding

to dense packing.

FIG. 1. Comparison of two central potentials Vc(r): the one derived from instanton ensemble (solid
line) and the confining linear potential (blue dashed line). The distance between quarks r is given
in GeV

�1, so 1 fm ⇡ 5GeV
�1 on this plot.

With growing accuracy of lattice gauge theories, static potentials have been measured

with high accuracy, lately in QCD with near-physical quark masses. At small distances,

higher-order corrections to the Coulomb potential has been calculated. At larger r e↵ective

string models are used, identifying the so called Luscher term O(1/r) and even higher

orders in 1/r expansion. The e↵ective string description can be considered numerically

confirmed, for su�ciently large r. However, our focus in this paper is on spin-dependent

forces, mostly acting at distances r < 1 fm, and it remains unclear how stringy description

can be used for them. So, we attempt to ascribe spin-dependent forces to instantons, and

see if one can get results consistent with phenomenology.
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spin-spin, spin-orbit and tensor 

B
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the corresponding potentials 
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decorated by field strength 
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(ii) but spin-orbit gets small for light quarks. Why?

(iii) The tensor force grows also, but for some reason it changes sign (?)

(iv) The spin-spin term grows and becomes the dominant one for lighter systems..

Whether any of these observations can be explained by the theory we discuss in the

next section.

III. THEORY OF SPIN-DEPENDENT FORCES

A. Wilson lines and five potentials

The general interactions of heavy quarks using temporal Wilson lines were discussed

in the context of QCD by Eichten and Feinberg [2] in terms of a priori five potentials (see

definitions in appendix A) which contribute as follows

VSD =

✓
SQ · LQ

2m2

Q

�
SQ̄ · LQ̄

2m2

Q̄

◆✓
1

r

d

dr

�
V (r) + 2V1(r)

�◆

+

✓
SQ̄ · LQ

mQmQ̄
�

SQ · LQ̄

mQ̄mQ̄

◆✓
1

r

d

dr
V2(r)

◆

+
(3SQ · r̂SQ̄ · r̂ � SQ · SQ̄)

3mQmQ̄
V3(r) +

1

3

SQ · SQ̄

mQmQ̄
V4(r) (16)

~SQ,Q̄ and ~LQ,Q̄ are the spin and orbital angular momenta of the Q̄Q pair. V (r) is the cen-

tral static potential, V1(r) and V2(r) are obtained by inserting a chromo-electric or chromo-

magnetic field on the temporal Wilson loop. The spin-spin and tensor contributions V3,4(r)

follow from the insertion of two chromo-magnetic fields on the Wilson loop. (16) is exact

to order 1/m
2

Q. The last spin-spin part is fixed as V4(r) = 2r2
V2(r) [2]. Lorentz invariance

ties the central potential V (r) to the spin-orbit potentials V1,2(r) through the so called

Gromes relation [16]

V (r) = V2(r) � V1(r) (17)

The spin-dependent contributions emerging from the string were discussed by Buch-

muller [17] and others [16, 18]. Since the spin-spin interactions are short ranged, only

the spin-orbit contributions survive at large separation b?. This is manifest from (17)

with V2(r) ! 0 and V (r) ! �V1(r) asymptotically. Hence [16–18]

VSL,string(b?) = �
✓

SQ · LQ

2m2

Q

�
SQ̄ · LQ̄

2m2

Q̄

◆
�T
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with V (r) = �T r, ~S = ~SQ + ~SQ̄ and ~L = ~LQ = �~LQ̄. Since the electric flux tube is

confined to the string, the spin-orbit contribution is only due to Thomas precession which
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is of opposite sign and half the spin-orbit contribution from the cental potential. This can

be understood from (16-17) if we assume that V2(r) is short range, so that V (r) = �V1(r).

This string-induced spin-orbit e↵ect is dubbed scalar-like in contrast to the Coulomb-

induced spin-orbit e↵ect which is vector-like.
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Their sum explains lattice data for Vss and  
explains spin splittings rather well, except in light-light mesons
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FIG. 5. Spin-spin potential for c̄c system multiplied by distance squared r
2
VSS (GeV

�1) versus
r (GeV )�1.The solid line is the exponential fit (19) to lattice measurements [20]. The dash-dotted
line shows the regulated laplacian of the Coulomb potential (??) with � = 0.6 GeV

�1. The blue
dashed line show the instanton contribution.

TABLE II. “Hyperfine” splittings of certain L = 0 mesons with J = 1 and J = 0. The first
row of numbers shows the experimental values (MeV) (rounded to 1 MeV ). The second gives
matrix elements of the lattice-based spin-spin potential (19), the next two are those for (regulated)
Coulomb and instanton-induced spin-spin forces.

flavors M⌥ � M⌘b MJ/ � M⌘c M(D⇤) � M(D) M(K⇤) � M(K) M(⇢) � M(⇡)

Exp 61. 116. 137. 398. 636.

hV lat
SS /3M1M2i 46. 108. 98. 170.

h~r2
VC/3M1M2i 28. 58. 48. 82.

h~r2
Vinst/3M1M2i 7. 30. 48. 90.

formulae given above, and then calculated their matrix elements at the 1P shell. The

results are given in the Table III.

One conclusion is that “theory” (the sum of the last two raws) and the “lattice” are

basically in agreement. The other is that their disagreement with experiment (the upper

raw) is dramatically growing for light quark systems. This implies that for light quarks

something important is missed, in the theory as it is developed up to this point.

D. Brief summary of the section

The phenomenological direction of this section has aimed at mesons, from heavy char-

monia to heavy-light and to light-light ones. Using data for spin splittings in 1S shell (2
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VI. DIQUARK PAIRING IN THE
NUCLEONS

The role of the instanton-induced quasi-local in-
teraction (diquark pairing) in the wave functions of
� and N was already discussed in the paper by
one of us [28]. However several principal and tech-
nical tools were different. In particular, the light
front hamiltonian HLF was different (constructed a
la mesonic Hamiltonian of Vary et al [21]), and the
set of basis functions was completely different.

As in the preceding section, we start with baryons
without quasi-local instanton-induced ’t Hooft inter-
action, namely �++(3/2) = uuu, and proceed simi-
larly by expressing the potential V as a matrix in the
Laplacian basis, and diagonalize HLF = H0 + V . If
we use the basis of 12 such functions, the spectrum
(of squared masses) is

Pairing in the proton p = uud takes place in two
(ud) channels, which we denote as (13) and (23). For
that, it is more convenient to use alternative Jacobi
coordinates ⇢±, �±, rotated from the original ⇢, �
by the “triple symmetry" matrices of the equilateral
triangle

M± =

"
cos(2⇡/3) ±sin(2⇡/3)

⌥sin(2⇡/3) cos(2⇡/3)

#
(42)

The hamiltonian now has two pairing terms, and
each can be written as a matrix in our basis in appro-
priate coordinates using the same form (16), adding
those to the light front hamiltonian HLF and diag-
onalizing it, we obtain the spectrum and the wave
functions. For one choice of the ’t Hooft coupling,
the results for the squared masses of the lowest �, N
baryons are shown in Fig.6.

Recall that these masses are calculated from lim-
ited basis set, with only 12 longitudinal eigenfunc-
tions of the Laplacian. Also note, that neither the
perturbative Coulomb nor the spin-dependent inter-
actions are included. The Delta-N splitting is due
only to the ’t Hooft operator treated in a quasi-local
approximation.

The lower part of the plot shows the light front
wave functions of the lowest mass � and N baryons.
The attractive and quasi-local interaction makes the
wave function of the nucleon N wider than that
of the isobar �, i.e. greater both at the left and
right side of the plot (corresponding to xd ! 1 and
xd ! 0.). This widening effect is similar to that
observed for mesons. The LFWF of vector mesons
is relatively narrow, while that of the pion is nearly

FIG. 6: Upper: Squared masses of the Delta (open
points) and N (closed) resonances versus their

successive quantum number n. The two straight
lines shown for comparison, are the Regge

trajectories fitted to the experimental values of
M2(J) , versus the total angular momentum J ,

with the slope ↵0 = 0.88 GeV 2.
Lower: LFWFs for the lowest Delta (dashed lines)
and N (solid lines). The plots are shown versus the

Jacobi coordinate �, for fixed ⇢ = 0, 0.1, 0.2, 0.3,
top to bottom.

flat. Furthermore, as d participates in two pairings
while each u only in one, this effect is more pro-
nounced for the d quark.

VII. BARYON FORMFACTORS

In the non-relativistic formulation, the formfac-
tors are defined as overlap integrals. This carries to
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flat. Furthermore, as d participates in two pairings
while each u only in one, this effect is more pro-
nounced for the d quark.

VII. BARYON FORMFACTORS

In the non-relativistic formulation, the formfac-
tors are defined as overlap integrals. This carries to

as first order in ’t Hooft Lagrangian



The color force acting on a quark in the pion and nucleon
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In the Operator Product Expansion (OPE) of hard scattering amplitudes, the twist-3 operators
describe local colored Lorentz forces acting on a quark, thereby providing a measure of the strength
of the gluon fields. Its value is directly accessible from the nucleon twist-3 polarized g2-parton
distribution function. In the semiclassical (instanton-based) QCD vacuum models, the leading non-
perturbative contribution stems from correlated instanton-anti-instanton pairs, or molecules. We
analyze the magnitude of the color force on a ’struck’ quark in light hadrons (pion and nucleon),
in the context of the instanton liquid model (ILM). We derive explicitly the pertinent form factors
associated to the color Lorenz force, and show that they are intimately related to the pertinent
hadronic gravitational and transversity form factors. Using the ILM enhanced by molecules, we
detail the ensuing colored force distribution in the transverse plane for luminal pions and nucleons.
The results for the nucleons are in good agreement with those reported recently from a lattice
collaboration.

I. INTRODUCTION

Deep inelastic scattering (DIS) is the main
process by which the quark and gluon (par-
ton) substructure of the nucleon can be quan-
titatively addressed. This is usually captured
in terms of pertinent matrix elements of gauge
invariant and traceless operators, organized in
OPE as a twist expansion, a series in inverse
powers of the momentum transfer 1/Q2 of cer-
tain light cone current-current correlators. The
leading twist-2 operators are bilinear in the
quark (or gluon) fields, and when extracted
from experimental data, they tell us about the
parton distribution functions (PDFs), the den-
sities of gluons, as well as various quarks and
antiquarks in the target.

Higher twist operators are of higher dimen-
sions, including higher powers of quark and
gluon fields. They carry information about the
partonic correlations. Their general theory has
been carried out in the early 1980’s in [1] for un-
polarized targets, and in [2] for polarized ones.
They provide the QCD corrections to the par-
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‡ ismail.zahed@stonybrook.edu

tonic sum rules, such as the Bjorken and the
Ellis-Jaffe sum rule.

The most interesting correlation between
partons are those stemming from a polarized
target. While the structure function g1(x, Q2)
starts with the usual twist-2 operators, the
structure function g2(x, Q2) starts with twist-
3. Since in experiments the structure functions
can be separated kinematically, this fact of-
fers the most direct access to the higher twist
physics. For a transversely polarized nucleon,
at 900 to the incoming momentum, g1(x, Q2)
vanishes and the remaining DIS amplitude is
purely twist-3. The pertinent physics is related
with the local operator1

Oq̄Gq = ig
�
q̄�⇢Gµ⌫q

�
(1)

given by the value of the gauge field strength
on the struck quark. (The color indices are not
explicitly shown but assumed, here and below.)

The magnitude of this effect has been dis-
cussed in [3]. It was pointed out that in the
large-Nc limit, the forces on the u and d quarks
in the proton should be equal in magnitude but

1 Although the operator carries three open indices
⇢, µ, ⌫, the last pair is antisymmetrized, and the total
spin is 2 and not 3.

ar
X

iv
:2

51
1.

09
01

9v
2 

 [h
ep

-p
h]

  4
 D

ec
 2

02
5

The color force acting on a quark in the pion and nucleon

Wei-Yang Liu,⇤ Edward Shuryak,† and Ismail Zahed‡

Center for Nuclear Theory, Department of Physics and Astronomy,

Stony Brook University, Stony Brook, New York 11794–3800, USA

In the Operator Product Expansion (OPE) of hard scattering amplitudes, the twist-3 operators
describe local colored Lorentz forces acting on a quark, thereby providing a measure of the strength
of the gluon fields. Its value is directly accessible from the nucleon twist-3 polarized g2-parton
distribution function. In the semiclassical (instanton-based) QCD vacuum models, the leading non-
perturbative contribution stems from correlated instanton-anti-instanton pairs, or molecules. We
analyze the magnitude of the color force on a ’struck’ quark in light hadrons (pion and nucleon),
in the context of the instanton liquid model (ILM). We derive explicitly the pertinent form factors
associated to the color Lorenz force, and show that they are intimately related to the pertinent
hadronic gravitational and transversity form factors. Using the ILM enhanced by molecules, we
detail the ensuing colored force distribution in the transverse plane for luminal pions and nucleons.
The results for the nucleons are in good agreement with those reported recently from a lattice
collaboration.

I. INTRODUCTION

Deep inelastic scattering (DIS) is the main
process by which the quark and gluon (par-
ton) substructure of the nucleon can be quan-
titatively addressed. This is usually captured
in terms of pertinent matrix elements of gauge
invariant and traceless operators, organized in
OPE as a twist expansion, a series in inverse
powers of the momentum transfer 1/Q2 of cer-
tain light cone current-current correlators. The
leading twist-2 operators are bilinear in the
quark (or gluon) fields, and when extracted
from experimental data, they tell us about the
parton distribution functions (PDFs), the den-
sities of gluons, as well as various quarks and
antiquarks in the target.

Higher twist operators are of higher dimen-
sions, including higher powers of quark and
gluon fields. They carry information about the
partonic correlations. Their general theory has
been carried out in the early 1980’s in [1] for un-
polarized targets, and in [2] for polarized ones.
They provide the QCD corrections to the par-

⇤ weiyang.liu@stonybrook.edu
† edward.shuryak@stonybrook.edu
‡ ismail.zahed@stonybrook.edu

tonic sum rules, such as the Bjorken and the
Ellis-Jaffe sum rule.

The most interesting correlation between
partons are those stemming from a polarized
target. While the structure function g1(x, Q2)
starts with the usual twist-2 operators, the
structure function g2(x, Q2) starts with twist-
3. Since in experiments the structure functions
can be separated kinematically, this fact of-
fers the most direct access to the higher twist
physics. For a transversely polarized nucleon,
at 900 to the incoming momentum, g1(x, Q2)
vanishes and the remaining DIS amplitude is
purely twist-3. The pertinent physics is related
with the local operator1

Oq̄Gq = ig
�
q̄�⇢Gµ⌫q

�
(1)

given by the value of the gauge field strength
on the struck quark. (The color indices are not
explicitly shown but assumed, here and below.)

The magnitude of this effect has been dis-
cussed in [3]. It was pointed out that in the
large-Nc limit, the forces on the u and d quarks
in the proton should be equal in magnitude but

1 Although the operator carries three open indices
⇢, µ, ⌫, the last pair is antisymmetrized, and the total
spin is 2 and not 3.

ar
X

iv
:2

51
1.

09
01

9v
2 

 [h
ep

-p
h]

  4
 D

ec
 2

02
5

The color force acting on a quark in the pion and nucleon

Wei-Yang Liu,⇤ Edward Shuryak,† and Ismail Zahed‡

Center for Nuclear Theory, Department of Physics and Astronomy,

Stony Brook University, Stony Brook, New York 11794–3800, USA

In the Operator Product Expansion (OPE) of hard scattering amplitudes, the twist-3 operators
describe local colored Lorentz forces acting on a quark, thereby providing a measure of the strength
of the gluon fields. Its value is directly accessible from the nucleon twist-3 polarized g2-parton
distribution function. In the semiclassical (instanton-based) QCD vacuum models, the leading non-
perturbative contribution stems from correlated instanton-anti-instanton pairs, or molecules. We
analyze the magnitude of the color force on a ’struck’ quark in light hadrons (pion and nucleon),
in the context of the instanton liquid model (ILM). We derive explicitly the pertinent form factors
associated to the color Lorenz force, and show that they are intimately related to the pertinent
hadronic gravitational and transversity form factors. Using the ILM enhanced by molecules, we
detail the ensuing colored force distribution in the transverse plane for luminal pions and nucleons.
The results for the nucleons are in good agreement with those reported recently from a lattice
collaboration.

I. INTRODUCTION

Deep inelastic scattering (DIS) is the main
process by which the quark and gluon (par-
ton) substructure of the nucleon can be quan-
titatively addressed. This is usually captured
in terms of pertinent matrix elements of gauge
invariant and traceless operators, organized in
OPE as a twist expansion, a series in inverse
powers of the momentum transfer 1/Q2 of cer-
tain light cone current-current correlators. The
leading twist-2 operators are bilinear in the
quark (or gluon) fields, and when extracted
from experimental data, they tell us about the
parton distribution functions (PDFs), the den-
sities of gluons, as well as various quarks and
antiquarks in the target.

Higher twist operators are of higher dimen-
sions, including higher powers of quark and
gluon fields. They carry information about the
partonic correlations. Their general theory has
been carried out in the early 1980’s in [1] for un-
polarized targets, and in [2] for polarized ones.
They provide the QCD corrections to the par-

⇤ weiyang.liu@stonybrook.edu
† edward.shuryak@stonybrook.edu
‡ ismail.zahed@stonybrook.edu

tonic sum rules, such as the Bjorken and the
Ellis-Jaffe sum rule.

The most interesting correlation between
partons are those stemming from a polarized
target. While the structure function g1(x, Q2)
starts with the usual twist-2 operators, the
structure function g2(x, Q2) starts with twist-
3. Since in experiments the structure functions
can be separated kinematically, this fact of-
fers the most direct access to the higher twist
physics. For a transversely polarized nucleon,
at 900 to the incoming momentum, g1(x, Q2)
vanishes and the remaining DIS amplitude is
purely twist-3. The pertinent physics is related
with the local operator1

Oq̄Gq = ig
�
q̄�⇢Gµ⌫q

�
(1)

given by the value of the gauge field strength
on the struck quark. (The color indices are not
explicitly shown but assumed, here and below.)

The magnitude of this effect has been dis-
cussed in [3]. It was pointed out that in the
large-Nc limit, the forces on the u and d quarks
in the proton should be equal in magnitude but

1 Although the operator carries three open indices
⇢, µ, ⌫, the last pair is antisymmetrized, and the total
spin is 2 and not 3.
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FIG. 17. Feynman diagrams for the Lorentz force
operator (crossed-dot) in the ILM enhanced by
molecules. The quark lines connected to the cross
dot at the top of each diagrams are located at x
while the quark lines at the bottom of each dia-
grams are connected to the blob of the classical
pseudoparticle profile centered at z.

where the instanton field profile G(k) in mo-
mentum space is defined by

G(k) =
4⇡2

t

Z 1

0
dx

1

(x2 + 1)2
J3(tx)

����
t=⇢k

=
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(B8)
The final result (B7) is illustrated in Fig. 17.

The Lorentz operator (cross-dot) takes the form
of a product of two color–octet currents, analo-
gous to a one–gluon exchange between quarks.
The function G(k) plays the role of an effective
gluon propagator. The evaluation of its nucleon
matrix element is therefore closely related to
the calculation of gluon–exchange corrections
to the nucleon mass [7, 39]

a. Short distance approximation

As we noted earlier, the pseudo-particle pro-
file is highly localized. The separation between
two quark sources in (B7), is controlled by
|x � z| . ⇢ ⌧ 4

p
V4/N , hence the approxima-

tion
p

F(i⇢@)S(x) ⌘ h (x)
p
F(i⇢@) ̄(0)i

'
i/x

2⇡2x4
KD(x/⇢) +

m

4⇡2x2
Km(x/⇢) + O(m2)

(B9)
In the ILM the quark propagator S(x) is de-
fined as

S(x) =
i/x

2⇡2x4
+

m

4⇡2x2
+ O(m2) (B10)

with the distorsions induced by the instanton
zero mode profiles

KD(x) =
1

2

Z 1

0
dkkx2J2(kx)

p
F(k) =

x3

(1 + x2)3/2

Km(x) =

Z 1

0
dkxJ1(kx)

p
F(k) (B11)

In this short distance approximation, the ef-
fective Lorentz force operator can be further
reduced to a sum of local fermionic operators
induced by the zero modes in the ensemble,
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Their relations to the nucleon transversity GPD are defined as [44]
Z 1

�1
dxxHq/N

T (x, ⇠, t = �Q2) =Aq
N,T (Q2) (E13)

Z 1

�1
dxxEq/N

T (x, ⇠, t = �Q2) =Bq
N,T (Q2) (E14)

Z 1

�1
dxxH̃q/N

T (x, ⇠, t = �Q2) =Ãq
N,T (Q2) (E15)

Z 1

�1
dxxẼq/N

T (x, ⇠, t = �Q2) = � 2⇠B̃q
N,T (Q2) (E16)

As we are only interested in the twist-3 con-
tribution in the Breit frame q+ = 0, we will only
focus on the �q

N,1, �q
N,3, �q

N,7, and the �q
N,8

form factors in this work. In order to evaluate
these form factors, we parameterize the energy
momentum tensor form factors Aq

N and Bq
N by

dipoles

Au
N (Q2) =

0.4055

(1 + Q2/1.7722)2
(E17)

Au
N (Q2) =

0.1385

(1 + Q2/1.5552)2
(E18)

Bu
N (Q2) =

0.171

(1 + Q2/1.5352)2
(E19)

Bd
N (Q2) =

�0.124

(1 + Q2/1.6572)2
(E20)

where the parameter for the isovector channel is
obtained by fitting the lattice result of the sec-
ond moment of GPD in [45], and the parameter

for the isoscalar channel is obtained by fitting
the lattice result of the gravitational form fac-
tor from [46].

The generalized transversity form factor
Aq

N,T can be obtained from the transversity
GPD as well. We adopt the parameterization
form of the transversity GPD Hq/N

T in [47], and
fit the parameters with the lattice result of the
first moment of transversity GPD in [43]. More
specifically,

Hq/N
T (x, ⇠, t) = 1.125 hq/N

1 (x)e(0.3885+0.6422 ln x)t

(E21)
with the transversity parton distribution
hq/N

1 (x) given in [48]. With this in mind, we
obtain the exponential-like momentum trans-
fer dependence with t = 0 values fixed by
Au+d

N,T (0) = 0.276, and Au�d
N,T (0) = 0.178 follow-

ing from the lattice result in [49].
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FIG. 15. Transverse field distribution of the color
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along with the up quark density distribution (heat
map), for a proton transversely polarized in x̂ di-
rection in the enhanced ILM. The up quark den-
sity follows from the proton Dirac and Pauli form
factors from the phenomenological fit in [38]. The
results are compared to the lattice results in [10].
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and the experimentally accessible twist-3 ob-
servables. The color Lorentz force opera-
tor q̄gG+i�+q—whose expectation value de-
fines the twist-3 matrix element d2—is shown to
acquire contributions from the molecular com-
ponent of the instanton liquid. The induced
form factors encode the nonlocal structure of
this coupling and provide a unified description
of the quark–gluon interaction over a broad
range of momentum transfers. In particular,
the molecular contributions dominate at low

Q2, leading to enhanced color forces consistent
with phenomenological extractions from polar-
ized structure functions. These findings con-
firm that the twist-3 sector is direct manifes-
tation of the underlying topological fields in
the QCD vacuum. Remarkably, the emergent
color Lorentz force form factors are shown to
be intimately related to the hadronic gravita-
tional and transversity form factors, offering
additional insights to the nature of the mass
and force distributions in hadrons.

From a phenomenological perspective, the
implications of our results are as follows. For a
constituent quark, the transverse color Lorentz
force reaches Fy ⇠ 1.5 GeV/fm, reproducing
the scale of the force inferred from lattice eval-
uations of d2 and phenomenological analyses of
g2(x, Q2). In contrast, the pion, as a spinless
bound state, exhibits a vanishing d2

⇡, consistent
with the absence of a net transverse Lorentz
force. This clear dichotomy between spin-1/2
and spin-0 systems demonstrates that the twist-
3 color force is intrinsically spin-dependent
and directly tied to the internal color-magnetic
structure of the hadron. Moreover, the ability
of the instanton–molecule framework to simul-
taneously describe both systems underscores
its universality as a source of nonperturbative
QCD dynamics.

Conceptually, this study shows how
topological excitations of the QCD vac-
uum—once considered peripheral to hadron
structure—directly govern measurable high-
energy observables. The emergence of strong,
localized color forces from correlated instanton
configurations provides a compelling micro-
scopic picture that complements and extends
conventional models based on confinement
and gluon exchange. The instanton–molecule
framework offers a natural bridge between the
semiclassical field picture and the partonic
description of hadrons, thereby unifying as-
pects of nonperturbative vacuum structure and
experimental phenomenology.

The results also suggest new directions for
future research. Extending the present formal-
ism to generalized parton distributions (GPDs)
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Summary
1.Topological structure: energy periodic as a 
function of Chern-Simons number 
2.Instantons are tunneling from one valley to the 
next,  
3.correlated pairs or ``molecules” are events of 
unsucessful tunneling 
4.All of them are well seen on the lattice using e.g. 
gradient cooling 
5.dilute instantons have topological charges and 
induce what we call a chiral physics 
6.molecules are just clusters of strong local field 
flctuations, important in fformfactors  and potentials 



What we also worked out but I have no time to speak about:

in 1990’s we did extensive numerical simulations of the instanton 
ensemble 
calculated vacuum correlation functions for mesonic and baryonic 
currents 

QCD (but not electroweak) sphalerons can be produced on colliders 
in diffractive events  

we calculated confining potentials for baryons and teraquarks 
for baryons it is binary but for teraquarks it is not 

on top of electromagnetic formfactors we calculated scalar and 
gravitational ones, for mesons and baryons



What needs to be done

16 2 Introduction

approaches employing multi-component wave functions. Another powerful technique borrowed from nuclear
physics involves the use of hyperdistance and spherical symmetry for three-, four-, and five-body systems.

Contemporary hadron spectroscopy relies heavily on two complementary fields. The first is lattice gauge
theory, which has recently reached the point where sufficiently large volumes and small quark masses allow
reliable chiral and infinite-volume extrapolations. The second consists of efforts to relate spectroscopy to
partonic observables, chiefly through light-front (LF) quantization.

partonic 
data 

PDFs,GPDs…

quark 
model  

spectroscopy

gluon dynamicschiral dynamics
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Fig. 2.3 A sketch illustrating the "bridge” to be discussed.

The project described in this review was motivated by the substantial conceptual gaps that still separate
two major subfields. On one side lie models of mesons, baryons, tetraquarks, and pentaquarks formulated
in terms of a fixed number of quarks. Their wave functions are eigenstates of appropriate Hamiltonians,
mutually orthogonal, and built from color, flavor, and spin degrees of freedom, subject to Fermi statistics.
On the other side lie partonic descriptions in which hadrons are composed of an indeterminate number of
quarks, antiquarks, and gluons. These models, developed since the 1970s, rely on empirical parton distribution
functions (PDFs) extracted from fits to hard-scattering data. Because PDFs include only partial information,
as they are summed over all variables but one parton momentum.

Indeed, PDFs are density matrices, as as such they naturally possess nonzero entropy [Kharzeev and Levin, 2017].
Our attempt to bridge these two worlds required learning from both literatures and developing new ele-

ments as needed. These ideas are scattered through multiple papers, and the present review aims to assemble
them in a coherent and pedagogical manner. We are aware that this approach is necessarily incomplete and
may have omitted relevant contributions; we apologize to their authors for any such oversights. The review
remains subjective and limited in scope, with the additional constraint that we deliberately chose not to
involve students or postdocs except when absolutely necessary, in order to proceed quickly.

A crucial step in the program is the boosting of hadronic spectroscopy from the center-of-mass frame to
the light front. This effort was pioneered by J. Vary and collaborators under what is now known as the BLFQ
approach. To clarify the distinction between their program and ours, recall that solving a quantum-mechanical
problem generally proceeds through three main steps: selecting the variables, choosing the Hamiltonian, and
choosing the solution method. Our approach and BLFQ differ at each stage. We employ Jacobi coordinates
to cleanly separate the center-of-mass motion; we adopt simple kinetic-plus-confinement Hamiltonians rather
than those tailored to Brodsky’s specific variable combinations such as p2

?/x; and we emphasize that physical
results must ultimately be independent of the solution method. The BLFQ basis is a technical tool that
brings issues of truncation and convergence, and thus requires comparison to alternative methods. Such
alternatives exist: for mesons and baryons one may directly solve the corresponding light-front Schrodinger

Complete addition of the gluon sector: 

1.glueball spectroscopy with constituent 
gluons and modified confinement 

2.extend it to hybrids e.g. ($\bar q G q$) 

3.work out  their mixing with mesons and 
baryons 

4.substitute DGLAP (eqn for PDFs) by RG 
for wave functions -> expanding wave 
functions with gluons 


