Mesons as Bound States Pieter Maris, Physics Division, Argonne National Laboratory

Dyson Schwinger Equations • Nonperturbative, continuum approach to QCD • Weak coupling expansion ⇒ Perturbation theory • Dynamical Chiral Symmetry Breaking ( D χSB) • Quark and gluon confinement • Bound state structure: Identifiable signatures of quarks and gluons in mesons and baryons – Mesons: Bethe–Salpeter Eqn – Baryons: Fadde’ev Eqn Axel Bender

• Finite temperature and density David Blaschke

– Phase transition to a quark-gluon plasma:

Deconfinement & χ symmetry restoration – Response of bound state properties – Thermodynamics

• Applications to meson phenomenology

− F_{π, K}�_{, K}0 (Q^2) − F_{Kℓ3, πe3}(Q^2) − γ^∗ π → γ − γ π^∗ → π π − γ^∗ p → V p − B^0 → D^−ℓ^+ν Peter Tandy, Mike Pichowsky

Recent Collaborators and Contributors Bender, A.; University of Adelaide Blaschke, D.; University of Rostock Burden, C. J.; Aust. National University Hawes, F. T.; Florida State University Hoell, A.; University of Rostock (Diploma and PhD) Ivanov, M. A.; BLTP, JINR, Dubna Kalinovsky, Yu; LCTA, JINR, Dubna Mitchell, K. L.; TRIUMF Pichowsky, M.; Florida State University Poulis, G.; University of Adelaide Qian, L.; Kent State University (PhD) Roberts, C.D.; Argonne National Laboratory Schmidt, S.; University of Rostock (Habilitation) Smekal, L. v.; Argonne National Laboratory Tandy, P. C.; Kent State University Thomas, A. W.; University of Adelaide Thomson, M. J.; University of Melbourne Williams, A. G.; University of Adelaide

Papers P. Maris, C.D. Roberts, and P.C. Tandy, “Pion Mass and Decay Constant”, nucl-th/9707003 P. Maris and C.D. Roberts, “π- and K-meson Bethe–Salpeter Amplitudes”, nucl-th/9708029

• Quark Dyson–Schwinger Eqn S(p, μ)^{−1} = iγ · pA(p^2, μ^2) + B(p^2, mu^2) = Z_2iγ · p + Z_4m(μ) + Σ^′(p, Λ) Σ^′(p, Λ) = Z_1

∫_Λ d^4k (2π)^4 g^2D_{μν} (q)γ_μ^{λa}_2 S(k)Γ_ν (k, p)^{λa}_2

• Meson Bethe–Salpeter Eqn

Γ_H (p; P ) = −

∫_Λ d^4q (2π)^4

K(p, q)[S(q_+)Γ_H (q; P )S(q_−)]

at mass pole P^2 = −m^2_{meson}

• Need truncation consistent with axial-vector Ward–Takahashi identity: Ladder approximation • Need Model Gluon Propagator

Gluon Propagator

Brown and Pennington ↙ PRD 39 (1989) 2723

• Lattice simulations cannot discriminate between IR vanishing and IR enhanced gluon propagators • Self-consistent studies of gluon DSE show large enhancement in IR driven by gluonic contributions to Π^g_{μν}

=⇒ Use IR enhanced gluon propagator

Typical results for Quark Propagator

• M(p^2) ≡

B(p^2) A(p^2) • Euclidean constituent quark mass:

M^E_f : p^2 = M(p^2)^2

flavour u/d s c b t ME mμ¸20 GeV^{150 10 2.3 1.1 → 1}

• IR Enhancement of gluon propagator ⇒ IR Enhancement of quark mass function • D χSB: More than just ⟨q̄q⟩_μ ≠ 0 Qualitative difference between light and heavy quarks Conrad Burden • Confinement

– Absence of quark/gluon production thresholds

in colour-singlet-to-singlet S-matrix amplitudes

– Sufficient condition:

Absence of Lehmann representation for dressed quark and gluon propagators

D χSB and Goldstone’s Theorem • Chiral-limit axial-vector Ward–Takahashi identity −iPμΓ5μ(k; P ) = S�^1(k+)γ5 τ 2 + γ5 τ 2 S�1_{(k}�_)

• Axial-vector vertex, chiral limit Γ5μ(k; P ) = τ 2 γ5 [ γμFR(k; P ) + γ · kkμGR(k; P ) −σμν kν HR(k; P ) ] + Γ̃5μ(k; P ) + fπ Pμ P^2 Γπ(k; P ) • Axial-vector vertex satisfies: iγ5γ_μ

• Choice of

Γ_μ in DSE_q K in BSE_π tied together – Ladder approximation is consistent

– can be improved systematically

(A. Bender, C.D. Roberts, L.v.Smekal, PLB380 (1996) 7)

• P_μΓ_{5μ}(k; P ) is a pseudoscalar:

Contains information about pseudoscalar mesons • Pseudoscalar Bethe–Salpeter amplitude Γπ(k; P ) = τγ5 [ iEπ(k; P ) + γ · P Fπ(k; P ) +γ · k k · P Gπ(k; P ) + σμν kμPν Hπ(k; P ) ] • Axial-vector Ward–Takahashi Identity (AV-WTI)

fπEπ(k; P = 0) = B(k^2) F_R(k; 0) + 2 fπFπ(k; 0) = A(k^2) G_R(k; 0) + 2 f_πG_π(k; 0) = 2A0(k^2) H_R(k; 0) + 2 fπHπ(k; 0) = 0

• B(k^2) ≢ 0 solution of quark-DSE without

an explicit current quark mass signals D χSB • B(k^2) ≢ 0 implies E_π(k; P = 0) ≢ 0:

⇒ existence of a massless, pseudoscalar bound states: π’s

– F_π, G_π, H_π also necessarily nonzero – Γ_{5μ}(k; P ) dominated by P^2 = 0 pole, associated with this bound state ∗ Residue is leptonic decay constant: f_π

f_πP_μ = Z_2

∫_Λ q Tr [ τ 2 γ_5γ_μS(q_+)Γ_π(q; P )S(q_−) ]

D χSB⇐⇒ existence of Goldstone bosons

Axial-Vector Ward-Takahashi Identity with explicit current quark mass m_q(μ) −iPμΓ5μ(k; P ) = S�^1(k+)γ5 τ 2 + γ5 τ 2 S�1_{(k}�_) −2 mq(μ) Γ5(k; P ) relates poles in axial-vector and pseudoscalar vertices Γ5μ(k; P ) = τ 2 γ5 [ γμFR(k; P ) + γ · kkμGR(k; P ) −σμν kν HR(k; P ) ] + Γ̃5μ(k; P ) + fπ Pμ P^2 + m^2π Γπ(k; P ) Γ5(k; P ) = τ 2 γ5 [ iE^H_R (k; P ) + γ · P F^H_R (k; P ) +γ · k k · P G^H_R (k; P ) + σμν kμPν H^H_R (k; P ) ] + rπ P^2 + m^2π Γπ(k; P ) – E^H_R , F^H_R , F^H_R , G^H_R , G^H_R , H^H_R , H^H_R , Γ̃^H_{5μ} regular as P^2 → −m^2_H – PμΓ̃^H_{5μ}(k; P ) ∼ O(P^2) AV-WTI, independent of the magnitude of m_q, leads to fπ m^2_π = 2 rπ mq(μ) = −2 i mq(μ)Z4 ∫_Λ q Tr [ τ 2 γ5S(q+)Γπ(q; P )S(q�) ]

= Z2

∫_Λ q Tr [ τ 2 γ5γμS(q+)ΓH (q; P )S(q�) Pμ ]

Two independent integrals for f_π

Corollary: Gell-Mann–Oakes–Renner relation • Chiral limit r0 = − 1 f0 ⟨q̄q⟩^0_μ, − ⟨q̄q⟩^0_μ ≡ Nc Z4 ∫_Λ q TrDirac [ Sm_q =0 ]

• Outside chiral limit: AV-WTI f_H m^2_H = r_H M_H with M_H ≡ tr_{flavour} [ M_{(μ)} { T^H , ( T^H )_t}] gives to leading order in current mass

f_π^2m^2_π = − [m_u(μ) + m_d(μ)] ⟨q̄q⟩^0_μ + O ( m̂^2_q ) f_K+^2m^2_K+ = − [m_u(μ) + m_s(μ)] ⟨q̄q⟩^0_μ + O ( m̂^2_q ) • involves the chiral limit vacuum quark condensate General, exact, relation f_H^2 m^2_H = − ⟨q̄q⟩^H_μ M_H with “In-Meson Condensate” i⟨q̄q⟩^H_μ = f_H Z_4 ∫_Λ q 1 2 Tr [ ( T^H )_t γ_5S(q_+)Γ_H (q; P )S(q_−) ]

• Note that ⟨q̄q⟩^H_μ M_H is renormalisation point independent • Does not involve a difference of massive-quark condensates

Explicit Model Calculation S(p, μ)^{−1} = Z_2iγ · p + Z_4m_0 + Σ^′(p, Λ) Σ^′(p, Λ) = 43

∫_Λ k 4πα((p − k)^2) D^{free}_{μν} (p − k)γ_μS(k)γ_ν

Model Form ↙

4πα^{1 loop}(k^2) k^2 ↙

• Asymptotic freedom • Renormalisation condition S(p, μ)^{−1} | |_{p2=μ2} = iγ · p + m(μ) • Chiral limit:

– No perturbative contribution to B(p^2, μ^2) – No divergence in B^′(p^2, μ^2) – No mass renormalisation

Quark Propagator

• Explicit Chiral Symmetry Breaking

M(p^2) ∼ m̂ (_1

2 ln [_{p2} Λ^2_{QCD}

])_{γm} , γ_m = 12 33 − 2Nf • Chiral Limit

M(p^2)^{large}�^{p2}= 2π^2γm 3 − ⟨q̄q⟩^0 p^2

(_1 2 ln [_{p2} Λ^2_{QCD} ])_1�_{γm}

• m̂ and ⟨q̄q⟩^0 are renormalisation-point-invariant • multiplicative renormalisibility

S�1_{(p, μ̄) = iγ·p A(p}2_{, μ̄}2_{)+B(p}2_{, μ̄}2_{) =}^Z2^{(μ̄2, Λ2)}_{Z2(μ2, Λ2) S}�1_{(p, μ)}

Quark Condensate − ⟨q̄q⟩^0_μ | μ=19 GeV = Z4(μ, Λ) Nc

∫_Λ q tr [Sm̂=0(q)] = (0.275 GeV)^3 Explicitly established that

m(μ) ⟨q̄q⟩^0_μ = constant ≡ m̂ ⟨q̄q⟩^0 is renormalisation-point-invariant

m̂_{u/d} = 6.60 MeV , m̂_s = 147 MeV Values at 1 GeV − ⟨q̄q⟩^0_μ | μ=1 GeV ≡ (ln [1/ΛQCD]) γ_m ⟨q̄q⟩0 = (0.241 GeV)3

m^{1 GeV} u/d = 5.5 MeV , m^{1 GeV}_s = 130 MeV

Accuracy of GMOR π: (0.0924 × 0.1385)^2 = ( 0.113 GeV)^4 cf. (0.111 GeV)^4 = 2 × 0.0055 × 0.24^3 K: (0.113 × 0.495)^2 = ( 0.237 GeV)^4 cf. (0.206 GeV)^4 = (0.0055 + 0.13) × 0.24^3 O(m̂^2)-Corrections important important for m̂ ∼ m̂_s

Bethe-Salpeter Equation ΓH (p; P ) = − 4 3 ∫_Λ q 4πα(k^2) D^{free}_{μν} (k)γμS(q+)ΓH (q; P )S(q�)γν

• Ladder approximation: consistent with AV-WTI • Solve numerically at P^2 = −m^2_{meson}

– need quark propagator outside Euclidean reqion – 4 coupled 2-dimensional integral equations for E(p; P ), F (p; P ), G(p; P ), and H(p; P ) – or use Chebyshev decomposition

E(k^2, k · P ; P^2) ≈

N_{max}∑

i=0 iE(k^2; P^2) U_i(cos β)

then (4 N_{max}) 1-dimensional integral equations

Test of AV-WTI in chiral limit

FR(p; 0) + 2 f0F0(p; 0)

f0E0(p; 0)

GR(p; 0) + 2 f0Gπ(p; 0)

Bethe-Salpeter Amplitudes

Zeroth Chebyshev projections of E(k; P ), F (k; P ), G(k; P ) [k � P G(k; P ) for the kaon] and H(k; P )

• Nonleading Dirac amplitudes F and G are

– essential in order to satisfy AV-WTI – quantitatively important for physical observables

• AV-WTI is satisfied explicitly

– chiral limit (see figure) – explicit current mass f_{π,K} m^2_{π,K} = r_{π,K} ( m_{u/d}(μ) + m_{u/d,s}(μ) ) • “In-Meson condensate” increases with m_H −⟨q̄q⟩^π_{μ=1 GeV} −⟨q̄q⟩^K_{μ=1 GeV} −⟨q̄q⟩^{ss̄}_{μ=1 GeV} (0.245 GeV)^3 (0.284 GeV)^3 (0.317 GeV)^3 • Same is true for f_H • Results are independent of the momentum partitioning if both subleading Dirac structures F , G and angular dependence are taken into account

• UV asymptotic behaviour of E, F , k^2 G and k^2 H is fully determined by the chiral quark mass function: all behave like 1 p^2

(_1

2 ln [_{p2} Λ^2_{QCD} ])_{1−γm}

=⇒ Constrains phenomenological studies of meson elastic and transition form factors at large Q^2

Pion Electromagnetic Form Factor • Model dressed quark propagator S(p)

– D χSB: strong momentum dependence in M(p^2) – Confinement: No Lehmann representation for S(p)

• BS amplitude: E_π(p; P ) = f_π B_0(p) • Electromagnetic form factor:

need dressed quark-photon vertex: Ball–Chiu vertex • Reanalysis with Dirac amplitudes F_π and G_π

Calculated Experiment N_π 0.094 GeV 0.0924 ± 0.001 f_π 0.104 GeV m_π 0.127 0.138 mave1 GeV_2 0.0062 0.008 −⟨q̄q⟩ 1 3 1 GeV^2 0.226 0.236 ± 0.008 r_π� 0.54 fm 0.663 ± 0.006

Fπ(Q^2) at low Q^2 using fπEπ(p) = B0(p) and Fπ and p^2Gπ proportional to Eπ

• UV behaviour

F_π(Q^2) ∼ 1/Q^4 with E only F_π(Q^2) ∼ 1/Q^2 with E, F , G

• Dirac amplitudes F and G – unimportant at low Q^2 – dominate at large Q^2

Summary and Conclusions • Dyson–Schwinger Eqns

• Continuum, Poincaré invariant • Perturbative results ⊂ as weak-coupling expansion • Confinement & Dynamical Chiral Symmetry Breaking • Bound state properties

• One framework to describe and correlate both infrared (low Q^2) and ultraviolet (high Q^2) physics

• Essential: respect Ward Identities

• Pseudoscalar Mesons

• Preserve axial-vector Ward–Takahashi identity • Importance of subleading Dirac amplitudes • Results independent of momentum partitioning • UV Asymptotic behaviour of BS amplitudes completely determined by chiral quark mass function • Pion form factor F_π(Q^2) ∼ 1/Q^2 at large Q^2 as a consequence of the pion BS amplitudes F and G