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# Introductory/elementary lectures on the light front

< Intended to be graduate-level
< Apologies to anyone who is bored from this being too elementary

# Covers kinematics (light front coordinates) and dynamics (light front quantization)

< More focus on kinematics & group theory—just from my personal interests

# Please interject with questions or requests for clarification




Refarence;

# Designed as lectures rather than a seminar

# Won’t have citations on most slides, but the physics is a result of many researchers

# Some standard references:

4 P.A.M. Dirac,
Forms of Relativistic Dynamics,
Rev. Mod. Phys. 21 (1949) 392-399
<+ D.E. Soper,
Field Theories in the Infinite Momentum Frame,
PhD thesis
< S.J. Brodsky, H.-C. Pauli and S.S. Pinsky,
Quantum chromodynamics and other field theories on the light cone,
Phys. Rept. 301 (1998) 299-487
4 M. Burkardt,
Impact parameter space interpretation for genrealized parton distributions,
Int. J. Mod. Phys. A (2003), 173-208

# Apologies to anyone I left out; this list is not meant to be complete or comprehensive



https://inspirehep.net/literature/26316
https://inspirehep.net/literature/67239
https://inspirehep.net/literature/443682
https://inspirehep.net/literature/589769

Quiclirie

(3 .
(£ Basics

< Basic overview of light front coordinates
< Conceptualization of the light front

‘2’ Group Theory
<4 Finite boosts and kinematics

4 The Galilei subgroup

¢ 0
‘3’ Quantum Mechanics

< One-particle wave functions
< Separation of variables

‘4 The harmonic oscillator (example problem)

Y.

7>

5" Quantum Field Theory

< Light front quantization
< Fock space

%
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# Light front coordinates reparametrize spacetime.

1 1
+ + :
=S — |z x =(x,) X =—|(t+2z)=time
Vo VA
~—~
conventional factor
# Fixed-time surface given by light front moving in —z direction.
t J
5 ¢ se

Instant form coordinates Light front coordinates “
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# Contravariant (upper-index) four-vector:
o O, 1 2 e
(5x,5,2) — (x;x°,x°,x°) = x*

# Conversion between instant form & light front coordinates:

g = é(xo +x°) s
N litsaees
x=—(x"-x°) 3
V2 s
LT
= R
x2=x2 x2=

# Symmetric inversion formulas are why % is nice
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# A matrix € easily converts between light front & instant form:

wIn s

v 00 5

0 1 0 0

|

gy = @, i

1% PRI

i UaE

# Can easily check:

X0 x*t x* x°
1 Il 1 1
X X
Sdlor xz € xz = iz
X 5% X 2%
x3 x_ x_ x3

# Tor any matrix M,

Mg =€ Mr¥€
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# Rule for four-products:

x_y:xoyo_x3y3_x1yl_x2y2
g aE B s e B
b %(xw* +x7y +x"y +x'y+)—%(x+y+ S SR L RIS
=x'y +xy -x.-y1

# Defines the metric in light front coordinates:

0 0 O0 1
O, =1 0«0

x.y = g,uvxﬂxv gl(tl;/F) = 0 0, =1 = ng(IF)(g
IR OSSR () 38 0

4 Metric is off-diagonal in x* and x™!
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# Great example of how helpful the €-matrix is!
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# Foreventsin (t,2) or (x*,x7) plane, proper time given by an area law:

AT? =2Ax Ax™

# Twice the area of an enclosed rectable with sides along the light cone

# Just a neat curiosity
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# Tour-vector indices are raised and lowered as usual:
) v el v _ -1
SR\ = @ o 2@,

& Metric and its inverse are identical:

® © O i
0 -1 0 0
= oMV =
e A 0
1 0 0 0
< Another perk of the \/Lé convention
# Raising/lowering swaps + and —:
AR b~ =

<+ We verbally refer to components by upper-index form
<+ “x-plus” means 008 — AR R 11 1111 SR CA) S0
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# Light front derivatives found via chain rule:

6_6x06+6x36_1(6+6)
dx+t  0xtax® Oxtox3 /2\0x0 Ax3
0 G550 NG s 1 (0 6) 2

ox  0x 0x0  ox 0x* 32 \0x0 ox3

# Four-momenta are spacetime translation generators—related to derivatives:

Pu = 10y
p~ = ps = i04 = energy = Hamiltonian

p* = p- = i0_ = momentum component

< Energy is the time translation generator—singles out p~ = p, (usually called “p minus”) m



& Relativistic mass-shell condition:

# Formula for energy: momentum
2 o 2
m- +
H= p_ = —pJ-
2

<4 Reminiscent of non-relativistic formula:
2
2 14
HNR = constant+ —
2m

<4 p™ seems to behave like a mass
< There are many more examples of this!




I ren e mentum and Vel oGit: ' J

# Velocities can be obtained via Hamilton’s equations:

o OH _m

u_ OH opr p* o __m+p]

opyu =0 o oy
ap*  p*

4 Velocity is rate of motion with respect to x™*
# Momentum and velocity related by:

(pip7)=p" (v, v7)

<4 Reminiscent of p = mv
4 Again, p* behaves kind of like a mass
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# Light front coordinates & conjugate momenta:

1
thime
~_ 1 o0_3
X =—(x"-x
z = (x' 4

# Invariant four-product & proper time:

N G Xl

A= T

@ p” acts somewhat like a non-relativistic mass:
m? + p4

2p*
(P pL)=p*(v7,v1)

E:p_:
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Light front coordinates oSy

infinite  momentum fare.

L ]
Lo N
g

Light front coordinates are
valid in any frame.

4 They’re not a reference frame.

Light front coordinates are
not the infinite-momentum frame.

4 A common misconception.

Light front coordinates redefine
synchronization convention.

< What we mean by “simultaneous.”
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Einstein synchronization Light front synchronization
t 3 t+z : &
g 4 ¥ TLF = I
— fixedt+2z
tatt
""""""""" ? TEinstein — Az 2 fixed t+z
Y
LY &
e 5 = .
Alice Bob Alice Bob

# Einstein synchronization defined to be isotropic.
# Light front synchronization defines hyperplanes with fixed 7 + z to be “simultaneous.”

< Light travels instantaneously in —z direction by definition.
<+ We take what we see as literally happening now.
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# Relativity requires round-trip speed of light to
be invariant.

# Convention that one-way speed of light be ¢ is
a definition, not an empirical fact.

< Pointed out in Einstein’s original paper.

# Redefining “time” coordinate means changing
this definition.

< Light front coordinates do exactly this!

894 A. Einstein.

B durch einen in B befindlichen Beobachter moglich. Es ist
aber ohne weitere Festsetzung nicht miglich, ein Ereignis in
A mit einem Ereignis in B zeitlich zu vergleichen; wir haben
bisher nur eine , d4-Zeit“ und eine ,,.B-Zeit*, aber keine fir 4
und B gemeinsame ,Zeit“ definiert. Die letztere Zeit kann
nun definiert werden, indem man durci Definition festsetzt, daB
die ,,Zeit*, welche das Licht braucht, um von 4 nach B zu
gelangen, gleich ist der ,,Zeit*, welche es braucht, um von B
nach 4 zu gelangen. Es gehe nimlich ein Lichtstrahl zur
»d-Zeit“ ¢4 von 4 nach B ab, werde zur ,,B-Zeit“ t5 in B
gegen A zu reflektiert und gelange zur ,,4-Zeit* ¢; nach 4
zuriick. Die beiden Uhren laufen definitionsgeméB synchron,
wenn
ty—tyg =11 — g

Einstein, Ann. Phys. 322 (1905) 891

# Didactic overview: Veritasium, “Why No One Has Measured The Speed of Light” (YouTube)

# Technical review: Anderson, Stedman & Vetharaniam, Phys. Rept. 295 (1998) 93



https://www.youtube.com/watch?v=pTn6Ewhb27k
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# Foliating spacetime (slicing it up) into fixed-x* surfaces is nvariant under z-direction boosts!
I+ _ +_ 1B+
t'=yt+Pyz x'T=+py)x" = -5 %

Z =yz+pyt o

X=X =/ g x

< Foliation is invariant, but time is redshifted (8 > 0) or blueshifted (8 < 0).
< Instant form always gives time dilation upon boosts
< Light front describes what you actually see

# Compact formulas if we use rapidity, 7:

xl+ ax

Y =coshn
By =sinhn
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# Alice and Dora synchronize their clocks by Einstein’s convention.
< The two of them together constitute a reference frame.

# Bob moves from Alice to Dora. t

<+ A time Atg passes on Bob’s clock.
<4 Atstart: Bob sees Alice’s clock reads #4. p
4 Atend: Bob sees Dora’s clock reads fp.

# Time dilation means:

BT
Atg=1/1- ?(tD_ ta) < (fp—ta)

< Bob’s clock slow compared to reference frame.
<+ Result depends on Einstein synchronization.

IA




Heclshiitr/Bluegtiite agyiegeieni||

& When Bob is boosted—Alice sees redshift or blueshift:
t t

Redshift: Bob moves away, clock appears slower ~ Blueshift: Bob moves towards, clock appears faster

# Light front automatically gives redshift/blueshift formula:

PR et R Sy
XBob = 1-B X Alice = € X Alice
< Light front prioritizes what we actually see @



“Torrall rorarions

[ — : ~ T
L 1- 2L AL \/1-p2L

# Lorentz-boosted objects appear rotated.

<+ Terrell rotation (PR116, 1959)
< Optical effect: contraction + delay

# Light front takes Terrell rotations seriously!

OB
E @ <4 Instant form: contractions are real

4 Light front: rotations are real

< Both equally valid viewpoints
Dice image: Ute Kraus, https://www.spacetimetravel.org/


https://www.spacetimetravel.org/

Algebra of [orrell ronietons

# Transverse boost—instant form: # Rotation around x axis—instant form:

t'=yt+pyy~t+py+0(p =t
Y =yy+Byt=y+pr+0(6° ¥ =cos0y—sinfz~y-0z+0 0%
T =k o
b=
N 7' =cosfz+sinfy = z+0y+0G(6?)
# Transverse boost—light front: # Rotation around x axis—light front:
o 18 +.. 0
Ox Sl ox = g
= O O
5y:%x++%x oy= Gra 8
_ RO
ox z%y exhets 5

# What if we boost by  and rotate by 6 = —f? a
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# Combined boost + counterrotation (6 = —f):

ox* ﬁ\;_ey 0
Sy = ﬁ\/_e S ﬁ+0 - =v2px" 60=-p

<4 Combined transformation leaves x* invariant!
4 Object apparently moving in y direction
4 Apparent velocity is V28

# Suggests new generator:

1

By = E(K _]AQ/ counterrotation
4 B, generates a light front transverse boost ordinary boost

< (contrasted with oridnary transverse boost)
< Similar equation for generator of x-direction light front boost:

Bl (Kxt7y)

Sl -



# Light front coordinates describe spacetime as we see it

< Distant events (in +2z direction) are considered “present” instead of “past”

< Longitudinal boosts produce observed redshifts/blueshifts instead of time dilation

< Ordinary transverse boosts produce observed Terrell rotations instead of Fitzgerald contractions
# Can define light front transverse boost as transverse boost + counterrotation

<4 Leaves transverse spatial structure znvariant

1 t+ 7z
By = E(Ky_]x)

® TLF = I

fixed t+2z 1

Alice Bob
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# Something amazing happens with the light front transverse boost generators:

L 1

By \/E(Kx"‘]y) BJ/ZE(KJ’_IX)
1 ==iJ, =0
(B, By = 5( (K, Kyl = Uy, ol = 1K, T + Uy, Ky 1) =0
=—iJ, =0

< They commute!

# This is one manifestation of the Galilei subgroup of the Poincaré group

< The classical-looking formulas we saw previously are other manifestations

# Let’s look at finite boosts before fleshing out the full group
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# Generators quantify infinitesimal transformations
By(v) = 1-iByv+0(v?)

o4 g H enerator
< The factor —i is a popular convention finite boost &
< I prefer to define generators without it in my own personal notes ...
<4 ...butlet’s use standard conventions in these lectures.

# x-boost and y-rotation generators (instant form):

coshn sinhnp 0 0] (877 (1] 0]
inhn coshn 0 O IF IS0 ORR0)
7y | sin KB () =
0 0 (07 43t 0 0 0O
1 0 0 0 0 0 O
0 cosf 0O sinf 0 0 O
(IF) s IF) =
S AT T A ol e NSl | B,
0% sikg o (-2 Cos ] OSSR ()
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# As usual, can use €-matrix to convert to light front:

-9 o o 1_ﬁ

S o = O

@ = @ (@)

18 o o -

S © O O

oS O© o O

~ O O O

oS~ O O

l_ﬁ S & l_ﬁ
|

S o = O

D Wl 9

18 o o

S © = O

S = O O

8 o o g

oS O © O

CERNSEORICO)

-8 o o -y

SRR B OMNS

=¢KP%E

(LF)
5%

K
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# As usual, can use €-matrix to convert to light front:

o z__ﬂ = &

A e =) 5 O &
T i
a2 ~<

oS o = O

SN RS o TR o

~S o o ~S I
o ~o o 1__ﬂ001_ﬁ

o O O O

2 9 = @
o~

S O O o ~ 0 o

SECECES S o o g

1_ﬁ001_ﬁ S Ty e e

=) (Sl
SR S S T

© ~o o .z_ﬁOO.z_ﬁ

,1_ﬁ001_ﬁ. A i Sk

=¢J\"¢

(LF)
J 5
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# Combining the traditional boost & counter-rotation...

0 s 0 —i 0 0
1 [i A0 SRR 0
K, = — =i
T2 |00 o ]y\/ioooo
O PP 1 A
0f A1) (g, 0 11 (1
0 a0 5 0000
By=—(Ky+Jy)=— =
< ("]Y)\/zoooo 3 s 0E 20200
&% 0 (1 -1 000

# Light front boost generators are nilpotent for transverse boosts!

< Nilpotent means there’s a power of By that gives zero.
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0 000 0 000 0 0
i 000 SN 2 2 | 00
B"_oooo By‘iooo SRSy = 0 0

0 i 00 O (/8% -1 0

# Finite boosts built from infinitesimal boosts by exponentiation:

] N
i . 1
B (v)) :Al]i_r&(l—NvL-Bl) = Tt :1—ivl-BL—§vf_B)26

&~ J
-

exact because of nilpotency

< Basically, just continually compound infinitesimal boosts

4 Note also that ByBy = BB =0
# Transforms a four-vector as: [ cefoa ot
- x+/

X
x |- x +v xt
i X" +vx + 300 xt

oS O O O

@ e 9 @

£
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# Four-momentum at rest:

1 1
7 0 0 7 - 1
1 O 0 0 m |0
(LF) _ ((IE) = i,
prest - Cgprest W 0 0 1 0 0 A E 0
AL Lgall 0 1
oAk s

# Can reach any momentum by longitudinal then transverse boost:

p =B (v1)B| (1) Prest

<+ Longitudinal boost by rapidity n
< Transverse boost by velocity v




l_ﬁ o o l_ﬁ

S o = O

S = O O
8 e o -y

e @ @

8 o o IS

@ e .= @
o O O O
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oot SRoo e
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e 8 e ayveeEE e
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# Use €-matrix to convert to light front:
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# Finite boost from exponentiation:

i 00 0 e” 00 O
0" 02320 0 ; 0O 1 0 O
KR _ (LF) _ —iyK, _
z 000 0 = =0 001 0
0 0 02 0 0 0 e
# Boosting a particle from rest:
o
(LF) ap_ m [0
‘Iz (n)prest o E 0
e_n
4 Nice scaling behavior for p™ and p~ -
# Formula for longitudinal rapidity:
V2p?
=lo
n g x

< Will remain invariant under transverse light front boosts!
(The ones with Terrell counter-rotations.)
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# Following up with a transverse boost...

1 0O 0 O
Wr a(C T D
@J_(Uj_)zl_ivL'BJ__EvJ_Bx: B D e
32 vy vy 1
# An arbitrary four-momentum can be expressed:
pi e’
yl
e . Uy€
py :,%J_(vl)xz(n)prestzﬁ vyeTI
p~ e M+ 502 el

< Again, a classical-looking expression!

< Transverse velocity: v; = v

< Transverse momentum: p; = p* v,
. . Sk L)

< Kinetic energy term: 5 p™ v{

2p*t

m
ZZ(LF) (n) p(LF) n

rest —

+

p

pt oy

+

p Uy

¥ 4t 0
Ll

V2




# Finite boosts on the light front take simple forms:

0 1 0 0 Uy 1 0 0

(LF) _ &

Kz = | o SIS g 1
0 0 0 e %vi vy vy 1

# The transverse boost is different from the “ordinary” transverse boost
< Consists of an ordinary boost + counter-rotation, to cancel out Terrell rotation
< The generator is nilpotent—series from exponentiation terminates!

# Momenta can be written in a very classical-looking form, with p* acting like a mass:

p* T

p* % 0

p’ E pruy

IR T ﬁ






Calilei subgroupy

# Poincaré group has a (2 +1)D Galilei subgroup.
4 x* istime and x, is space under this subgroup
+ pt= % (Ep + pz) is the central charge—acts like a mass, commutes with rest of subgroup

4 x" and p* are invariant under this subgroup!

# Light front time gives fully relativistic 2D picture that looks a lot like non-relativistic physics.

dpJ_ _ o+ dsz_
dxt 7 dx+?
2
P 1
H = Hieq + ﬁ = Hiee + §P+Vi
pL=p'v.
(BBl =0

£
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# Lorentz group has 6 generators MHY = —M"#

3 boosts 3 rotations

Ki=M" UnJ2,Js) = (M7, M*, M'?)
# Algebra defined by commutation rule:
[MMY, MP?] = i(gH7 M"P + g"P MM — ghP M¥® — g¥7 M)

4 Can be derived via geometric algebra, or by requiring it give the explicit forms below.

# More explicit forms:
[K;, Kj] = —i€;jiJk
Ui Jjl = i€ijiJk
i, Kjl = i€; jx Ky




Lorenezalusbeis insuiieidenilbogse comlmiricion

# Let’s prove the boost commutation formula!

3 boosts 3 rotations
Ki=M" Ji=eijpM* = MY =¢;dp
# TFundamental commutation rule:

[MNV,MPU] =S i(gHUMVP aL gVPMIw . gMPMVU ik gVUMHP)

# Working it out...
[Ki, Kj] = (M, M%7 ]

= i(goj il L Moj—gOOMij—gijMOO) =—iMi= —i€ijrtk

3 PN

=0 =0 =0



Lorenezalustiei: inguine fosly roeieion commeition

# Let’s prove the rotation commutation formula!

3 boosts 3 rotations
K= M Ji=geipM!* = MY =eiji)i
# Fundamental commutation rule:
[MMY, MP?] = i(gH7 M"P + g"P MM — ghP M7 — g¥7 M)
# Working it out...
RS iEiabchd[Mab;MCd]
= Lerape joa(g ™ MP® + ghepgad — gacppbd _ gbd ppacy

—(0ij0aa—0iabja) 6ij0ac—0ic0ja
; == o e
(distribute Levi-Civita) = _i(eiebejce Mbc +€iae€jed Mad —€jeb€jed Mbd —€iae€jce Mac)
S—— =
—=(0ij0pc=0ic6 jp) 0ij0pa—0iad b

(drop M) = = L(MI"+ MI* — (- M7") = (-MT")) = iMY = ie; i Tk @
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# Let’s prove the last commutation formula!
3 boosts 3 rotations
K= M" T Sl — W =G
# Fundamental commutation rule:
[M,UV,MPU] = i(gHUMVP L gVPMIW o gMPMVU e gVUMHP)
# Working it out...

= %Emb[Mab,MOj]
=0 =0

i b0 a0 . k .
:_%(Eiij —6‘ij )=l€l'jkMO :leiijk

¥ o
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# Lorentz group has 6 generators MHY = — M

3 boosts 3 rotations
(B1,B2,B_) = (M}, M2, M*™) (R1,R2,R_) = (M?*~,M ', M'?)

4 x* istime and x~ is space!

# Algebra defined by commutation rule:
(MM, MPO] = i(gH7 MYP + g¥P MM — ghP VT — ¥ MHP)

# More explicit forms (i, j € {1,2}):

[Bi,Bjl =0 [B_,B;] = iB;

[R-, R;i]=i€3ijR; [R1,R2] =0

[R-, Bi]= i€3;;B;j [B_,R;]=—IR;
[R_,B_]=0 [Ri,Bjl=—i8;;R-

R| & B transform like 2D vectors! “
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# Let’s prove the boost formulas!

3 boosts 3 rotations

(By, B2, B) = (M*!, M*?, M*") (R, R, R) = (M*", M, M"%)
# Fundamental commutation rule:
[MMY, MP?] = i(gH7 M"P + g"P MM — g0 MY® — g¥7 \jHP)
# Working it out, & allowing i, j = — ...
[B:,Bj] = [M*!, M*7]

0 : i,j#—ori=j=-—

=i(g" Mt gt Mgt M g M) =4 By i = j#-
~— ~~ ~~—~ -0 =/l Ipp T b= ] el —
:6]-7 =05 =0 g T '

# Also can be written for i, j € {1,2}:

[Bi,Bj| =0 [B-,Bj] = iB; @
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# Let’s prove the rotation commutation rules!
3 boosts 3 rotations
(By, By, B-) = (M*!, M*2, M*") (Ry, Ry, R-) = (M*7,M™", M%)

# Fundamental commutation rule:
(MM, MPO) = §(gH7 MYP + g¥P MM — ghP YT — "7 MHP)

# Easier to work out components explicitly:
Pyl e g—l sz) -0

R,Ry| = [M*" M Y] =i(g”" M~ +g~ M-
[ y 2] [ ] Z(g B éﬂ’ ~— N~~~
=0 =0 =0 =0
[R-,Rl] = [MIZ’MZ—] = l(gl— M22 +g22M1— > g12 M2— N g2— M12) i lM_l - le
Tl F W
- o ot

=0



IOIE front, Galilcanirotatiorn

# Let’s prove remaining rules involving R_!

3 boosts 3 rotations
(By, B2, B) = (M™, M™%, M*7) (R, R, R) = (M*", M, M"%)
# Fundamental commutation rule:
[MHY, MP?] = i(gH7 M"P + g"P MHO — ghP MO — gV \jHF)
# Working it out, & allowing i = — ...
[R_,Bi] o [M12,M+i]

i i(gliM2+ i g2+ Mll 1+ M2i _g2iM1+)

—i(61i 5 M1+ —lBl =2

+
# 1 leave the other derivations as an exercise for you! “

g
~—~—~
=0
{ l—l
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Instant form Light front
[K;, Kj] = —i€;jrJk [Bi,Bj1=0
Ui, Jjl = i€;jrJk [R-,B;l = i€e3;jB;
Ui, Kjl = i€;jx K [R-, Ri] = i€3ijR;
[B-,Bil = iB;
Part of Galilei subgroup! (B_.Ri] = —iR;
[Ri,Bj] = —i6;;R_
[Ri,Rj]=0
# Can derive relationships just from index manipulation, e.g.,
=
B = %(M‘”’ + M%) = %(Ki T = i; > g%g J_riyj

< Exact same result we got from conceptual arguments (Terrell rotation + counterrotation)!
# Must consider translations for rest of Galilei group
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# 10 generators: 6 Lorentz transformations M*Y = —M"# + 4 translations P*

# Algebra given by commutation rules:
BV A0 — i GO AJVP 4+ VP NJHO _ oHO A fYO _ VO pfHP
[M*Y, MP7] = i(gh" M"P + g"P MH7 — gHP M7 — g¥7 MHP)
[M+", PP
[PLR] %

# More explicit rules (exercise for you to show!):
Ui P7) = ie; i P
[K;, P/ = —i6;;P°
Ui, P1=0
[K;, P°] = ~iP!




Poineard aludbyen: i

# Full Poincaré group in light front coordinates (exercise for you to show!):

[Ri, P/] = —ie3;j P~ [R_,P'] = ie3;; P
[R;, P*]= ie3;; P! [R-, B;] = i€3;;B;
[R;,P"1=0 Pl
(B_,P/1=0 (B, P/] = —i6;;P*
[B_,P*]=iP* [Bi,Bj1=0
[B_,P ] =—iP~ [B;,P"]=—iP"
[B-, Bl =iB; [P, PT]1=0
[R;,B-]=0 e )
[R;, Bj] = —i6;;R- [Bi,PT1=0
[R;,Rj1=0 [P}, PT]1=0

[P,P*]=0
The Galilei subgroup ﬁ



Crlilei suburouin: wieles ieizielehojeir

# What's in the Galilei subgroup?

<+ B — transverse light front boosts, which commute

4 R~ — Rotation around z axis (aka, rotation around x~ axis with x* = fixed)
4 P, — translations in transverse plane
<4 P~ — time evolution (Hamiltonian)

4 P* — central charge; commutes with everything else, kind of like a mass

...that’s 7 out of 10 generators!

# What’s not in the subgroup?

4 B_ — longitudinal boosts (they change P, so fail to commute with it)
4 R, — rotations around x and y axes (they reorient the light front, so change P*)

...basically, anything that fails to commute with P*




Galilei groug in 20 rosErdbisiyie
.................. o)
2 translations — P | s S 2 boosts — B
1 Hamiltonian — H 1 mass — M

# 7 total generators

# All non-zero commutators:

[R,Pi] =i€ij3pj [R,B,'] :ieij3Bj [Bi,Pj] =—i5ijM [H,Bl'] =iPi




e
5O

2 translations — P A D 2 boosts — B
1 Hamiltonian — P~ 1 longitudinal momentum — P*

# 7 total generators

# All non-zero commutators:

[R_,Pi] = i€ij3Pj [R_,Bl'] = ieijb’Bj [Bl',Pj] = —i6ijP+ [P_,Bl'] = iPi




Trangyerse oosirior 0oerire s

# All non-zero commutators:
[R_,P;]=i€;jsPj  [R.,Bi]=ieijsB;  |[Bi,Pj]=—i6;;P*  [P",B;]=iP;
# Position operator should obey:
[x} x8]=0 [x%,P1]=is" i[p~,xi]=V!

# Actually, the following works!:

<4 Transverse boosts commute

4 P* commutes with entire subgroup
i _ pt+ysi

4+ Pi=ptvi

# Exercise for you: prove the purple commutation relations




Trangyerse gogicion goeeire) ezimelloe o

# Transverse position operator:

# Recall:
[By:By] =0 [BRRN = |BL, ] = ek [, 2 =

# Simply enough:
[A,BC]=B[A,C]+[A,BIC
)

[Bi, X7] = [Bi,—(P")"'B;] = -(P*)[B;,Bj] - [Bi,(P")']|B;j =0
— S

# With a bit more algebra: =0 =0
[A,BC]=B[A,C]+[A,B]C [AyBil]:*Bil[A,B]Bfl
: —_— e ks R
[B-,Xl] = [B_,_(P+)—1Bi] er _(P+)_1[B_,Bi] . [B—,(P+)_1]Bi
i B

——i(P") "By~ (B3 [Bs, PHI(P B =0 ﬁ
——
=iP"
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4 Xi commutes with transverse 2nd longitudinal boosts
[B:, X = EE i E

# Can reach any momentum from rest by a sequence of boosts:

p=BLW1) A0 Prest
NN
=%B_(-n) because B_ = M*~ = —M® = K, ... artifact of x~ ~ x° — x3
# Light front provides a transverse spatial picture that ...

< ...is quantum-mechanical (canonical commutation relations)
< ... applies to relativistic systems
< ...is invariant under motion

# Ultimately a result of Terrell counter-rotations (conceptually), or of the Galilei subgroup (formally)




STy ON AT

# The Poincaré group has a Galilei subgroup

4 Its algebra is identical to 2D non-relativistic physics
< Formally explains all our classical-looking formulas

# Light front time is invariant under this subgroup
# Transverse separations are invariant under this subgroup

# This will allow a spatio-temporal description of internal properties of hadrons







ATIGIC Schédinger equation

# Recall the on-shell relation:
__mi+pl
p 2p
& First quantization—convert to Operators:
(X", PY1=-i [x,,Pl1=is  (x7,Pli=(x],P*)=0

< Minus sign in null coordinate—because no minus when raising/lowering index
< This is not light front quantization—that’ll come in a later lecture

# Momenta become derivatives in coordinate representation:
pL——iVy p-—id, pt—io_

# Getalight front Schédinger equation:

—20,0_1(x) = m*y(x) - Viu/(x) ﬁ



< Defined in analogy to XJj_ = —%

< Need average between orders make Hermitian—since [B_, 2] = [jPE 240

# Helptully,

2 2k
¥ | = —il A YT e o £
[P (P Bi]Z[P ,B;(P") ]ZZF = l[P X ]:F:V
< Using [B_,P™] = —iP~ from slide 47

4 Recall NR-like relation (p1,p~) = p*(vy,v7)

# Also helpfully,
Bl i

<4 Let’s work it out (next slide) ...

£



= 1 i . + . 5+
X :_E —B_+B_— K sS=— lB_,Bi]=lBi [B_,P ]=lPJ
sli(Ier47
& Let’swork out ...

X, X{] = [~5 (§+B- + B- ), ~ g=Bi] = §{ 5 [B-, 5= Bi] + [B-, 3= Bi] 7=

<+ Working out the common commutator ...

[A,BC]=B[A,C]+[A,BIC [A4,B~11=—B~1[A,B]B~!
1 1 1 1 1 +1.1 1 1
[B-, FBI'] = P—+[B—,Bi] gl [B—,F]Bi =iprB;i— F[B—,P ]FBi =iprBi—iprB;=0
S e
=iB; =ip*

4 So the whole thing equals zero.
& Much easier to show that

[X~,P*] =i
4 Ileave proof as an exercise ﬁ



(@ORramahe Vanoen tim representations

& For transverse components, WC€ can say:

Operators Coordinate representation Momentum representation
9 X. .
X1, P, XL, -iv( lVT), pL
< Similar to all three components in non-relativistic QM!
# This doesn’t work for longitudinal components—instead:
Operators Coordinate representation Momentum representation

o + —_ .
X 9 P A la_ +f(l9 ), p+

£

a+

< Can show this and determine f(p*) using the momentum-space integration element
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# Lorentz-invariant one-particle completeness relation:

always invariant
e

“f LD oms® (p? - mDp*, puyp* ol
= (27[)4‘ f IP yPLIAP »PL

invariant on-shell condition

< Examining the delta further:

6(1) (pZ e mZ) E 5(1) (2p+ p— - pi R mZ) i

1 swf,-_ m? +p?

2p* 4

< Allows the p~ integral to be eliminated:

f dp*d®p.
2p*(2m)3

Ip* p)pt,pLl

invariant momentum-space integration element

& Inner products in momentum space:
¢*(ptpn)  yphpl)
(Glp*,p)pT pLIY)

dp*d®py

(Ply) = W




Longituclinzil vosicioiogdeitoe (e orise)

# The longitudinal position is Hermitian, so ...

a dp*d?p dp*d?p
(PIX"y) = m(dﬂp PP pUIXIY) = m(dﬂ(x Y ip*, pLXpt, pLiy)
# Then, using:
0
(phpLX ly) = %+ﬂp+)w(p+,pu
@l X p* pﬁ—l% £ f*(pMI*(p*, o)

# We find:

dp* d®p1 Oy + dp* d®p, (.0¢*
f2p+(27r)3¢ ( 6 s Y )W) f2p+(2n)3( RN )




Longiucituil vosicigalddeeitge (orinivieel)

& We found:

dp*d?p, oy o\ [dptdPpy (.00
f2p+(2n)3¢ ( =i )1!/)—/ 2p+(2n)3( T

# Rearranged:

fdp+d2pj_ 0
2p*(2n)3 op*

PJ. oL *
f 2t POy

# Using integration by parts gives us:

— X =i

S
ftp )_2 B OS2 A

< Somewhat akin to the Newton-Wigner operator in instant form

F o



OO ETALOTS

& The position and momentum operators in the various representations are:

Operators Coordinate representation Momentum representation
7 (X) .o (P)
X, P, X1, _IVJ_ lVf, PL
0 0 1
3 K X, e~ 4 - ; %
2T 12 Ox— ( 0 P+ ) P+ ) p

# Often we use a mixed representation — transverse position + longitudinal momentum

2 2

iy YL +
TW(M_,P )

<+ We get a nice-looking linear Schrédinger equation

i0,p(x,ph)=

<+ We'll see interesting developments when we introduce a potential (next section!)




Fourier cransiorms a

# Fourier transform utilizes the Lorentz-invariant integration element:

3 dp*d®p. (oA e o S
Yxy,x7;x") = ;ﬂ—zzswm,pﬂe”m SRRl

4 _  m*+p?

< Time dependence generated by p~ = 2p+l

& Inverse transform:

v(pL,ph) :2p+eix+p_fdzxj_dx_y/(xl,x_;f)

# Can also do partial transforms — only transform longitudinal/transverse:

+

d A5 w it
Y(x,x7) =f4n’;+w(n,p+)e"” s = vxy,ph) =2p+fdx‘w(x¢,x‘)e”’ g

d? : ,
w(xi,i?+)=f (ngév/(m,f)e”’”‘l = 1//(m,/v+)=fdleu/(xl,19+)e""r"l

< Formulas for x* = 0 for simplicity
4 Basically associate 2p™ (271) with the x~ < p* transform



Worrerilizarion a

# Momentum-space normalization follows from completeness relation:

yly) = Ry

2 +(2 )3 |1V(pj_;

# Coordinate-space normalization derived via Fourier transform:

fdzdex‘u/*(xl,x_;x+)i(5)_w(xbx_:x+)

dptd?®py (dktd?ky . N ¢ 27
= kHw* (e, kT ,pt fdz d l((pl ki) x, —(pT—k )x)
f2P+(2n)3f2k+(2n)3 (p* + kD)™ Uer, Ky (po, p )\ x dxe J
=2m36W (p*—k)6@ (pL—ky)
dp+d2pl ++12
ol £ e ; s,
2p* @) ly(pL,p™)l
# The mixed-representation normalization rule (try proving as an exercise):

fdljln o ’w(x

L0




# Quantum mechanics looks pretty normal in transverse components

# A longitudinal position operator exists, but exhibits weird behavior

Operators Coordinate representation Momentum representation
7 (X) - (P)
Xy, P, *L, —ivy o, pL
0 0 1
3 N e e -5 - ; 2
X ) P a bag ( a p+ 2 p+ ) p

# It’s common to use a mixed representation when doing light front QM — p+ and x;.

< Fully momentum-space representation is also common
< Basically nobody works in the X~ coordinate representation

fdp—|«//(x ) =1

4npt
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# Let’s begin with a review—separation of variables for non-relativistic two-body systems:

nmiry+ moyro
R=——— r=ry—r
—

my + myp

~ relative separation
barycenter (center of mass)

# Canonically conjugate momenta:

_ mppr—mip2

P=p,+p; k R
JJ/ my + myp
total momentum > ~~
relative momentum m
< Can be proved by requiring: r
ey i =k [r',P/1=0

[R, PI] =il (R, kI1=0




Sevaririon of yariab)ldy (ertrdbiviytyeie, cornriritzcl)

# Transformation formulas:

myry+ moro
R=——"-—

r=ri—nr P=p,+p

my + my e _’1,_”4

~~ relative separation total momentum

barycenter (center of mass)
# Inversion formulas:
mp m m
n=R+——r rn=R-———r p=—P~P+k

my + my my + mp my + my

# Main perk — clean separation of the Hamiltonian:

free Hamiltonian for barycentric motion

2 2
Pi P VT
H=—+—+V(-rn)=—+—+V()
2my 2mpy 2M  2u
—_——

internal structure independent of P

k

~

my + my

_ higpr—m\p2

=~

relative momentum

M =

my + msp

_ _mimy

my+my
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# Separation of variables proceeds similarly for transverse light front coordinates:

+ +
- Py le_"'pz X2
S

Py + P,

barycenter (center of p*)

X, FL=X11—X2|
—_—

~

v relative separation

# But we've got p* in place of the mass

# Canonically conjugate momenta:

_ P3P PPl

Py=p11+p21 k
+ +
—— pl + p2
total momentum ~ _ 4

relative momentum

< Can be proved by requiring:

[FE e [ri,pl1=0

[RY,P]]= 5" [R,k]1=0




SEparatsenovaranics (lightfront; continued) B y

# Transformation formulas:

+ +
piX1L+py,Xe1
X =——7-—7-—"7— L= 201 =2l

+ +
p1+p2 e -

PL=p1L+p21 ky,

_Pipi-pip

~ ~ 4 relative separation total momentum &
barycenter (center of mass)
# Inversion formulas:
+ +
P, P
SN, e piL=—F——=P +k
Pkt 17 P2
+ 4
Pi P2
XA =X el pr=—"—=P -k
R i 57 125

# What does this do to the Hamiltonian?

+ +
Py TP,

relative momentum

¥ o 3
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# Start working it out ...

2 2 +..,2 +,.,2 2 2
- _mitpy, +p5, P, My + py 1, Py ke =
pP= 2pt 2 3 Pmt( Ji= 2ptpt 2(pt + pipt pint("')
Py 12 N——— Py Py (P1+P2) 2 -
interaction Hamiltonian pi+p;
<4 In contrast to a reduced mass, we define momentum fractions:
+ +
p p
+ _ o+ + — 7L S 2
P*=pi+p; e fz_Pt
total P*

momentum fractions
# Gives, with minor rearrangement:

Internal structure — must be boost-invariant, independent of (P*; P, ).

£ 2 g2 N
M?=2P*P"-P} = L+ 24— +2PtP ()
. A g 527 1 e SN N
free Hamiltonian for barycentric motion =9

<4 The left-hand side is a Lorentz-invariant

<+ Cangetto (P*;P) = (M;0,) via Galilean boosts
4 Right-hand side must be independent of (P*; Py)



Eree Elamiltonian uneddeeeiigyaelgdoses

# Light front Hamiltonian equation (two bodies):
2 2 2
m; m k;
MP=—Ll4 24— +VE) =M, M:_+M?
G b Sy B e

- 1ntcract10n

free Hamiltonian

< Brodsky and others call M 2 the Hamiltonian
< Left-hand side commutes with entire Poincaré group!
<+ Whatever free part commutes with must commute with interaction part.

# Helptul to recall:

i

P g i _ _ptyi
A o —¢ 8] ==/ g
4+ Aboost transforms all objects — so it’s barycentric X| that’s used
[AB,C]=A[B,C]+[A,C]B = 0 from variable separation
e e

RS R D e Rt | s ke ]
S —

= 0 because they’re all momenta

# Also have [B i, ¢1,2] = 0 basically by definition

(transverse boosts leave plus components invariant)

L0



Eree Elamiltonian uneddeeeiigyaelgdoses

# Light front Hamiltonian equation (two bodies):

7, m2 k2

m
M? = 5—1+€—2+#+V(...) =M: _+ Mz,
1 2 162 =
ey - interaction

=
free Hamiltonian

< Brodsky and others call M 2 the Hamiltonian
< Left-hand side commutes with entire Poincaré group!
< Whatever free part commutes with must commute with interaction part.

# Helpful to recall:

Hmpy =e"py A (p; =e"p; =  Hmh=&
# Also have [B_, k| ] = 0, basically by definition
(longitudinal boosts leave transverse components invariant)

# Free Hamiltonian commutes with boosts!
& Interaction Hamiltonian must also commute with boosts.

HM)E2 =&2

£
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@ We've already seen the following are “good” variables:

61 ’ 52; kJ_
# Transverse separation 1 also works!
[AB,C]=A[B,C]+[A,C]B = 0 from variable separation
—_——t T

(Bl = [=P* XL ri] = =[P, rd]XE - P IXLrd] = = [pi i XL - [ ] X = 0

=0
# What about longitudinal separation?

e ) e 0
V2 V2 fixed x* V2

4 Commutes with Xi, and ...

(B, o s e S A I e =\ U
N —’

=iby CCR’s =0
<4 So this commutes with transverse boosts— bt

Ao (x5 - x7) =e7(x3 —x7) # (x5 — x7)

=0

¥ o 3
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# So (x, — x7) is not boost-invariant, but the Miller-Brodsky variable Z is:
Z=P*(x; —x7)
4 Works out because P* scales as €7 Pt while x~ scales with e Tx ™.
4 Can put P* on cither side since [P*, x; — x1—] = 0 (previous slide)
# So Zisagood, boost-invariant variable that can appear in the potential.

# Our list of good variables:

ki, 1=1-62=¢
r, z
< We have k| and r as canonically conjugate

< Can helpfully write k; — —iV | in coordinate representation
< Is there a similar relationship between £ and 22




Lonoi | | I ricric soresentation

& Recall:

P* = P1+ r P2+ §= e T
# The derivation will be dry, but important ...
S ( 0 1 ) _(OPJr 0 o0& 0 1 ) ( 0 1-¢0 1 )
Xy = = =—i

“\opr “2p7) T "\opropt Toprac 2ept)” '\apt TP ot 2Pt
x_z_l_(a_l):_i(ap+a+aéa 1 ) i(a_ii_ 1 )
~ By T ops OP*  dpi o0& 2(1-¢&)P+ P+ P+of 201-&P*
x‘—x‘:i(i——l_zf)

B R G )

# This can be written in a nice, compact form:

Zy@) =P*(x; —x7)w(&) =iv/EQ-¢& 65‘\/5(171//(5)} @



Worrerilizarion of relisiyeryiye teinerio)

# The ¢{-dependent wave function has a funky normalization

# In terms of longitudinal momentum (suppressing transverse variables):

dp1
2 1p3)| =1
npl 47tp2
# Jacobian for transformation to (P*,¢):
o(P*, &) 1 1 1
= || = _ & | T R
o(py,py) = —pr| P

# Normalization for factorized wave function:

0B dé 23
f47rP+ i) f47tf(1—§)|w(£)| o

= = @




7 M?2=2p*p~ - Pi is typically used as the Hamiltonian

< Capital P signifies total four-momentum of a composite system
# Kinetic and potential energy parts are separately boost-invariant:

2 2
my, =V |
M*=Mg +Moy =) —— =+ Vip

kin
particles Sn

# Typically parametrize wave functions in terms of momentum fractions:

Py
fn—F

<4 Caution: most authors use x instead of ¢
< I’'m using ¢ here to avoid confusion with spacetime coordinates

# Wave function normalization (two body systems):

f déd?r,

2
4mE(1-9) |w(”"r)| =
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