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² calculations in QED and QCD require nonperturbative renor-
malization.

² most attempts have used cuto®-type regularization, which
requires counterterms that depend on Fock sector.

² will explore the practicality of Pauli{Villars regularization.

² consider simple heavy fermion model abstracted from Yukawa
model.
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1 Light-cone coordinates

t6 We de¯ne light-cone coordinates by¡x +¡µ@I ¡@ x §¡@ x = t§ z ; x = (x; y) :?¡@ -
¡@ z¡ @

¡ @
¡ @

Momentum variables are similarly constructed as
§p = E § p ; p = (p ; p ):z ? x y

The dot product is written
1 + ¡ ¡ +p ¢ x = (p x + p x )¡ p ¢ x :? ?2

+The time variable is taken to be x , and time evolution of a
¡system is then determined by P .

¡Energy: E ¡! p
+Momentum: p ¡! p ´ (p ;p )?

The light-cone Hamiltonian is
+ ¡ 2H = P P ¡ P :LC ?

+ ¡P and P are momentum operators conjugate to x and x .? ?
The eigenvalue problem is

2H ª = M ª ; Pª = Pª ;LC

where M is the mass of the state.



1-a. advantages of the light-cone

² largest possible set of nondynamical generators.
In particular, boosts are kinematical.

² the perturbative vacuum is the physical vacuum.p+ 2 2(p = p + m + p > 0)zi
No need to compute vacuum state.

² existence of well-de¯ned Fock-state expansions.
No disconnected vacuum pieces.

+Let the states of the Fock basis be written fjn : p ;p ig?ii
+where P and P are diagonal, with n the number of particles?

and i ranging between 1 and n. Then
ZX 2 +ª = [dx] [d k ] Ã (x;k )jn : xP ; xP + k i ;n ? n n ? ? ?n

with
n n dxX Y i[dx] = 4¼±(1¡ x ) ;pn i
i=1 i=1 4¼ xi

2n n d kX Y ?i2 2[d k ] = 4¼ ±( k ) ;? n ?i 2i=1 i=1 4¼
+(P ;P ) is the total light-cone momentum. Ã is interpreted? n

as the wave function of the contribution from states with n
particles.



1-b. discretization (DLCQ)
Periodic BC for bosons and antiperiodic for fermions in a

¡light-cone box ¡L < x < L, ¡L < x; y < L . Integrals? ?
replaced by trapezoidal approximations, with modi¯cation at
edge of cuto®

¼ ¼ ¼+Grid: p ! n ; k ! ( n ; n ) :? x yL L L? ?

The limit L!1 can be exchanged for a limit in terms of the
integer resolution

L +K ´ P :
¼

+ +Also x = p =P ! n=K , with n odd for fermions and even
for bosons. H is independent of L.LC

Because the n are all positive, DLCQ automatically limitsi
the number of particles to no more than K . The integers nx
and n range between limits associated with some maximumy
integer N ¯xed by the invariant-mass cuto®.?



1-c. Tamm{Danco® truncation

² limit the number of particles of each type.

² serious complications for renormalization.

{ severe sector dependence of counterterms.
{ for QED, get violation of Ward identity.

¡ ¡¡ ¡ ¡¡
¡ ¡¡

¡ ¡¡
¡ ¡¡

¡ ¡¡
¡ ¡¡

1-d. regularization
2 2m + kX i ?i 2· ¤ :

i xi
2 2m + ki ?i 2· ¤ for each i :
xi

2 22 2n m m + km + kX X j ?ji ?i 2¡ · ¤ :
i jx xi j

k?6

-

x



2 Yukawa theory at one loop

2-a. fermion self energy

l
HH©©

J¶¶ J q; s q = 0?E¦ E¦
q ¡ l

+ 2Z1 dl d l?2 2I(¹ ;M ) ´ ¡ 2 + + + 2¹ l (q ¡ l )
+ 2 2 + + 2 2(q ) l + (2q ¡ l ) M? 2£ µ(¤ ¡D ) ;12M ¡D1

where ¹ is the boson mass, M is the fermion mass, and
2 2 2 2¹ + l M + l? ?D = + :1 + + + + +l =q (q ¡ l )=q

The boson mass ¹ sets the energy scale.
2 0 132 4 2¼ ¤ ¹ ¤6 B C72 26 B C7I(¹ ; 0) = ¡ ¡ ¹ ln :4 @ A52 2 2¹ 2 2¤ ¹

2 2 2In order to maintain I(¹ ;M ) / M , three Pauli-Villars
bosons are needed:

3X2 2 2 2 2 2 2I (¹ ;M ; ¹ ) = I(¹ ;M ) + C I(¹ ;M ) :sub ii ii=1

The C are chosen to satisfyi

3 3 3X X X2 2 2 2 21 + C = 0 ; ¹ + C ¹ = 0 ; C ¹ ln(¹ =¹ ) = 0 :i i ii i ii=1 i=1 i=1



2-b. numerical calculations
Ordinary DLCQ integration is not su±ciently accurate be-

cause the cuto® is incommensurate with the DLCQ grid. Al-
ternative integration schemes are of the general form

Z Xd~rf (~r) ' w f(~r ) ;i;j;::: i;j;:::
i;j;:::

where, unlike the case of DLCQ, the weights w will noti;j;:::
all be equal. Such a new integration rule is obtained from
consideration of an integral from, say, x to x .0 3

f 6

hh h R -L xxx x x 30 1 2

The integral of a function f is then approximated by
Z x3 fdx ' a f (x ) + a f (x ) ;1 1 2 2x0

with

a = (h + h + h )(h + h ¡ h )=2h ;1 L R L R

a = (h + h + h )(h + h ¡ h )=2h :2 L R R L

The coe±cients a are chosen to provide exact results for lineari
functions. The standard trapezoidal rule is recovered when
h = h = 0. If h = h = h, a standard open Newton{CotesL R L R
formula results. When the extended rule is combined with the
standard rule for interior intervals, a general composite rule is
obtained. The extended rule is then used twice, once at each
end, with h or h set to zero.R L



M2 = 0, µ2 = 1, Λ2 = 100, no subtractions
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Additional improvement can be obtained by taking into ac-
count the cylindrical symmetry of the integration domain. The
integral is written in polar coordinates

Z Z Z 21 2¼ R 2 2~dxdyf (x; y) = dÁ d(r )f (r ; Á) :0 02
The points of the square grid lie on circles of varying radii ri

y
6
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The r are easily computed from the coordinates of the squarei
grid. Clearly, the intervals are not of equal length; however,

2they are on average of order 3h , where h is the spacing in the
2square grid. For the ¯rst 10 circles, the average spacing in r

2is actually closer to 2h .



M2 = 0, µ2 = 50, Λ2 = 100, no subtractions
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2 2 2Values of the subtracted integral I (¹ ;M ; ¹ ) in the limitsub i
2 2of in¯nite cuto®. The Pauli-Villars masses are ¹ = 10¹ ,1

2 2 2 2¹ = 50¹ and ¹ = 100¹ .2 3

2M : 0 0.05 0.1 0.2

I : -0.064 0.70 1.37 2.70sub

Number of Fock states used in two typical cases.

Pauli{Villars bosons
physical

2 2¤ =¹ K N bosons 1 2 3 total?

200 20 25 25975 22602 11142 3305 37049
200 24 30 44943 39162 19293 5695 64150



2-c. boson self energy

Fermion contribution:

l, s
q

q ¡ l, §s
+ 2 + 2 2 µ ¶ · ¸Z dl d l q (l + M ) ¡1? ? 2 2µ ¤ ¡D ¹ ¡D ;2 22 +2 + + 24LL l (q ¡ l )?

where
+2 2 2 + + +D ´ q (M + l )=[l (q ¡ l )] ;2 ?

¹ is the boson mass, and M the fermion mass.

4Á contribution:

l
qk

q ¡ l ¡ k
+ 2 + 2Z dl d l dk d k? ? 2 2µ(¤ ¡D )=(¹ ¡D )4 4+ + + + + +q l k (q ¡ l ¡ k )

where
2 2 2 2 2 2¹ + l ¹ + k ¹ + (l + k )? ?? ?D ´ + + :4 + + + + + + + +l =q k =q (q ¡ l ¡ k )=q



3 Heavy fermion model

3-a. e®ective Hamiltonian
[Greenberg & Schweber, GÃlazek & Perry]

+ 2Z dp d p X?e® 2 yH = M b bp¾LC 0 p¾3 + ¾16¼ p
2 3+ 2 2 2 2 2Z dq d q ¹ + q ¹ + q6 7? ? 1 ?+ y y6 7+P a a + a a4 5q 1qq 1q3 + + +16¼ q q q

+ 2 + 2 + 2Z Z Zdp d p dp d p dq d q X?1 ?2 ?1 2 yr r+g b bp ¾p ¾+ + 3 + 23 3 ¾ 116¼ q16¼ p 16¼ p1 2"
y£ a ±(p ¡ p + q) + a ±(p ¡ p ¡ q)qq 1 2 1 2

#
y+ia ±(p ¡ p + q) + ia ±(p ¡ p ¡ q) ;1q1q 1 2 1 2

where
" #

y 3 + 0a ; a = 16¼ q ±(q ¡ q ) ;0q q
( )

y 3 + 0
0b ; b = 16¼ p ±(p¡ p )± :0 0p¾ ¾¾p ¾

The state vector is
+ 2+ 2 + 2p nZ Z Zn dr d r1dp d p dq d qX Y Y ?j? ?i ji3 + r sp© = 16¼ P¾ +3 + +3n;n 31 i=1 j=116¼ p 16¼ q 16¼ ri j

nn 1X X (n;n )1£±(P ¡ p¡ q ¡ r )Á (q ; r ; p)j ji ii j
nn 11 Y Yy y yp£ b a a j0i :p¾ q 1rjii jn!n !1



Normalization:
00y 3 +© ¢ © = 16¼ P ±(P ¡ P )¾¾

nZ Zn 1X Y Y+ 2 + 2) 1 = dq d q dr d r?i ?ji jn;n1 i j
¯ ¯2¯ ¯¯ ¯X X(n;n )¯ ¯1¯ ¯£ Á (q ; r ;P ¡ q ¡ r )j j¯ ¯i i¯ ¯i j



3-b. analytic solution
A solution to

e® 2H © = M ©¾ ¾LC

must satisfy
2 32 22 2 ¹ + r¹ + qX X6 71 ?j?i2 2 (n;n )16 7M ¡M ¡ ¡ Á4 50 i jy zi j

8 + 2>p> Z< dq d q? (n+1;n )1p= g n + 1 Á (q ; q; r ; p)j>> i3 +: 16¼ q
1 1X (n¡1;n )1rp+ Á (q ; : : : ; q ; q ; : : : ; q ; r ; p)j1 i¡1 i+1 n+3in 16¼ qi

+ 2p Z dr d r? (n;n +1)1p+i n + 1 Á (q ; r ; r; p)1 ji3 +16¼ r 9
>>>>=i 1X (n;n ¡1)1s+ Á (q ; r ; : : : ; r ; r ; : : : ; r ; p)p 1 j¡1 j+1 n >1i >+ >3 >jn ;16¼ r1 j

The solution is
n n1p (¡g) (¡ig) yY i(n;n )1 rpÁ = Z + 23 2in!n ! 16¼ q (¹ + q )1 i ?i

zY j
s£ ;+ 23 2j 16¼ r (¹ + r )j ?j1

with normalization
0 1 0 1n n12 3 n+n 2 21 Z Z1 (g =16¼ ) d q d rX B C B C? ?B C B C= ;@ A @ A2 22 2 2 2n;n1Z (2n + 2n )!n!n ! (¹ + q ) (¹ + r )1 1 ? ?1

2 +provided that M (p ) is chosen to satisfy0
8 92 + 2 2> >> >Z Z< =g p d q d r? ?2 2M ¡M = ¡ ¡ :> >0 > >2 23 + 2 2: ;16¼ P ¹ + q ¹ + r? ?1



3-c. coupling renormalization
2 y 2To ¯x the coupling we use h:Á (0):i ´ © :Á (0): © . For the¾¾

analytic solution it reduces to
2 3 n+n12Zn(g =16¼ )X2h:Á (0):i =

n;n1 (2n + 2n ¡ 1)!n!n !1 1
0 1 0 1n n12 2Z Zd q d rB C B C? ?B C B C£ :@ A @ A2 22 2 2 2(¹ + q ) (¹ + r )? ?1

From a numerical solution it can be computed fairly e±ciently
in a sum similar to the normalization sum

ZnX Y2 + 2h:Á (0):i = dq d q?iin=1;n =0 i1 0 1
n Z n1 2Y XB C+ 2 B C£ dr d r @ A?jj + +j q =Pk=1 k

¯ ¯2¯ ¯¯ ¯X X(n;n )¯ ¯1¯ ¯£ Á (q ; r ;P ¡ q ¡ r ) :j j¯ ¯i i¯ ¯i j



3-d. form factor slope
From Brodsky and Drell [PRD 22, 2236 (1980). See p. 2239.]

12 +F (Q ) = hP + ° " jJ (0)jP "i+2P
2Z dx d pX X X Y i ?i3= e 16¼ ±(1¡ x )±( k )j i ?i 3j i i i 16¼

¤ 0£Ã (x ;p )Ã (x ;p ) ;i P" i ?iP+°" ?i

where the matrix element has been evaluated in the frame with
2M+ ¡ ¡ + 2 2P = (P ; P = ; 0 ) ; ° = (0; ° = 2°¢P=P ; ° ) ; Q ´ °? ? ?+P

e is the charge of the jth constituent, andj
8
>>< p ¡ x ° i6= j?i i ?0p = >?i >: p + (1¡ x )° i = j :?i i ?

A sum over Fock states is understood.
When the fermion is assigned a charge of 1, the form factor

is
2 3 n+n1 nZ n 1(g =16¼ )X X X12F (Q ) = Z µ(1¡ y ¡ z )i j0n;n1 i jn!n !1

2 2nn 1y dy d q z dz d rY Yi i ?i j j ?j£ ;02 2 02 22 2 2 2i j(¹ + q )(¹ + q ) (¹ + r )(¹ + r )?i ?i ?j ?j

with
0 0q = q ¡ y° ; r = r ¡ z° :? ? ? ?? ?



The slope is extracted as
2 32 3 n+n 2 21 Z6Zn(g =16¼ ) d q 2¹X 6 7?0 6 7F (0) = ¡ 14 52 22 3 2n;n1 (2n + 2n + 2)!n!n ! (¹ + q ) ¹ + q1 1 ? ?

0 1 0 1n¡1 n12 2Z Zd q d rB C B C? ?B C B C£ @ A @ A2 22 2 2 2(¹ + q ) (¹ + r )? ?1
+P-V term :

0Numerically, one could compute F (0) from
nZ Zn 1X Y Y0 + 2 + 2F (0) = dq d q dr d r?i ?ji jn;n1 i j

20 1 3¤22 zyX X X X6B C 7ji 2 2 (n;n )16B C 7£ r + r Á (q ; r ;P ¡ q ¡ r )4@ A 5j j?i ?j i ii j i j4 4
X X(n;n )1£ Á (q ; r ;P ¡ q ¡ r ) ;j ji ii j

2with r represented by ¯nite di®erences. Integration by parts
leads to a computationally better quantity

nZ Zn 1X Y Y0 + 2 + 2~F (0) = dq d q dr d r?i ?ji jn;n1 i j
2 ¯ ¯2¯ ¯¯ ¯yX X X6 i (n;n )¯ ¯16 ¯ ¯£ r Á (q ; r ;P ¡ q ¡ r ) +4 ?i j j¯ ¯i i¯ ¯i i j2

3¯ ¯2¯ ¯¯ ¯zX X X 7j (n;n )¯ ¯1 7¯ ¯+ r Á (q ; r ;P ¡ q ¡ r ) ;5?j j j¯ ¯i i¯ ¯j i j2
0which di®ers from F (0) by surface terms that vanish as

¤!1.



3-e. distribution functions
nZ Zn n1X Y Y X+ 2 + 2 + +f (y) ´ dq d q dr d r ±(y ¡ q =P )B ?i ?ji j in;n1 i j i=1

¯ ¯2¯ ¯¯ ¯X X(n;n )¯ ¯1¯ ¯£ Á (q ; r ;P ¡ q ¡ r ) ;j j¯ ¯i i¯ ¯i j
n nZ Zn 1 1X Y Y X+ 2 + 2 + +f (z) ´ dq d q dr d r ±(z ¡ r =P )PV ?i ?ji j jn;n1 i j j=1

¯ ¯2¯ ¯¯ ¯X X(n;n )¯ ¯1¯ ¯£ Á (q ; r ;P ¡ q ¡ r ) :j j¯ ¯i i¯ ¯i j

Their integrals yield the average multiplicities
Z 1hn i = f (y)dy ;B B0
Z 1hn i = f (z)dz :PV PV0

For the analytic solution we obtain
0 12¹B C1B Cf (y) = f (y)@ AB PV¹

2(n+n ¡1) 2 3 n+n1 1Zny(1¡ y) (g =16¼ )X=
n;n1 (2n + 2n ¡ 2)!n!n !1 1

0 1 0 1n n12 2Z Zd q d rB C B C? ?B C B C£ @ A @ A2 22 2 2 2(¹ + q ) (¹ + r )? ?1

and
0 12¹B C1B Chn i = hn i@ AB PV¹

0 1 0 1n n12 3 n+n 2 21 Z ZZn(g =16¼ ) d q d rX B C B C? ?B C B C= :@ A @ A2 22 2 2 2n;n1 (2n + 2n )!n!n ! (¹ + q ) (¹ + r )1 1 ? ?1



4 Numerical methods and results

4-a. Lanczos algorithm
For A real symmetric and ~u a chosen vector,1

construct tridiagonal matrix T
0 1
a b 0 : : : 0B 1 2 CB CB CB Cb a b 0 : : :B C2 2 3B CB CB C0 b a b : : :A! T ´ B C3 3 4B CB CB CB 0 0 : : : CB C@ A0 0 0 : :

where
b ~u = A~u ¡ a ~u ¡ b ~un+1 n+1 n n n n n¡1

and
a = ~u ¢ A~u :n n n

The ~u are orthonormal. A good choice for ~u is important butn 1
not necessarily critical.

pitfalls:

² all ~u have the symmetries of ~u that are conserved by A.n 1

² round-o® errors

{ loss of orthogonality.
{ spurious & duplicate eigenvalues.
{ poor representation of degeneracies.



Why transform to T ? Easily diagonalized.
However, the complete transformation to tridiagonal form re-
quires e®ort comparable to ordinary diagonalization (e.g. House-
holder) and is less reliable. The real use is to stop after a few
iterations (»20-100) and diagonalize in the truncated basis; the
extreme eigenvalues are quite good.

So, after N iterations solve

T~c = » ~ci i i

and construct
NX~y = (~c ) ~ui i j j
j=1

to ¯nd
A~y ' » ~y :i i i

Can show that

jA~y ¡ » ~y j = b j(~c ) ji i i N+1 i N

Then have two criteria for selecting N :

² explicit convergence of one or more eigenvalues

² b j(~c ) j < tolerance£ jj~c jjN+1 i N i



4-b. e±cient form

~v = A~u ¡ b ~un+1 n n n¡1

a = ~v ¢ ~un n+1 n
0~v = ~v ¡ a ~un+1 n nn+1

s
0 0b = ~v ¢ ~vn+1 n+1 n+1
0~u = ~v =bn+1 n+1n+1

0Store ~u , ~v , ~v , and ~u in same array. Keep only twon¡1 n+1 n+1n+1
vectors in RAM. Write others to disk, if want to reconstruct
eigenvectors at end.

The dot products do not involve conjugation, and the con-
stants a and b are in general complex. The process will failn n

0if b is zero for nonzero v , which can happen in principlen+1 n+1
but does not seem to happen in practice.

For the heavy fermion model the matrix is extremely sparse
and all nonzero elements can be stored for use in the matrix-
vector multiplication.

Weighting factors are used in all summations that represent
integrals, and symmetry is restored to the matrix via

pp pX XA w u = »u ¡! w w A w u = » w uij j j i i j ij j j i i
j j
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5 Summary

² the number of PV Fock states may not be prohibitive.

² the numerical accuracy of DLCQ can be signi¯cantly im-
proved with weighting factors.

² a simple model exists for the testing of PV regularization.

6 Future work

² extend numerical solution of heavy fermion model.

² reinstate complexity gradually.

² reach Yukawa theory.

² look beyond.


