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e calculations in QED and QCD require nonperturbative renor-
malization.

e most attempts have used cutoff-type regularization, which
requires counterterms that depend on Fock sector.

e will explore the practicality of Pauli-Villars regularization.

e consider simple heavy fermion model abstracted from Yukawa
model.
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1 Light-cone coordinates

_ ¢t We define light-cone coordinates by

X
£C+

rt=t+z, x; = (,y).

Z

Momentum variables are similarly constructed as

pr=Exp., pL=(psDy).

The dot product is written

1 o
p-x:§(p+x +p ) —pLxy.

The time variable is taken to be x™, and time evolution of a
system is then determined by P~.

Energy: E — p~
Momentum: p — p= (p+,PL>

The light-cone Hamiltonian is
Hyc=PtP - Pi.

P* and P, are momentum operators conjugate to x~ and x .
The eigenvalue problem is

HicU = M*V, PU =PV,

where M is the mass of the state.



l-a. advantages of the light-cone

e largest possible set of nondynamical generators.
In particular, boosts are kinematical.

e the perturbative vacuum is the physical vacuum.

(pz_}: Vp2+m2+pz > O>

No need to compute vacuum state.

e cxistence of well-defined Fock-state expansions.
No disconnected vacuum pieces.

Let the states of the Fock basis be written {|n : p, pii)}
where P and P, are diagonal, with n the number of particles
and ¢ ranging between 1 and n. Then

V= %:/[dx]n [d2kJ_]n ¢n<xa kJ_>|n : xP+, SCPJ— T kJ-> !

with p
n n 5CZ~
=4 1 — 1 )
dln = dmo(l = > @ >zl:Il A\ /T;

1=1
A’k | ;
Pk, = 47%6(> k) 1] /
koLl (El Li) ALmCRg
(P*,P ) is the total light-cone momentum. 1, is interpreted
as the wave function of the contribution from states with n

particles.




1-b. discretization (DLCQ)

Periodic BC for bosons and antiperiodic for fermions in a
light-cone box —L < = < L, —L, < x,y < L. Integrals
replaced by trapezoidal approximations, with modification at
edge of cutoft

T T 7
Grid: p"™ — —=n, k — Ny, —N,) .
The limit L — oo can be exchanged for a limit in terms of the

integer resolution

L
K==-pP".

T
Also x = p*/P" — n/K, with n odd for fermions and even

for bosons. Hi,c is independent of L.

Because the n; are all positive, DLC(Q automatically limits
the number of particles to no more than K. The integers n,
and n, range between limits associated with some maximum
integer V| fixed by the invariant-mass cutoft.



1-c. Tamm—Dancoff truncation

e limit the number of particles of each type.
e serious complications for renormalization.

— severe sector dependence of counterterms.
— for QED, get violation of Ward identity:.
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2 Yukawa theory at one loop

2-a. fermion self energy

q—1
1 ditd?l,
(@, M?) = —
(17, M) 2 / (gt — [F)2

+212_|_ 9 +_l+2M2
X(Q) J_Mgng > 6(A2—D1>,

where 1 is the boson mass, M is the fermion mass, and

2 12 M2 12
Dy = P -+ ! .
gt (gt =1)/q"
The boson mass u sets the energy scale.
T [A? ,LL4 A2
I(p?,0) = — —ufln|—|| .
W0 =g T A (m)]

In order to maintain I(u?, M?) o M?, three Pauli-Villars
bosons are needed:

3
Laan (4, M, ) = T(p*, M?) + X Cil (i, M)
The C; are chosen to satisfy

3 3 3
L+ S Ci=0, p+ 5 Cipf =0, 3 CiprfIn(pf /p*) = 0.



2-b. numerical calculations

Ordinary DLCQ integration is not sufficiently accurate be-
cause the cutoff is incommensurate with the DLCQ grid. Al-
ternative integration schemes are of the general form

[drf(r) ~ ¥ wij f(7,.),

3 Jsee

where, unlike the case of DLCQ), the weights w; ; = will not
all be equal. Such a new integration rule is obtained from
consideration of an integral from, say, xy to xs.

f“
/\
frr—h—|h ‘

T >

SC'() I Lo T3 X

The integral of a function f is then approximated by
;;3 fdr ~ aif(x1) + as f(x2) ,

with

ap = <h+hL—|—hR>(h+hL—hR>/2h,
Ao = (h—l—hL—l—hR><h—|—hR—hL>/2h.

The coefficients a; are chosen to provide exact results for linear
functions. The standard trapezoidal rule is recovered when
hy; =hr=0. It hy = hgr = h, a standard open Newton—Cotes
formula results. When the extended rule is combined with the
standard rule for interior intervals, a general composite rule is
obtained. The extended rule is then used twice, once at each
end, with Ap or hj, set to zero.



one-loop self-energy
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Additional improvement can be obtained by taking into ac-
count the cylindrical symmetry of the integration domain. The
integral is written in polar coordinates

[ dadyf(,y) = 5 [ do (¥ ), 6).

The points of the square grid lie on circles of varying radii r;

The r; are easily computed from the coordinates of the square
orid. Clearly, the intervals are not of equal length; however,
they are on average of order 3h%, where h is the spacing in the
square grid. For the first 10 circles, the average spacing in r?
is actually closer to 2h2.



one-loop self-energy
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one-loop self-energy
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Values of the subtracted integral Iy, (p?, M2, 1?) in the limit
of infinite cutoff. The Pauli-Villars masses are pf = 10u°
ps = 50p? and pi = 100>,

M?: 0 005 0.1 0.2

o -0.064  0.70  1.37  2.70

Number of Fock states used in two typical cases.

Pauli—Villars bosons
physical
A*/p> K N, bosons 1 2 3 total

200 20 25 25975 22602 11142 3305 37049
200 24 30 44943 39162 19293 5695 64150




2-c. boson self energy

Fermion contribution:

q—1L, £s

dId2l, gt (12 + M?)

~1
/ ALLA 12(q* — l+>26 <A2 - D2> {'“2 - DQ} ;

where
Dy =g (M? +13)/[I"(¢" = 17)],

(4 is the boson mass, and M the fermion mass.

¢* contribution:

é
R
\\ B /
qg—1L—k
ditd?l dkTd?k | 2 2
/ q+l+k+(q+ _ [+ — ]{+>6(A o D4>/(M _ D4>
where
D4zﬂz+ﬁ+jﬂ+ki+ p? (1 4 Ky )?

[Y/gt  kY/qt (¢t = 1" —kt) /gt



3 Heavy fermion model

3-a. effective Hamiltonian
|Greenberg & Schweber, Glazek & Perry]

+ 72 2
+P+/dq dC]LN"‘C]LT _|_M1+C]L]ia1q
dp+d2 dpy d*p1s dg*td? C_IJ_

b b
\/1671' pT / J1673ps ) 16m3g™* 09,0000
x [ald(p, — py+q) + agb(p, — p, — @)
tial,d(py — py + q) +iagdlp, —py — q)]

where

{b]_oaa_b]}a’} — 167T3p+5(1_9 o ]2)500/

The state vector is

dp+d2pj_ n dq+d2qL ni dT+d2TJ_
= V16mPt ¥ l : /
d nn1/\/167rp = 1/ \/167T3qZ j= 1/ 1/167r37"
n ni
XO(B—p—2g— %ﬁjw("’"”(ﬂwﬂj;@
1 n ni

1
vnlng 'b e 1}@1£j|0>-

X




Normalization:

. d, = 167°PT6(P' — P)

= 1=y I/ dg d26]n1}1/ drydry,;

n,n1 ’L ’
2
x " (g, 1y P — 20; = %ﬂﬂ



3-b. analytic solution
A solution to

HiLd, = M0,

must satisty

2 | 2 2 | .2

{M2 M- S a1 5 Hi + 77 )

Y I
dg*d’q,
=g{vn-+1 (L) (g g1,
g{ / \/W(b (Qz 4,75, p)
1 1
(n—1,n1) ,
S T 2D
drd?r

+ivng + 1/ \/qu(n,nhq)(gw ri,r,p)

+ ! Z\/ligb(n’nll)(q ri,... Tj—l Tj+1 SR 7 p)
V1 g [16m3r T e
The solution is
(—g)"(—ig)™ Yi
¢(n7n1> p— \/Z H
nlng! 516w (1 + ¢35)
Zj

X

II ,
] ,/167r37°j(,u% + rij)
with normalization

1_ 5 (g°/16m°)"m / d*q. n/ d>r; "
Z o (2n 4 2ny)lnln U (2 + 1))\ (pd+rt)?)

provided that Mg(p™) is chosen to satisfy
M2_M2_ g2 p+ {/ d2QJ_ / d2TJ_ }

T e ]




3-c. coupling renormalization
To fix the coupling we use (:¢*(0):) = &I :¢?(0): ®,. For the
analytic solution it reduces to
(o) = 5 2 O
' R (2n + 2ny — 1)Inln,!

" ('/ (ujiq;i)Q)n (‘/ (u%diriiﬁ)m |

From a numerical solution it can be computed fairly efficiently
in a sum similar to the normalization sum

Oy = © i) dgtda,
n 2
+
><H/d7° d?r ](k 1q+/P+)

2
X

¢(n’n1>(ﬂzv£j3£ - %Qz - %ﬂj)




3-d. form factor slope
From Brodsky and Drell [PRD 22, 2236 (1980). See p. 2239.]

F(QY) = petP 47 T 170)|P 1)

d Z-d2 ;
= Y, [160%6(1 — X a)6(S k) T ot
J 1 7 7

1673

XWDHT(%, PL’WPT(S% Pl

where the matrix element has been evaluated in the frame with

M? ) ‘
=7 01), =077 =29-P/P",71), Q" =¥

e; is the charge of the jth constituent, and

P= (P P =

;o Pli— iYL 1 # g

PLi= plLit+(l—x)vL i=7.

A sum over Fock states is understood.
When the fermion is assigned a charge of 1, the form factor
1S

FQY) = Z % (92/16'7r3')”+”1 /01 01— -y %Z]>
", nin! i j
X ﬁ 2 yi?Qyid2qj_i 2 n.l Z]izjdzrj_] 2 )
(g +al) J (e ) (e + )
with

qd, =9 —yyL, ¥ =1 —27.



The slope is extracted as
6Zn(g?/167?) M d’q | 2412
py Il |75 3|22 1
71 (2n 4 2ny + 2)Ining! Y (2 + @1 )3 P+ ¢4

</ <u2diq§i>2)nl ! (M;i%2)m

+P-V term .

F'(0) =

Numerically, one could compute F’(0) from

F'(0) = n%fl/ dg;’ 42%'5%/ dryd’ry,;

X
?

2 2
Z%Vi+ZiVL¢“W@M%B—Z%—ZQ>
4 J 4 [ J

X ¢(n’n1>(gi7£j;£ — XZ:QZ o %:£J> ,

with V? represented by finite differences. Integration by parts
leads to a computationally better quantity

F'(0) = > 11/ dg d26]n1}1/ drd’ry

nniy g
2

X -+

>

(4

%VM¢MWQ£WB_§%_§Q>
2

Y

p>
J

5.
gjvm(/ﬁ(n’n”(ﬂi’ﬂj;ﬂ — XZ_:QZ- — %:ﬁﬂ

which differs from F’(0) by surface terms that vanish as
A — oo.



3-e. distribution functions

fely) = 11/ dg/ 42%1]11/ dridry; 3 6y —qf /P*)

nny g -
2
X

" gy 1 B =Yg = vry)

Y

frv(z) = % ﬁ/ dqﬁdQQLiTﬁ/ drdeMj .%15(,2 —r/P7")
J j=

n,ni 4
2
X

o) (g, 15 P — 20; — %ﬂﬂ

Their integrals yield the average multiplicities

(np) = [, faly)dy,
(npy) = fi frv(z)dz.

For the analytic solution we obtain

fBly) = (%)2 frv(y)

. Zny(l _ y>2(n+n1—1)<92/16ﬂ.3>n+n1
o (2n + 2n1 — 2)Inln,!

</ <u2diq§a>2)n ! <u%dir%>2)m

(np) = (%)2 (npv)

B Z,n(g2/16ﬂ.3>n+n1 / d2C_IJ_ n / d2TJ_ ni
ondn (204 2n0) et T (p2 4 q1)2) T (u 1))




4 Numerical methods and results

4-a. Lanczos algorithm
For A real symmetric and ; a chosen vector,
construct tridiagonal matrix 7T’

ai b2 0 ... 0
b2 a9 bg 0
A—-T = 0 bg as b4

0 0 .

0 0 O

where
bn+1ﬁn+1 — Aﬁn — anﬁn — bnﬁn—l
and
a, = u, - Au, .
The w,, are orthonormal. A good choice for u; is important but

not necessarily critical.
pitfalls:

e all u, have the symmetries of % that are conserved by A.
e round-off errors

— loss of orthogonality.
— spurious & duplicate eigenvalues.

— poor representation of degeneracies.



Why transform to 17 Easily diagonalized.
However, the complete transformation to tridiagonal form re-
quires effort comparable to ordinary diagonalization (e.g. House-
holder) and is less reliable. The real use is to stop after a few
iterations (~20-100) and diagonalize in the truncated basis; the
extreme eigenvalues are quite good.

So, after IV iterations solve

T'c; = &c;

and construct

to find

Can show that
|AY: — &yil = bna[(G) ]
Then have two criteria for selecting /V:
e explicit convergence of one or more eigenvalues

e by 1|(Ci)n| < tolerance x ||G]]



4-b. efficient form
Un+1 — Aun — bnun—l
Ap = Upy1 - Up

—/

Up41 = Unt1 — Aply

3/

- 2/
b1 = \/Un+1 " Unt1

ﬁnﬂ — 777,1+1/bn+1
Store Uy,_1, Upt1, U, 4, and 1,4 in same array. Keep only two
vectors in RAM. Write others to disk, if want to reconstruct
eigenvectors at end.

The dot products do not involve conjugation, and the con-
stants a,, and b,, are in general complex. The process will fail
if b,,41 is zero for nonzero v/, ;, which can happen in principle
but does not seem to happen in practice.

For the heavy fermion model the matrix is extremely sparse
and all nonzero elements can be stored for use in the matrix-
vector multiplication.

Weighting factors are used in all summations that represent

integrals, and symmetry is restored to the matrix via

ZAijwjuj = fui — Z \/WAZ'j\/’LU_j’ILj = ﬁﬁuz
J J



Sample eigenvalue flow
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v s sarmusom Lovem a2
dy wave function,

v
transverse slice at x=0.286.

Numerical two-body wave function
transverse slice at x=0.286.
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5 Summary

e the number of PV Fock states may not be prohibitive.

e the numerical accuracy of DLCQ can be significantly im-
proved with weighting factors.

e a simple model exists for the testing of PV regularization.

6 Future work

e cxtend numerical solution of heavy fermion model.
e recinstate complexity gradually.
e reach Yukawa theory.

e look beyond.



