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Need for NLO QCD com
Difficulty with Feynman diagrams.
Overview of non-traditional approaches.

Some basic tools: helicity and color decompositions.

What superstring theory can teach us about QCD
amplitudes.

Analytic properties of amplitudes.

Annlicatione tao 1et nhveice
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(a) NLO 3 jet production at Fermilab
(b) NLO 4 jet production at CERN and SLAC

Prospects for futuref NNLO
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At LO there is no prediction as to the structure of jets — are
they fat or skinny?

\ A \ £
/ Vvvwv \ / Vv \
LO NLO

At NLO we obtain information on jet structure.

In many processes at coliiders, the dominant theoretical
uncertainties are due to uncalculated higher order terms in the
perturbative expansion.

At LO renormalization scale dependence is large. The
renormalization scale, p, is purely a calculational artifact.
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Large theoretical uncertainty at LO.
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Techniques developed over last few years allow us to obtain

this in just a few lines of calculation.




Consider a brute force calculation for 3 jets.
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Roughly 6° or 10* terms at the start of the calculation.

P = (pl —' p2>nyv -+ (_ 2 — 293)”,7?1/,0 -+ (\213 — 'Dl)‘/npu

The denominator contains spurious singularities such as the

Cram A +arm nant
Sram daeterminant
1
det(k’i -k )5
ANA.. COMI -.. .................... el o /2 !
v PUL on d4 comimnon (]E"U”H”dl.()r LO (..d”(..e Lne Qarilt

determinants.

Need 15° ~ 10° terms in numerator to remove leading

spurious singularity.

Causes serious trouble with brute force approaches.
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He!!(.:!ty Xu, Zhang and Chang

& many others

Gluon amplitudes like to be expressed in terms of circular

polarization.

e (k) = (1,0, 0, +i)
Better to use Lorentz covariant formulation

/
q _
et (ks q) = ==, ¢e,(k,q) =

All required properties of polarization vectors satisfied:
2 =0, k-e(k,q) =0, et e =1

Useful because we can adjust the reference momentum ¢ to make terms

vanish. (Changes in ¢ are equivalent to gauge transformations.)

Notation




Supersymmetry Relations

The string contains all particles in a unified picture.

Both fermions and bosons are unified into a single object:

supersymmetry

,,,,,,,,, J-
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susy relations between bosonic and fermionic
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Color Decomposition

> NeTr(TU1T*2T3T%)A44(1, 2,3, 4)

non—cyclic

l1—loop __ g4

4

A

+ > Tr(T1T2) Tr(T*3T%) Ayg3(1,2; 3, 4) .

An;c>1 - 2 An;l
perms

4

Can also prove this in field theory using color ordered

Feynman rules.

fundamental representation fermions.




Unitarity

The scattering matrix is unitary
.LSTL., —_ ]_
Take S =1+1T
2Im T =TT
\ : . . )
AT E f \/ \/
21lm | ! = fars | |
| J
|
' I v d N r d A Y
\Vf
on-shell

Harder to calculate = Easier to calculate

From unitarity we can obtain the imaginary parts of one-loop

ides.

amplitudes from tree amplit




To be a practical method of calculation we also need real

The 271 term ic fixed bv unitaritv a e) ran ha
N~ Ui [SLwsl B B -~ FaS ™\ ¥ "’J -l l\-ullu.] [ B B | i ..l.l.\c)} “waill v
nm st amde ez s mdm o] L e bt
recCorlisLrucered 1m1orr Lt
HAwwavar vatinanal +arme canrminaliy ~anmmnmadr ha vamaimedoe s b~
TIUVWCTVCT Taiiviial LCriiio Scaiiniigiy Caiiniut pc reionsirucied

a(ln(s) —im) + b
You can get a from imaginary part but not b.

In this talk will discuss how to get around this problem.
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Supersymmetric

Observation: The rational terms in susy amplitudes are very

simple.
N=4 sus 5
A5 Y = In terms + Atreeaﬂ-2
Compare to non-susy example:
Agon—susy ~ ln terms
-4 /o =\ T l'13 - /4 A\ ey 0—12
1 (39) [39] +1 (12) 3 5]
21217921 /(24\ (4 B\ [ 1] 2921 /24\ /4 B\ [ 1]
1/19\1241/4 1\ /9 A\ [4 K]
T Sl Sl B Nt Sl Sl
6 s03 (34) (45) s51
Idaa | inlk all ratiAanal +farme in cricv +hanrms +A lAce
IVUCaAa. LIilInNn all 1aiiviial Loliiiio 1t oug LIICUI_y LV IUSD

e Only a limited set of integral functions enter into

e Enough cut information exists to fix the

coefficients of ali integral functions which may

enter.




Susy cancellation

U)

fermion scalar
r s

This restricts the class of boxes, triangles and bubble
functions that can appear in the amplitude.

e.g. No bubbles with two powers of loop momentum I,[¢+¢¥]

By systematically inspecting the integrais can prove that for
this class of integral functions the cuts determine all
coefficients so no rational function ambiguity for susy

amplitudes.

n-susv theories proo L‘ . P . o £ 1
n- th D S dowin Since we can rtind

SuUsy theories proo
rational functions not linked to any cuts, since a iarger
number of integral functions enter.

Will handle non-susy theories differently.




Example of Susy Cut Calculation

4+ N=4 sus

Vsieal al o— a4\
Consider A, 7(1%,27,37,47).
E
The s = (k1 + k2)? channel 1 _
W~ 3

nlv gluon loop contributes.

Atree,g—— -+ 2+ ) . <€1 £2>
PR TR T (12) (2 6) (6 £
. tree, .+ _n—- ok . <3 4>4

A4 (52 ) , &, 2 ) =

~ 62 3) (34) (a£1) (t2 £1)
Must evaluate:

42
[ 470 1 jtree(pm 1+ ot 4=y L
J (2m)i=2 g2 o2 6

At /+")_—A_‘+
5“4\2 2

/i
5 yo L4 L
2

tree [ AT tr[£1 K1 Ko f1 fo K3 Ko £3]

= Ay ; 1
(27m)4=2€ £2(81 — k1)%(41 — k1 — ko)2(€y + ky)4
where
At/.ree — (3 4>4
: (12)(23) (34) (41)
Used

1[4 a4
(4€1)  2kg- €1 (€1 + kg)2’

[£1 1] (1 4) [4£1] (€1 £2) [£23] (32)[2£2] (€2 £1)

=try[f1 K1 K4 £1 f2 K3 K2 £2]




Cutting Procedure

tree amplitude
mo +1

S
AR

m2

[
R B
. |
m1/'\:/'\m1—1
14

1
1) Compress tree amplitudes using spinor helicity.

2) Apply Cutkosky rules to amplitudes not diagrams.

r
[ dLIPS(—=£1, 2) A" (=1, m1, ..., ma, L)
J
X f;lb ee(-—fz, mo+1,...,m — 1, ﬁl)
3) Replace phase space integral with unrestricted phase space
integ._L Avoids having to reconstruct logs.
dPe 1
/ L Atree(""ghmls“ 7m27£2)_2'
J (2m) 1%
X AT —ly,moy + 1 m ——lé’\—l—l
\ 2 2 1T 3 ’ 1 3 1}62
1 Tecut
4) Use 2 = 0 and /2 = 0 in At to simplify.
J 1 < ~ J

—\

D} DT.ep tnrougn all cuts and write down function with correct

cuts in all channels.

6) Write in terms of scalar bubble, triangle and box integral

functions.

LY

2\ C... ..I!.n....l-., pmame e | PR S Y
I) ror bUby ar TpHLUaes resuic UEO"ldtlcally nas correct

rational terms.




Now simplify numerator:

1/ b 74

try[£1 K1 Ka f1 f2 K3 K2 f2] = —4tr (K4 K3 K2 K1l€1 - kg €1 - K

= st(£y — k1)*(€1 + kq)”

Cancels bad propagators!

Thus the s channel cut is:

A tree N ™ 7

) > Y
AV st D(s,t)|,__.

where D (s, t) is the scalar box function.

Other cut is similar except fermion and scalar loops contribute. But answer
is still of the same form:

A st D(s, t)l

t—cut

Putting together the cuts gives us

) 4\/’ 4 susy” ,2+, 3”, 4“) e AzreestD(s, t)
tree AT - € ! a ‘ u“ ‘
—_— A4 LAl 2 ™/ Fa Y _—.—3 ( ) +( )(:
Lo7 L1 — Z¢g) L €< I. —812 —3893 _]




Arbitrary number of legs

Consider maximally helicity violating amplitudes.

I

S T =107

L
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m

The tree-level Parke-Taylor amplitudes for n gluons have a
remarkable,property:

At gt T kT T mT, )
i “1 Y : 3 J ’ ’ AR A
11, 4
(kJ)
/ s 1_‘\/_-An\/nn\
g TIE2) \TN2 227 \£1£1)

:/w\ wa\
\C1 e/ A mypr4i)---\mz — 1

Only 2 denominators in each tree have non-trivial dependence
on loop momentum.
Together with 2 cut propagators the 4 denominators from the

trees give at worst a hexagon integral.

™2 m,+1

A2 ;{/
&

\Wﬁzﬁ
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We have calculated:

AN—4 MHV P2

N=4 .\IHV tree :
‘A‘nql - 5 A {(pl + PZ)

p e P4
N=1 MHV
o An;l
o AI"—4 for all helicities.
Computers were not used to obtain all-n expressions: no large

explosion of algebra.

Since QCD is not supersymmetric we would really

like to calculate non-susy amplitudes

4 fermion loo scalar loo N=1 sus
A P = An ? + An Y 5

n

Agluon loop Asca.lar loop 4AN:1 susy + (4N:4 susy

L's)
K2

We need another trick.




Non-Susy Amplitudes

1

AQ A2
O M

Consider: |44 (17,27,87,47)| =

Has no cuts! How do we construct real rational parts from

nothing?

Favorite Magic Trick: Continue the amplitude to D =4 — 2¢
dimensions.

ADP=4-2¢ _ yational — e ) rational, x Ins. +
: (4 (4 I
Anac hava ~Aiide A+ fq/r\
VUVUTOD 11IadaVvVT LUuLo aiu \/\C}.
From dimensional analysis in massless theories
{ D=4—2¢ [y
A ~ [ &7
J

.

h/ \—¢€ - . ~
) (s:)7¢ x rational; + - --

1

~ ) rational;(1 — eln s;) + - - -

pAa ‘
)

=
c
wn

) h ﬁ .
rational = 2 rational;
i
From O(e) cuts can reconstruct O(e°) rational terms.

.J‘A- -~ . ‘lp L\A IIFAA :-\ e 2 B Y od o
1acds Call dli v

~ :‘nA de : -7 D - _k 7,
SO DC USCA In masdsive tneories. (4.0 and A.G.

Morgan; J. Rozowsky).
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Factorization
A_A_ JAA [N san o pmdea s s -‘:Alll bLAAMJ hL\l\ |IJ ‘ e onsrsvm o arm
ATl P udaes in quaiituint 1iciu tnecury olivuiu 1 LLU!ILG Vil

particle poles:

This is extremely useful:

e Can be used as strong check.

a Can ha 1iead +A +A rAanctriict now amnlitiidace fram Ald Anac
¥ \\Ldll UT STU LU LU LVl IoLwiT ULl HiIvyy CIIIPIILUUCD 1HVII ViU VIO
— especially useful for the rational function parts
o R 1 — trliiiaiziy)
An(l 27, ) =

4872 2;3 e (12)(23) - (n 1)

We have a proof of the universal factorization of one-loop
amplitudes. This is non-trivial because of the IR divergences
(Z.B. and G. Chalmers).

Claim: If we find a function that has all the correct poles,
then this should be the amplitude. But no proof.




— Tliree Jets

_m“

at Fermilab or LHC.

Z.B., Dixon and Kosower
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e New physics searches.




Giele & Kilgore
Pure Glue Results
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NLO corrections can be large




ZB
L. Dixon NLO corrections to ete— — 4 Jets

D.A. Kosower

S. Weinzierl
e Improved measurements of QCD coupling constant.

e This is the lowest-order process in which the quark and

gluon color charges can be mea____,d ndpnpndpnflv

e At LEP it is a background to threshold production of W

S 4 V L
nairc when hoth Ve dacav dAranicalhvy
'JQIIJ' VVIILEE BNJLIT YTY O U\-\.a] TidaJi viliwa ll

Six-point kinematics makes this rather technically involved
Amplitudes were obtained by finding functions with correct
nnlac and ~1ite
PUI\;J Aliuu LUlLY.

A. Signer has written a jet program which uses these
amplitudes to make theoretical predictions for jets.
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Sample Result: ete™ — ¢t g gt g

g =i [~ U5 @A +3I6) | eIl + 1Y) | (18] 24 [16]¢45)]
8 L [12] s23¢123336 {34) s23t234556 [12](34) 523836 |
yre = LY, ]

- E k—?‘ss) +-2- ?
e _ (1229 137 (112 + 3)16)2 {Lﬂi(—*‘l’m’ Zm) L
- [56] (13) t123(11(2 + 3)14) | 12, ) o2
- 12343 71 1.‘] J

23) [46}° t1232|(1 + 3)}4 -

-S ?[A } n123<.'.( - zl) Ls? ’(‘334 t123; 812, 916)

[56] {1j(2 + 3)|9)(3i(1 + 2)|4)°

4SS 13 (34)(56) Q163 -+ Y11 (B1516)556 — (B1416)554) ot D)
(H2+3)9As | b UGB+ 2)|4) A,

)0+
gEIEDIY

Qa+213) 1 ..
+ [14] (23) (5[6]4) (t123 — ’”"WJ I3(812, 834, 336)

(24) [46)° (2|(1 + 3)|4)t123 ( 1(24) ‘41\ tm\ 1 \-t',{s\)
B2+ 3BT +2)4) \ 2(23) 3, @Bl(1+2)[4)  tias

a6t Lo(Z2) 1 emarea o b(SE
B DB+ DA e T ZBO (8 tmBl+ 20 7,
L (28 [, Q16 + DDA +2)[3)
e+ o ) oM Al

1 1 _

T 2 (34) [56] BI(1 + 2)[4) A3 \

+ QI3 + 9N EIA + 2)I3)(3i(4 — 5)i6) — (2/(3 + 4)1)(3]4]6) da4 M)

™~

1 [A61RIB+ID) ], /.
*t3 [56] (31(1 + 2)|4)2J ( )
[46] [ 3 (12) [34] (2}(3 + 4)i1){di(1 + 2)|3)((35) d12 — 2(3}46]5))
(11(2 + 3)|H(3|(1 + 2)[4) A3

((21(3 +4)|D{I1 +2)(3) ([I3(1 + 2)16] + [46] (856 — 2312))

1
2 [12][56] A3
— 034 (21413) (6]53]1] + [6]4(2 + 3)|1]) — 2 [46] £123 (2 2](3 - 4)|1) |1 + 2)13)

+ e = 1120 (109 24) + 1) 29) GETIRY ) ) - L LLED g =)

2 [12][56] |
[46] 21(3 + 9)|1)(4](1 + 2)I3) ((31516) 56 — (31416) bs)
[12] (34) [56] (1}(2 + 3){4)(3I(1 +2)[4) A3
(214/6)([6153{1] + [6]4(2 + 3)|1]) 1 [13]%(1/(2 + 3)|6)? P

[12](34) [56] (1I(2 + )BT + 2149 ~ 2[12][23] [56] (13) t1zs (L2 +I)|4) ~ 0

MI»—-\ l\le—a

Understanding the spurious poles is essential for obtaining

‘com n:zrf exp ression
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Correctness of Results?

How do we know results are correct?

We need strong checks:

e Numerical comparison against Feynman diagrams.

e Gauge invariance

over anda iviiller.
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Future: Higher Loops

Some of the higher loop computations that have been

performed

. \J‘y"r ‘ag‘ﬁe*ic ratio of the electron, g — 2, 4 loops,
etc

e R=o(ete™ — hadrons)/a(ete™ = utu™), O(a?)
Gorishny, Kataev and Larin, etc

e Four-Loop QCD g function, Ritbergen, Vermaseren, Larin.

e Two-loop form factors, van Neerven

No two- or higher-loop amplitudes have been computed which
involves more than 1 kinematic variable.

N E ]
N S T

N

Important for improved measurements of o, at LEP.

Another example is NNLO DGLAP splitting functions for

parton evolution.




Bern, Rozowsky and Yan

N=4 Susy as Two-Loop Test
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To test whether unitarity methods can lead to efficient
calculations we evaluated two-loop N = 4 susy amplitudes.
Results are amazingly simple:

For leading color
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e QCD calculations.

e Evaluation of basic integrals. (Davydychev and Ussyukina)

e IR cancellations for numerical jet programs.
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Powerful tools are now available for

Fevnman diagram calculations re
]'llllull AS R A" | N Wl IR TS LI

nhvcice caare C CF | and Farmilah rannire
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that we perform one- and higher-loop Feynman diagram

calculations.
Feynman diagrams are clumsy beyond leading order.

Powerful tools:

e String theory ideas
e Helicity or circular polarization
e Analytic properties

New amplitudes for use in theoretical predictions for jets.

Comparisons of theory and experiment to search for new
physics.

Future: NNLO calculations.
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