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1.	Motivation	
•	Understanding	the	internal	structure	of	hadron	is	an	important	objective	in	
modern	nuclear	and	particle	physics.

-	Experimental	studies	(e.g.	JLab,	COMPASS,	EIC,	J-PARC,	etc.	)	are	aimed	at	probing	
the	3D			structure	of	hadrons,	particularly	focused	on	Generalized	Parton	
Distributions	(GPDs)	and	Transverse	Momentum	Dependent	Distributions	(TMDs).	

For precision 3D imaging of hadrons,
it is essential to measure positions 
and momenta of the partons
transverse to the hadron’s  direction of motion.
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Study	the	interplay	among	the	pion’s	Form	Factor,	TMDs,	and	PDFs	in	the	LFQM.	
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We	developed	a	”new	method”	to	obtain	the	form	factor	

within	the	valence	picture	of	the	LFQM.
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178 II. LIGHT-FRONT QUARKMODEL APPLICATION
179 TO PION DECAY CONSTANT AND
180 DISTRIBUTION AMPLITUDE

181 The essential aspect of the LFQM [23–29] for the qq̄
182 bound state meson with the total momentum P is to saturate
183 the Fock state expansion by the constituent q and q̄. In this
184 approach, the Fock state is treated in a noninteracting qq̄
185 representation, while the interaction is incorporated into the
186 mass operator via M ≔ M0 þ Vqq̄, ensuring compliance
187 with the Poincaré group structure, specifically the commu-
188 tation relations for the two-particle bound state system. The
189 interactions are then encoded in the LF wave function

190 ΨJJz
λqλq̄

ðpq;pq̄Þ, which is the eigenfunction of the mass
191 operator.
192 The four-momentum P of the meson in terms of the LF
193 components is defined as P ¼ ðPþ; P−;P⊥Þ, and we take
194 the metric convention as P2 ¼ PþP− − P2

⊥, using the
195 metric convention a · b ¼ ðaþb− þ a−bþÞ=2 − aT · bT .
196 The meson state jMðP; J; JzÞi≡ jMi of momentum P
197 and spin ðJ; JzÞ can be constructed as

jMi ¼
Z

½d3pq&½d3pq̄&2ð2πÞ3δ3ðP − pq − pq̄Þ

×
X

λq;λq̄

ΨJJz
λqλq̄

ðpq;pq̄Þjqðpq; λqÞq̄ðpq̄; λq̄Þi; ð1Þ

198199 where pμ
qðq̄Þ and λqðq̄Þ are the momenta and the helicities of

200 the on-mass shell ðp2
qðq̄Þ ¼ m2

qðq̄ÞÞ constituent quark (anti-

201 quark), respectively. Here, ½d3p&≡ dpþd2p⊥=ð16π3Þ. The
202 LF on-shell momenta pqðq̄Þ of qðq̄Þ are defined in terms of
203 the LF relative momentum variables ðx;k⊥Þ as
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204205 which satisfies ðpq þ pq̄Þ2 ¼ M2
0. One may define the

206 longitudinal momentum fraction x in terms of the momen-
207 tum variable kz as [23,24]

x ¼ E1 þ kz
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; 1 − x ¼ E2 − kz
E1 þ E2
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208209 where Ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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i þ k⃗2
q

is the kinetic energy of ith-con-

210 stituent and k⃗ ¼ ðk⊥; kzÞ so that M0 ¼ E1 þ E2. For the
211 equal quark and antiquark mass case (E1 ¼ E2 ¼ E),M2

0 ¼
212 4E2 and kz ¼ ðx − 1

2ÞM0.
213 In terms of the LF relative momentum variables ðx;k⊥Þ,
214 the boost-invariant meson mass squared is given by

M2
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k2
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x
þ k2

⊥ þm2

1 − x
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215216where m ¼ mq ¼ mq̄ for the pion case. The LF wave
217function of the pion is generically given by

Ψλqλq̄ðx;k⊥Þ ¼ ϕðx;k⊥ÞRλqλq̄ðx;k⊥Þ; ð5Þ

218219where ϕðx;k⊥Þ is the radial wave function, and
220Rλqλq̄ðx;k⊥Þ is the spin-orbit wave function that is obtained
221by the interaction independent Melosh transformation [47]
222from the ordinary spin-orbit wave function assigned by the
223quantum number JPC. The covariant form of Rλqλq̄ for the
224pion is given by [23,24]
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228229where pRðLÞ ¼ px ' ipy. Equation (7) can be expressed in
230terms of ðx;k⊥Þ variables defined in Eq. (2).
231The interactions between q and q̄ are included in the
232mass operator [40,41] to compute the mass eigenvalue of
233the meson state. In our LFQM, we treat the radial wave
234function ϕðx;k⊥Þ as a trial function for the variational
235principle to the QCD-motivated effective Hamiltonian
236saturating the Fock state expansion by the constituent q
237and q̄. The QCD-motivated Hamiltonian for a description
238of the ground and radially excited meson mass spectra is
239then given by Hqq̄jΨi ¼ ðM0 þ Vqq̄ÞjΨi ¼ Mqq̄jΨi, where
240Mqq̄ and Ψ ¼ Ψλqλq̄ are the mass eigenvalue and eigen-
241function of the qq̄ meson, respectively. The detailed mass
242spectroscopic analysis for the ground and radially excited
243mesons can be found in Refs. [27,28,31,32,48].
244For the 1S state radial wave function ϕðx;k⊥Þ, we use
245the Gaussian wave function

ϕðx;k⊥Þ ¼
4π3=4

β3=2

ffiffiffiffiffiffiffi
∂kz
∂x

r
expð−k⃗2=2β2Þ; ð8Þ

246247where β is the variational parameter fixed by the analysis of
248meson mass spectra [27,28,48]. For mq ¼ mq̄ ¼ m case,

249the Jacobian of the variable transformation fx;k⊥g → k⃗ ¼
250ðk⊥; kzÞ is given by ∂kz

∂x ¼ M0

4xð1−xÞ. The normalization of our
251Gaussian radial wave function is then given by
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218219where ϕðx;k⊥Þ is the radial wave function, and
220Rλqλq̄ðx;k⊥Þ is the spin-orbit wave function that is obtained
221by the interaction independent Melosh transformation [47]
222from the ordinary spin-orbit wave function assigned by the
223quantum number JPC. The covariant form of Rλqλq̄ for the
224pion is given by [23,24]

Rλqλq̄ ¼
ūλqðpqÞγ5vλq̄ðpq̄Þffiffiffi

2
p

M0

; ð6Þ

225226and it satisfies
P

λ0s R
†R ¼ 1. The explicit matrix form of

227Rλqλq̄ for the pion is given by

Rλqλq̄ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþ
q p

þ
q̄

q
M0

 
pþ
q pL

q̄ −pL
qp

þ
q̄ mðpþ

q þpþ
q̄ Þ

−mðpþ
q þpþ

q̄ Þ pþ
q pR

q̄ −pR
qp

þ
q̄

!

;

ð7Þ

228229where pRðLÞ ¼ px ' ipy. Equation (7) can be expressed in
230terms of ðx;k⊥Þ variables defined in Eq. (2).
231The interactions between q and q̄ are included in the
232mass operator [40,41] to compute the mass eigenvalue of
233the meson state. In our LFQM, we treat the radial wave
234function ϕðx;k⊥Þ as a trial function for the variational
235principle to the QCD-motivated effective Hamiltonian
236saturating the Fock state expansion by the constituent q
237and q̄. The QCD-motivated Hamiltonian for a description
238of the ground and radially excited meson mass spectra is
239then given by Hqq̄jΨi ¼ ðM0 þ Vqq̄ÞjΨi ¼ Mqq̄jΨi, where
240Mqq̄ and Ψ ¼ Ψλqλq̄ are the mass eigenvalue and eigen-
241function of the qq̄ meson, respectively. The detailed mass
242spectroscopic analysis for the ground and radially excited
243mesons can be found in Refs. [27,28,31,32,48].
244For the 1S state radial wave function ϕðx;k⊥Þ, we use
245the Gaussian wave function

ϕðx;k⊥Þ ¼
4π3=4

β3=2

ffiffiffiffiffiffiffi
∂kz
∂x

r
expð−k⃗2=2β2Þ; ð8Þ

246247where β is the variational parameter fixed by the analysis of
248meson mass spectra [27,28,48]. For mq ¼ mq̄ ¼ m case,

249the Jacobian of the variable transformation fx;k⊥g → k⃗ ¼
250ðk⊥; kzÞ is given by ∂kz

∂x ¼ M0

4xð1−xÞ. The normalization of our
251Gaussian radial wave function is then given by
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Optimized	model	parameters(in	unit	of	GeV)	and	1S	state	meson	mass	spectra
Model

Linear 0.22 0.45 1.8 5.2 0.366 0.389 0.413 0.468 0.502 0.651 0.527 0.571 0.807 1.145

HO 0.25 0.48 1.8 5.2 0.319 0.342 0.368 0.422 0.469 0.699 0.496 0.574 1.035 1.803

𝑚! 𝛽!! 𝛽"! 𝛽"" 𝛽!# 𝛽"# 𝛽## 𝛽!$ 𝛽"$ 𝛽#$ 𝛽$$𝑚" 𝑚# 𝑚$

𝑀0 10 = Ψ 𝐻0 10 Ψ
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TABLE IV. Decay constants in the singlet-octet basis and the
mixing angle in the quark-flavor basis.

Reference f8/fπ θ8 f1/fπ θ1 α

This work 1.30 −27.3◦ 1.16 −8.6◦ 36.3◦

[42] 1.26 −21.2◦ 1.17 −9.2◦ 39.3◦

[44] 1.28 −20.5◦ 1.25 −4◦ −
[49] 1.51 −23.8◦ 1.29 −2.4◦ 40.7◦

[50] 1.27 −19.5◦ 1.17 −5.5◦ 42.1◦

predictions of heavy-light and heavy quarkonia systems such
as (ηc,J/ψ,Bc,ηb,ϒ) compared to the CJ model adopting the
contact hyperfine interaction. Although the experimental data
for B∗

c is not yet available, our predictions of B∗
c , i.e., 6330+3

−5
MeV, are quite comparable with the lattice prediction 6331(9)
MeV [47] as well as other quark model predictions such as
6340 MeV [32] and 6345.8 MeV [48].

In Table III, we list our predictions for the decay constants
of light mesons (π,K,ρ,K∗) obtained by using the mixed wave
function ( of 1S and 2S HO states and compare them with
the results from the CJ model [16] and the experimental data
[45]. As one can see, our updated model calculation including
the hyperfine interaction in the variation procedure clearly
improves the results over the CJ model.

For the decay constant of the φ meson, our prediction
for the ideal mixing angle (αω−φ

ideal = 90◦) is given by fφ =
f V

ss̄ = 245.1 MeV. However, we obtain fφ = f V
ss̄ = 226 MeV

using our predicted mixing angle αω−φ = 84.8◦. Comparing
to the experimental value f

exp
φ = 233 MeV [45] (extracted

from the partial width of φ → e+e− decay), our prediction
for fφ prefers a rather small ω − φ mixing angle such as
αω−φ ≃ 87.5◦ than the ideal mixing.

For the decay constants of η and η′, our predictions of the
decay constants fq and fs are given by fq = 130 MeV and
fs = 184.8 MeV so that fq/fπ = 1 and fs/fπ = 1.42, where
the SU(3) breaking effect is manifest in the ratio fq/fs ̸= 1.
Using Eq. (14), we obtain f8/fπ = 1.30 and f1/fπ = 1.16
with θ8 = −27.3◦ and θ1 = −8.6◦, respectively. In Table IV,
we compare our results for the decay constants in the singlet-
octet basis and the mixing angle in the quark-flavor basis with
other theoretical predictions [42,44,49,50]. As one can see,
our results are consistent with other theoretical model results.

CJ Model Exp. This work CJ Model Exp. This work
(140)

K(494)
(548)
'(958)

D(1870)
Ds(1968)

c(2980)

B(5279)
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B*
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FIG. 2. (Color online) Fit of the ground state meson masses
[MeV] with the parameters given in Tables II and I compared with
the fit from our previous calculations using the CJ model [15] as
well as the experimental values. The (π,ρ) masses are our input
data. The (η,η′,ω,φ) masses are also used as input to find the
(η − η′) and (ω − φ) mixing angles. The theoretical error bars for
(cc̄,bc̄,bb̄) sectors are due to the usage of λ = (2+1

−1,2.3+1
−1,3

+2
−2) values,

respectively.

Since the experimental values are very well known for light
mesons, this improvement is very encouraging.

In Table V, we list our predictions for the charmed meson
decay constants (fD,fD∗ ,fDs

,fD∗
s
,fηc

,fJ/,) together with the
CJ model [23], lattice QCD [51–54], QCD sum rules [55],
relativistic Bethe-Salpeter (BS) model [56], relativized quark
model [57], and other relativistic quark model (RQM) [58] pre-
dictions as well as the available experimental data [45,59]. We
extract the experimental value (fJ/,)exp = (407 ± 5) MeV
from the data -exp(J/, → e+e−) = (5.55 ± 0.14) keV [45]

TABLE V. Charmed meson decay constants (in units of MeV) obtained from our updated LFQM. The theoretical error bars for fηc (J/ψ)

come from the variation of the smearing parameters σ , i.e., fηc(J/ψ)(2σ+σ
−σ ).

Model fD fD∗ fDs fD∗
s

fηc fJ/ψ

This work 208 230 231 260 353+22
−17 361−6

+7
CJ [23] 197 239 232 273 326 360
Lattice [51] 211 ± 3 ± 17 245 ± 20+3

−2 231 ± 12+8
−1 272 ± 16+3

−20 – –
QCD [52,53] 208 ± 7 [52] – 250 ± 7 [52] – 387 ± 7 [53] 418 ± 9 [53]
Sum rules [55] 201+12

−23 242+20
−12 238+13

−23 293+19
−14 – –

BS [56] 230 ± 25 340 ± 23 248 ± 27 375 ± 24 292 ± 25 459 ± 28
QM [57] 240 ± 20 – 290 ± 20 – – –
RQM [58] 234 310 268 315 – –
Exp 206.7 ± 8.9 [45] – 257.5 ± 6.1 [45] – 335 ± 75 [59] 407 ± 5 [45]
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JP ¼ 0− [16]. This supports the interpretation of the
observed Ds0ð2590Þþ state as a standard quark-antiquark
radial excitation of the Dþ

s meson as claimed by the LHCb
Collaboration [16]. For making a definite conclusion on the
structure of the Ds0ð2590Þþ, however, we still need more
detailed and precise experimental studies on various pro-
perties of the Ds0ð2590Þþ.
The LHCb Collaboration [36] also reported traces of

BJð5840Þ and BJð5960Þ, and confirmed the observation of
the BJð5960Þ by the CDF Collaboration [37]. Although
their existence as resonances awaits confirmation and their
quantum numbers are yet to be identified, these states are
suggested as the 2S states of B and B% mesons in Ref. [36].
However, if these are the Bð2SÞ and B%ð2SÞ states, then it
violates the mass hierarchy by giving ΔMP < ΔMV
as ΔMP ≈ 561 MeV and ΔMV ≈ 635 MeV. This is in
contradiction with our predictions on the mass gaps,
ΔMP ≈ 612 MeV and ΔMV ≈ 561 MeV, which observe
the relation ΔMP > ΔMV . Therefore, verifying the Bð2SÞ
and B%ð2SÞ states is crucial to understand the structure of
the radially excited heavy meson states. Experimental
searches for these states in B, B%, Bs, and B%

s are thus
highly anticipated.
The top panel of Fig. 3 shows the mass spectra of the 1S

and 2S state heavy mesons. The middle panel of Fig. 3
represents the mass gaps between the 1S and 2S state
mesons and the four different contributions to this mass gap

(ΔMKin, ΔMConf , ΔMCoul, ΔMHyp) are depicted in the
bottom panel of Fig. 3. The dashed and solid lines in the
upper and middle panels represent our results obtained with
the pure (θ ¼ 0°) and mixed (θ ¼ 12°) cases, respectively.
The decomposition of ΔM shown in the bottom panel of
Fig. 3 is for the mixed case. We also note in this
taxonomical analysis that the contributions of the heavier
and lighter quarks in the kinetic energy part are further
separated and denoted as “Kin 1” and “Kin 2,” respectively,
when the quark contents are different. As one can see from
the mass gap ΔM, the observed mass gap relation,
ΔMP > ΔMV , cannot be realized without introducing the
mixing angle. It is also interesting to see from the available
data that the mass gaps between the 1S and 2S states are
around 600 MeV, and the values are almost flavor-indepen-
dent. Similar mass gap is also observed for the radially
excited states of baryons with various flavors [38].
While the mass gap ΔM seems almost flavor-indepen-

dent as shown in the middle panel of Fig. 3, the four
different contributions, (ΔMKin, ΔMConf , ΔMCoul, ΔMHyp),
which make up ΔM, are flavor-dependent as one can see
from the bottom panel of Fig. 3. For instance, comparing
the Coulomb and confinement interactions, one can easily
find from Eq. (17) that ΔMConf ∝ β−1 while ΔMCoul ∝ β.
This relation provides an intuitive explanation for the
observation that the confinement is dominant at large
distances, while the Coulomb interaction arising from

FIG. 3. Upper: mass spectra of 1S and 2S state heavy mesons in the pure and mixed configurations. The experimental data are taken
from Ref. [23] and the recent observation of the LHCb Collaboration [16]. Middle: the mass gap between the 1S and 2S heavy mesons.
The masses of all the 2S states are given relative to the 1S state masses. The mass gap is observed to be around 600MeV regardless of the
quark flavor contents. Lower: the computed component of the mass gap. When the quark and antiquark have different masses, the
contribution of the heavier (lighter) quark in H0 is denoted as Kin 1 (Kin 2). Due to the negative sign of Hyp V contribution, the portion
in red should be understood as a subtracted part not as an added part.
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ϵμð"1Þ ¼
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0;

2

Pþ ϵ⊥ð"Þ · P⊥; ϵ⊥ð"Þ
"
;

ϵμð0Þ ¼ 1

M0

!
Pþ;

−M2
0 þ P2

⊥
Pþ ;P⊥

"
; ð11Þ

where

ϵ⊥ð"1Þ ¼ ∓ 1ffiffiffi
2

p ð1;"iÞ; ð12Þ

so that the spin-orbit wave functions RJJz
λqλq̄

satisfy the

unitary condition automatically, i.e., hRJJz
λqλq̄

jRJJz
λqλq̄

i ¼ 1.
For the 1S and 2S state radial wave functions Φns of

Eq. (9), we allow the mixing between the two lowest order
HO wave functions (ϕ1S;ϕ2S) by writing

!Φ1S

Φ2S

"
¼

!
cos θ sin θ

− sin θ cos θ

"!
ϕ1S

ϕ2S

"
; ð13Þ

where

ϕ1Sðx;k⊥Þ ¼
4π3=4

β3=2

ffiffiffiffiffiffiffi
∂kz
∂x

r
e−k

2=2β2 ;

ϕ2Sðx;k⊥Þ ¼
4π3=4ffiffiffi
6

p
β7=2

ð2k2 − 3β2Þ
ffiffiffiffiffiffiffi
∂kz
∂x

r
e−k

2=2β2 ; ð14Þ

and β is the parameter which is inversely proportional to the
range of the wave function and can be used as the
variational parameter in our mass spectroscopic analysis.
It should be noted that the wave functions ϕnS include the
Jacobian factor ∂kz=∂x so that the HO bases ϕnS satisfy the
following normalization:

Z
1

0
dx

Z
d2k⊥
2ð2πÞ3

jϕnSðx;k⊥Þj2 ¼ 1: ð15Þ

From the orthonormality of ΦnSðn ¼ 1; 2Þ defined in
Eq. (13) and the unitarity of RJJz

λqλq̄
, one can easily see that

ΦnS and ΨJJz
nS of Eq. (9) satisfy the same normalization as

ϕnS. We denote ðΦ1S;Φ2SÞ for θ ≠ 0 and ðΦ1S;Φ2SÞ ¼
ðϕ1S;ϕ2SÞ for θ ¼ 0 as “mixed” and “pure” (1S, 2S) states,
respectively. As we shall discuss below, the mixing scheme
turns out to be crucial to reproduce the experimental data
for both masses and decay constants of heavy mesons.

B. Variational method to effective Hamiltonian
The present LFQM for the combined analysis of the 1S

and 2S state heavy mesons has several parameters, namely,
the constituent quark masses ðmq;ms;mc;mbÞ with mq
being the light u or d quark mass, the potential parameters
ða; b; αsÞ, the HO parameter β for each ðqq̄Þ content, and
the mixing angle θ. We first determine the values of these
parameters by reproducing the mass spectra based on the
variational principle. Then, we compute other observables
of heavy mesons such as decay constants, DAs, and
electromagnetic form factors.
Here we follow the procedure adopted in Refs. [10–13],

namely, we consider the central potential V0 ¼ VConf þ
VCoul as well as the kinetic energy H0 in the variational
calculation via

∂hΨqq̄jðH0 þ V0ÞjΨqq̄i
∂β

¼ 0: ð16Þ

Then, the remaining hΨqq̄jVhypjΨqq̄i is treated as a pertur-
bation so that we have β values common for both pseudo-
scalar and vector mesons of the same ðqq̄Þ content. This
constrains the model parameters. Since the spin-orbit wave
function satisfies the exact unitarity, we have the mass
eigenvalue of the meson as Mqq̄ ¼ hΨqq̄jHqq̄jΨqq̄i ¼
hΦnSjHqq̄jΦnSi. The analytic forms of the mass eigenvalues
ðM1S

qq̄;M2S
qq̄Þ for the mixed (1S, 2S) state mesons are then

obtained as

M1S
qq̄ ¼

βffiffiffi
π

p
X
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þ
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β

ffiffiffi
π
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!
3 − c21 − 2

ffiffiffi
2

3

r
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"
−
4αsβ
9

ffiffiffi
π

p
!
5þ c21 þ 6

ffiffiffi
2

3

r
c1c2

"
þ
16αsβ3hSq · Sq̄i

9mqmq̄
ffiffiffi
π

p ð3 − c21 þ 2
ffiffiffi
6

p
c1c2Þ;

M2S
qq̄ ¼ M1S

qq̄ðc1 → −c2; c2 → c1Þ; ð17Þ

where ðc1; c2Þ ¼ ðcos θ; sin θÞ, zi ¼ m2
i =β

2, KnðxÞ is the
modified Bessel function of the second kind of order n, and
Uða; b; zÞ is the Tricomi’s (confluent hypergeometric)
function. The mass eigenvalues for the pure (1S, 2S) states
can be read by setting θ¼0, i.e., (c1¼1, c2 ¼ 0) in Eq. (17).

In order to explore the mixing effects and to determine
the optimal value of the mixing angle θ, we utilize the
empirical constraint on the mass gap ΔMPðVÞ ¼ M2S

PðVÞ −

M1S
PðVÞ between the 1S and 2S state heavy pseudoscalar and
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for both masses and decay constants of heavy mesons.

B. Variational method to effective Hamiltonian
The present LFQM for the combined analysis of the 1S

and 2S state heavy mesons has several parameters, namely,
the constituent quark masses ðmq;ms;mc;mbÞ with mq
being the light u or d quark mass, the potential parameters
ða; b; αsÞ, the HO parameter β for each ðqq̄Þ content, and
the mixing angle θ. We first determine the values of these
parameters by reproducing the mass spectra based on the
variational principle. Then, we compute other observables
of heavy mesons such as decay constants, DAs, and
electromagnetic form factors.
Here we follow the procedure adopted in Refs. [10–13],

namely, we consider the central potential V0 ¼ VConf þ
VCoul as well as the kinetic energy H0 in the variational
calculation via

∂hΨqq̄jðH0 þ V0ÞjΨqq̄i
∂β

¼ 0: ð16Þ

Then, the remaining hΨqq̄jVhypjΨqq̄i is treated as a pertur-
bation so that we have β values common for both pseudo-
scalar and vector mesons of the same ðqq̄Þ content. This
constrains the model parameters. Since the spin-orbit wave
function satisfies the exact unitarity, we have the mass
eigenvalue of the meson as Mqq̄ ¼ hΨqq̄jHqq̄jΨqq̄i ¼
hΦnSjHqq̄jΦnSi. The analytic forms of the mass eigenvalues
ðM1S

qq̄;M2S
qq̄Þ for the mixed (1S, 2S) state mesons are then

obtained as

M1S
qq̄ ¼

βffiffiffi
π

p
X

i¼q;q̄

$
ziezi=2

%
1

3
c22ð3 − ziÞziK2

!
zi
2

"
þ 1

6
ð9 − 3c21 þ 2c22z

2
i − 6

ffiffiffi
6

p
c1c2ÞK1

!
zi
2

"&

þ
ffiffiffi
π

p
ð

ffiffiffi
6

p
c1c2 − 3c22ÞUð−1=2;−2; ziÞ

'

þ aþ b
β

ffiffiffi
π

p
!
3 − c21 − 2

ffiffiffi
2

3

r
c1c2

"
−
4αsβ
9

ffiffiffi
π

p
!
5þ c21 þ 6

ffiffiffi
2

3

r
c1c2

"
þ
16αsβ3hSq · Sq̄i

9mqmq̄
ffiffiffi
π

p ð3 − c21 þ 2
ffiffiffi
6

p
c1c2Þ;

M2S
qq̄ ¼ M1S

qq̄ðc1 → −c2; c2 → c1Þ; ð17Þ

where ðc1; c2Þ ¼ ðcos θ; sin θÞ, zi ¼ m2
i =β

2, KnðxÞ is the
modified Bessel function of the second kind of order n, and
Uða; b; zÞ is the Tricomi’s (confluent hypergeometric)
function. The mass eigenvalues for the pure (1S, 2S) states
can be read by setting θ¼0, i.e., (c1¼1, c2 ¼ 0) in Eq. (17).

In order to explore the mixing effects and to determine
the optimal value of the mixing angle θ, we utilize the
empirical constraint on the mass gap ΔMPðVÞ ¼ M2S

PðVÞ −

M1S
PðVÞ between the 1S and 2S state heavy pseudoscalar and
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vector mesons. The mass gap ΔMPðVÞ for pseudoscalar
(vector) mesons in our LFQM is decomposed as

ΔMPðVÞ ¼ ΔMKin
PðVÞ þ ΔMConf

PðVÞ þ ΔMCoul
PðVÞ þ ΔMHyp

PðVÞ; ð18Þ

where we separate the four different contributions, i.e., H0,
VConf , VCoul, and VHyp, to the total mass gap for the
taxonomical analysis in our numerical calculations. From
the available experimental data for the 1S and 2S state heavy
meson pairs, ðD;D%Þ, ðηc; J=ΨÞ, and ðηb;ϒÞ [23], we
observe that the mass gaps between pseudoscalar mesons
ðΔMPÞ are greater than the corresponding mass gaps
between vector mesons ðΔMVÞ, i.e., ΔMP > ΔMV . In our
LFQM calculation, ΔMKinþConfþCoul

P ¼ ΔMKinþConfþCoul
V

due to the usage of common β parameters for both pseudo-
scalar and vectormesons of the same quark flavor contents as
shown in Eq. (17), and thus the mass gap is exclusively
governed by the hyperfine interaction VHyp and can be
readily obtained as

ΔMP − ΔMV ¼ ΔMHyp
P − ΔMHyp

V

¼ Cð2
ffiffiffi
6

p
sin 2θ − cos 2θÞ; ð19Þ

where C ¼ 16αsβ3=ð9mqmq̄
ffiffiffi
π

p
Þ.

Equation (19) combined with the relation ΔMP > ΔMV
provides a very important constraint on the mixing angle θ.
It is evident that the pure (ϕ1S;ϕ2S) states with θ ¼ 0°
always leads to ΔMP < ΔMV , which shows that the
introduction of the mixing is inevitable. Furthermore,
one can find that the condition of ΔMP > ΔMV gives
the constraint,

1

2
cot−1ð2

ffiffiffi
6

p
Þ < θ <

π
4
: ð20Þ

This concludes that the lower bound of the physical mixing
angle, θc, is determined as θ > θc ¼ cot−1ð2

ffiffiffi
6

p
Þ=2 ≃ 6°.

C. Model parameters

As we have discussed in the previous subsection, the
parameters of heavymesons in thepresentmodel for ð1S; 2SÞ
state mesons include four quark masses ðmq;ms;mc;mbÞ
with ðq ¼ u; dÞ, seven variational HO parameters
ðβqc; βsc; βqb; βsb; βcc; βcb; βbbÞ, three potential parameters
ða; b; αsÞ, and the mixing angle θ. The variational principle
in Eq. (16) leads to a constraint in the parameter space,

which relates the strong coupling constant αs and the other
parameters, i.e., αs ¼ αsðθ; a; b; mq;mq̄; βqq̄Þ. This indi-
cates that the variational parameters βqq̄ are automatically
determined once other model parameters such as the quark
masses, the strong coupling constant, the string tension, and
the mixing angle are fixed.
In this study of heavy mesons, we take mq ¼ 0.22 GeV,

ms ¼ 0.45 GeV, and the widely-used string tension b ¼
0.18 GeV2 [17,34,35] as inputs, which were adopted in our
previous LFQM analysis [10–13] for the 1S state mesons.
This leaves five parameters, i.e., ðmc;mb; a; αs; θÞ, to be
determined. In order to determine those five unknowns, we
use two masses of the 1S state heavy mesons as inputs.
Among many possible choices of two input masses, we find
that the use of the ðηb; B%Þ pair masses as inputs produces
other mesonmasses well enough compared to the data. Since
we have only two equations ðMηb ;MB% Þ with five unknowns
to be determined, we first try to find the best fit parameters for
the pure ð1S; 2SÞ state case without mixing (θ ¼ 0°). In this
case, we need to choose two input parameters from
ðmc;mb; a; αsÞ. Through our analyses with various combi-
nations, we found thatmc ¼ 1.68 GeV andmb ¼ 5.10 GeV
give satisfactory results. We then obtain the remaining
potential parameters, a ¼ −0.538 GeV and αs ¼ 0.425,
by solving Eq. (17) for ðM1S

ηb ;M
1S
B% Þ using their measured

values.We also note thatVConf andVCoul are flavor- and scale-
independent so that the confining potential constant a and the
strong coupling αs are the same for all heavy mesons
considered in this work. Therefore, once a and αs are
determined, the values of seven β parameters are automati-
cally computed and all the other meson masses are our
predictions.
Using the same quark masses ðmq;ms;mc;mbÞ and the

string tension b as in the θ ¼ 0° case but taking into account
of the two experimental constraints, ΔMHyp

P > ΔMHyp
V and

f1S > f2S, we obtain the optimum value θ ¼ 12° of the
mixing angle as well as other model parameters to cover
both charm and bottom flavors of the heavy quark. We
should note that the mixing angle in general depends on the
quark flavor contents of mesons, e.g., we find θ ¼ 9.8°,
17.6°, and 13.9° for ðD;D%Þ, ðηc; J=ΨÞ, and ðηb;ϒÞ, using
the measured masses [23] and the potential model para-
meters in Table I, respectively. The paucity of data however
does not allow us to estimate the mixing angles for the other
mesons. The scope of this work is thus not to use all the
different mixing angles in our heavy meson analysis but to
explain the observed experimental data for various physical

TABLE I. The constituent quark masses, potential parameters ða; b; αsÞ, and variational parameters βqq̄ for the pure and mixed
scenarios. The quark masses, potential parameter a, and variational parameters β are in the units of GeV, while the string constant b is in
the unit of GeV2. The strong coupling αs is dimensionless and q ¼ u, d.

Mixing angle mq ms mc mb b a αs βqc βsc βqb βsb βcc βcb βbb

Pure ðθ ¼ 0°Þ 0.22 0.45 1.68 5.10 0.18 −0.538 0.425 0.500 0.537 0.585 0.636 0.699 0.906 1.376
Mixed ðθ ¼ 12°Þ −0.543 0.433 0.424 0.455 0.495 0.538 0.592 0.767 1.167
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•	Most	Previous	LFQM:	Apply	BT	(𝑀 →	𝑀()	only	to	the	matrix	element.	
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•	In	our	LFQM:	Apply	BT	(𝑀 →	𝑀()		equally	to	both	sides

𝑃′|H𝑞	 Γ"	𝑞|P = ℘"	ℱ
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ℱ = 𝑃′|
H𝑞	 Γ"𝑞
℘"

|P becomes	independent	of	the	current	components!

New development of  a  “self-consistent” LFQM based on the BT construction.
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General	structure	for	𝑃(𝑃) → 𝑃(𝑃8)	transition:

For	elastic	process,	
only	gauge	invariant	form	factor	𝐹 𝑞$ 	survives!

𝑃′|H𝑞	 𝛾"	𝑞|P = ℘"	𝐹6 𝑞$
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℘ P 𝑞 = 0

Pion	Form	Factor



𝑃′|H𝑞	 𝛾"	𝑞|P = ℘"	𝐹6 𝑞$ ,

In	𝑞% = 0	frame,

℘" =	 (𝑃 + 𝑃8)"	−	𝑞"
(𝑀$ −𝑀8$)

𝑞$

4

the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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and it satisfies
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(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function
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where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
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dx
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B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q
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since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
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(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q
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? + m2

q
k02
? + m2
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(29)
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d
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(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
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⇡ =
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0
dp
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1
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u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)

4

the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)

4

the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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TABLE II: The operators O(`)
LFQM and their helicity contributions to the pion form factor in the standard LFQM.

�
(`)
c

O(`)
LFQM H (`)

("!")+(#!#) H (`)
("!#)+(#!")

�
(+)
c

k? · k0? + <
2 k? · k0? + <

2 0
�
(?)
c

k? · k0? + <
2 k? · k0? + <

2 0

�
(�)
c

2(1�G )q2
?"

2
0 (k? ·k0

?+<2+q? ·k0
? )

G [2"02
0 q2

?+q4
?+("2

0 �"
02
0 )2 ]

2q2
? { (k? ·k0

?+<2 ) (k2
?+k? ·q?+<2 )+(1�G ) (k?⇥q? )2 }

G
2 [2"02

0 q2
?+q4

?+("2
0 �"

02
0 )2 ]

2q2
? { (1�G )<2q2

? }
G

2 [2"02
0 q2

?+q4
?+("2

0 �"
02
0 )2 ]

corresponds to the valence contribution O(�)val
LFQM to the pion

form factor in the LFQM.
In other words, the use of O(�)

BS corresponds to the Lorentz
factor P(�) with instead of using O(�)

LFQM in Eq. (26) corre-
sponds to the valence contribution to the pion form factor in
the @

+ = 0 frame.

C. Quark mass evolution

Contrary to quark models or LFQM, which employ a phe-
nomenological constant constituent quark mass, an alternative
approach rooted in QCD quantum field theory is the utiliza-
tion of the BS equation along with the Dyson-Schwinger (DS)
equations for the quark propagators, gluon propagator, and
vertices. A noteworthy outcome of the DS calculations [? ? ]
is the determination of the effective running mass, <(?2) as a
function of the Euclidean momentum ?.

In our earlier study [? ], we examined the impact of the mass
evolution from current to constituent quark on the soft contri-
bution to the elastic pion form factor. This was accomplished
by employing a light-front BS (LFBS) model, which incorpo-
rates a running mass in a LFQM. Specifically, we introduced
two algebraic representations of the quark running mass: a
crossing asymmetric (CA) mass function, proportional to ?

2,
and a crossing symmetric (CS) mass function, proportional to
?

4. In Ref. [? ], we related the four momentum ?
2 to LF vari-

ables (G, k?) by utilizing the on-mass shell condition, denoted
as ?

2 = <
2 (?2). This condition indicates that the mock me-

son has no binding energy and results in the following relation:
?

2 = G(1 � G)"̃2 � k2
?, where "̃ = ("c + 3"d)exp/4 = 612

MeV.
In this study, we assess the impact of the quark running

mass on the pion form factor by considering the mass evolution
solely as a function of the momentum transfer&2, independent
of the specific forms of dynamics. To accomplish this, we
introduce two distinct algebraic representations of the quark
running mass as a function of the momentum transfer &2 in
the spacelike region:

<(&2) = <0 + (< � <0) exp
⇣
�&2/`2

⌘
,

<(&4) = <0 + (< � <0) exp
⇣
�&4/_4

⌘
, (30)

where <0 and < are the current and constituent quark masses,
respectively. The parameters ` and _ are used to adjust the
shape of the mass evolution so that the running mass yields

FIG. 2: Quark mass evolution <(&2) and <(&4) in spacelike
momentum transfer (&2

> 0) region.

a generic picture of the quark mass evolution from the low
energy limit of the constituent quark mass to the high energy
limit of the current quark mass. We use <0 = 5 MeV, < = 220
MeV, `

2 = 5 GeV2, and _
4 = 10 GeV4, respectively. In

Fig. 2, we show the quark mass evolution <(&2) and <(&4)
in spacelike momentum transfer (&2

> 0) region.
In our numerical calculations, we use the model param-

eters (<, V) = (0.22, 0.3659) [GeV] obtained in Ref. [? ?
] for linear confining potential model. The charge radius
[A2

c
= �63�c (&2)/3&2 |

&
2=0] and decay constant of the pion

obtained from this linear potential model parameters were pre-
dicted as Ac = 0.654 fm and 5c = 130 MeV, which are in
excellent agreement with the current PDG average value [? ]
of experimental data [? ? ? ], AExp

c
= (0.659 ± 0.004) fm and

5
Exp
c

= 131 MeV.
The left panel of Fig. 3 presents the pion form factor �c (&2)

up to&2 = 10 GeV2 when the constituent quark mass< = 0.22
GeV is used. The solid line corresponds to the complete result
(� (`)

c
), which remains entirely unaffected by the current com-

ponent (` = +,?,�). The results obtained from the valence
and helicity flip contributions originating from the minus cur-
rent �� are represented by the dashed and dotted lines, respec-
tively. Notably, the LF zero mode from �

� is the discrepancy
between the full result (solid line) and the valence contribution
(dashed line) in our LFQM. It is evident that the zero-mode
contribution from �

� is particularly significant in the very low
&

2 region. The helicity flip contribution, which is proportional

4

and it satisfies
Õ

_
0
B
R†R = 1. The explicit matrix form of

R_@_@̄ for the pion is given by

R_@_@̄ =
1q

2?+
@
?
+
@̄
"0

 
?
+
@
?
!

@̄
� ?

!

@
?
+
@̄

<(?+
@
+ ?

+
@̄
)

�<(?+
@
+ ?

+
@̄
) ?

+
@
?
'

@̄
� ?

'

@
?
+
@̄

!
,

(23)
where ?

' (!) = ?G ± 8?H . Eq. (23) can be expressed in terms
of (G, k?) variables defined in Eq. (19).

The interactions between @ and @̄ are included in the mass
operator [? ? ] to compute the mass eigenvalue of the
meson state. In our standard LFQM, we treat the radial wave
function q(G, k?) as a trial function for the variational principle
to the QCD-motivated effective Hamiltonian staurating the
Fock state exapnsion by the constituent @ and @̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by �@@̄ | i = ("0 + +@@̄) | i =
"@@̄ | i, where "@@̄ and  =  _@_@̄ are the mass eigenvalue
and eigenfunction of the @@̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [? ? ? ? ?
].

For the 1( state radial wave function q(G, k?), we use the
Gaussian wave function

q(G, k?) =
4c3/4

V
3/2

r
m:I

mG

exp(�Æ:2/2V2), (24)

where V is the variational parameter fixed by the analysis of
meson mass spectra [? ? ? ]. For <@ = <@̄ = < case,
the Jacobian of the variable transformation {G, k?} ! Æ

: =
(k?, :I) is given by m:I

mG
= "0

4G (1�G ) . The normalization of our
Gaussian radial wave function is then given by

π 1

0
3G

π
3

2k?
16c3 |q(G, k?) |2 = 1. (25)

B. Pion form factor in the @
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in @

+ = 0 frame can be obtained from
two different methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the @

+ = 0 frame as follows

�
SLF(`)
c

(&2) =
π 1

0
3G

π
3

2k?
16c3

q(G, k?)q0 (G, k0
?)q

k2
? + <

2
q

k02
? + <

2
O(`)

LFQM,

(26)
where the operators O(`)

LFQM = O(`)
BS (" (0) ! "

(0)
0 ) are given

in Table I. We should note that �"2 is non-zero (�"2 =
"

2
0 � "

02
0 ) in the standard LFQM while it is zero (�"2 =

"
2�"

02) in the covariant BS model. One can also easily find

that �SLF(+)
c

and �
SLF(?)
c

are completely identical even in the
analytic form since the term (q2

?+2k? ·q? )
q2
?�"2

0+"
02
0

= G in �
SLF(?)
c

(&2).

While the analytic form of �SLF(�)
c

obtained from the minus
component of the current is different, we confirm numerically
that it gives exactly the same &

2 dependence as �
SLF(+)
c

=
�

SLF(?)
c

.
(Method 2) Direct standard LFQM calculation: In the

@
+ = 0 frame, the pion form factor �

SLF(`)
c

in the one-loop
contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

�
SLF(`)
c

=
π 1

0
dG

π
d2k?
16c3 q

0 (G, k0
?)q(G, k?)

⇥ 1
P(`)

’
_
0
B

R†
_2_̄


D̄_2 (?2)p

G2
W
`
D_1 (?1)p

G1

�
R
_1_̄,

(27)

where P(`) is the Lorentz factor defined in the right-hand
side of Eq. (4), i.e. P(`) = (% + %

0)` � @
`�"2/@2 but with

the replacement " (0) ! "
(0)
0 within the integrand. Using

the spin-orbit wave function defined in Eq. (23) and the Dirac
matrix elements for the helicity spinors defined in Table II of
Ref. [? ], we confirmed that our direct result obtained from
Eq. (27) is completely equivalent to the one given by Eq. (26).
The virtue of this direct calculation is to analyze the form factor
in terms of the helicity contributions, i.e., we could express
the operator O(`)

LFQM in terms of helicity components as

O(`)
LFQM =

’
_
0
B

H(`)
_1_̄!_2_̄

, (28)

for each component (` = ±,?) of the current. In Table II,
we summarize H(`)

_1_̄!_2_̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(`)
("!")+(#!#) ⌘

Õ
_̄
(H (`)

"_̄!"_̄+
H (`)

#_̄!#_̄) and H(`)
("!#)+(#!") ⌘ Õ

_̄
(H (`)

"_̄!#_̄ + H (`)
#_̄!"_̄), re-

spectively, so that O(`)
LFQM = H(`)

("!")+(#!#) + H (`)
("!#)+(#!") .

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to �c (&2)
when one uses the minus component of the current �` can be
identified as

�
ZM(�)
c

(&2) =
π 1

0
3G

π
3

2k?
16c3

q(G, k?)q0 (G, k0
?)q

k2
? + <

2
q

k02
? + <

2
�O(�)

ZM ,

(29)
where �O(�)

ZM = O(�)
LFQM � O(�)

BS . We should note that the O(�)
BS

given by Table I is obtained from using the physical pion mass
("c), i.e. " = "

0 = "c in the Lorentz factor P(�) , and thus

𝐹#
% (𝑄$) = 𝐹#

! (𝑄$) = 𝐹#
& (𝑄$)

"The	first	proof	of	the	pion	form	factor's	independence	
	from	current	components		in	the	LFQM!"

2

FIG. 1: The covariant triangle diagram (a) corresponds to the sum of the LF valence diagram (b) and the nonvalence diagram (c), where
� = q

+/P
+. The large white and black blobs at the meson-quark vertices in (b) and (c) represent the ordinary LF wave function and the

nonvalence wave function vertices, respectively.

(µ = ±,?) of the current as follows

F
(+)
⇡ =

J+em
2P+
,

F
(?)
⇡ =

J?
em · q?

�M2 � q2
?
,

F
(�)
⇡ =

q2
?P
+J�

em

2M 02q2
? + q4

? + (�M2)2
, (7)

where �M
2 = M

2 � M
02. If the nonvalence diagram

(P0+ < k
+ < P

+) does not vanish as q
+ ! 0, this nonva-

nishing contribution is called LF “zero mode". In the LF
calculation of the covariant BS model, we do not quantify the
possible zero modes for the calculations of F

(±,?)
⇡ given by

Eq. (7). Instead, we just determine the existence/nonexistence
of the zero mode contribution to F

(±,?)
⇡ by computing only the

valence contribution in the q
+ = 0 frame. We then compare

the covariant BS model to the standard LFQM discussed in the
next section and discuss the implication of the LF zero mode
between the two models.

The LF calculation for the trace term in Eq. (2) can be
separated into the on-shell propagating part S

µ
on and the in-

stantaneous part S
µ
inst, i.e. S

µ = S
µ
on + S

µ
inst, via the relation

between the Feynman propagator (/p +m) and the LF on-mass
shell propagator (/pon + m)

(/p + m) = (/pon + m) + �+ (p
� � p

�
on)

2
. (8)

The trace term S
µ
on obtained from the on-shell propagating part

is given by

S
µ
on = 4[pµ1on(p2on · kon + m

2) � k
µ
on(p1on · p2on � m

2)
+p

µ
2on(p1on · kon + m

2)], (9)

where

p1on =

✓
xP
+,

m
2 + k2

?
xP+

,�k?

◆
,

p2on =

✓
xP
+,

m
2 + (k? + q?)2

xP+
,�k? � q?

◆
,

kon =

✓
(1 � x)P+,

m
2 + k2

?
(1 � x)P+ , k?

◆
. (10)

The instantaneous contribution is obtained as

S
µ
inst = 2�p1

⇥
g+µ(k · p2 + m

2) + p
µ
2 k
+ � p

+
2 k

µ
⇤
,

+2�p2

⇥
g+µ(k · p1 + m

2) + p
µ
1 k
+ � p

+
1 k

µ
⇤
,

+2�k
⇥
g+µ(�p1 · p2 + m

2) + p
µ
1 p
+
2 + p

+
1 p

µ
2
⇤
,

+2�p1�p2 k
+g+µ, (11)

where �p = (p� � p
�
on). We note for the valence contribution

(i.e. k
� = k

�
on) that �p1(2) = (M2 � M

(0)2
0 )/P

+, where

M
(0)2
0 =

k(0)2
? + m

2

x
+

k(0)2
? + m

2

1 � x
(12)

is the invariant mass of the initial (final) state meson and
k0
? = k?+(1� x)q?. One can see from Eq. (11) that there is no

instantaneous contribution for the plus current, i.e. S
+
inst = 0.

Now, for the valence region (0 < x < 1) in the q
+ = 0 frame,

the LF amplitude obtained from the on-shell contribution is
given by

Jµ
em =

Nc

16⇡3

π 1

0

dx

(1 � x)

π
d

2k? �(x, k?)�0(x, k0
?)S

µ
on,

(13)
where

�(x, k?) =
g

[x(M2 � M
2
0 )][x(M2 � M

2
⇤)]
, (14)

for the vertex function with n = 1 case and M
2
⇤ = M

2
0 (mq !

⇤). The final state vertex function �0 is obtained from �
replacing k? with k0

?. The trace terms S
µ
on for each component

of the current are given by

S
+
on =

4P
+

1 � x
(k? · k0

? + m
2),

S
?
on = �2(2k? + q?)

x(1 � x) (k? · k0
? + m

2),

S
�
on =

4M
2
0

xP+
(k? · k0

? + m
2 + q? · k0

?). (15)

From Eqs. (7) and (13), we get the on-shell contributions to
the pion form factor for each current component (µ = ±,?) as
follows

F
(µ)
⇡ (Q2) = Nc

π 1

0
dx

π
d

2k?
8⇡3

�(x, k?)�0(x, k0
?)

(1 � x)2
O(µ)

BS , (16)
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FIG. 3: Left panel: Pion form factor F⇡ (Q2) showing the full result (solid line), independent of the current components. The dashed and
dotted lines represent the valence and helicity flip contributions from J

�, respectively. Right panel: Predictions of Q
2
F⇡ (Q2) obtained from

the constituent quark mass m = 220 MeV (solid line), m(Q2) (dotted line), and m
2(Q4) (dashed line), respectively. The experimental data are

taken from [34, 41–43].

contribution (dashed line) in our LFQM. It is evident that the
zero-mode contribution from J

� is particularly significant in
the very low Q

2 region. The helicity flip contribution, which is
proportional to m

2 (see Table II), exhibits notable magnitude
in the small Q

2 region within the constituent quark framework.
However, this contribution is absent in the chiral limit (m = 0).
The right panel of Fig. 3 ...

III. DECAY CONSTANT AND DISTRIBUTION
AMPLITUDE

In our recent research [24, 25], we establish the method to
obtain the pseudoscalar meson decay constant within our stan-
dard LFQM in a process-independent and current component-
independent manner. To provide a comprehensive under-
standing, we present the essential aspect required to attain
the Lorentz and rotational invariant result within our LFQM
framework.

The pion decay constant defined by the local operator with
axial vector, h0|q̄(0)�µ�5q(0)|⇡(P)i = i f⇡P

µ, can be obtained
as

f⇡ =
p

Nc

π 1

0
dx

π
d2k?
16⇡3 �(x, k?)

⇥ 1
iPµ

’
�1,�2

R�1�2


v̄�2 (p2)p

x2
�µ�5

u�1 (p1)p
x1

�
, (31)

where Nc = 3 arises from the color factor implicit in the wave
function. The final result of f⇡ in the most general P? , 0
frame is given as follows

f
(µ)
⇡ =

p
2Nc

π 1

0
dx

π
d2k?
16⇡3

�(x, k?)q
m2 + k2

?

O(µ)
A (x, k?), (32)

where the operators O(µ)
A derived from the current with µ =

(+,?) yield identical results, specifically O(+)
A = O(?)

A = 2m.
For the minus component of the current, if the physical pion
mass is used in the Lorentz factor P

� = (M2
⇡ + P2

?)/P
+, one

obtains O(�)
A = 2m(M2

0 + P2
?)/(M2

⇡ + P2
?), which we denote as

the operator for the valence contribution, O(�)val
A ⌘ 2m(M2

0 +

P2
?)/(M2

⇡ + P2
?) to f⇡ . However, O(�)

A becomes identical to
the results of µ = (+,?) as one replace M⇡ ! M0, which we
denotes as O(�)full

A = 2m. In other words, the LF zero-mode
contribution to f⇡ for the case of the minus component of the
axial vector current is given by

f
(�)ZM
⇡ =

p
2Nc

π 1

0
dx

π
d2k?
16⇡3

�(x, k?)q
m2 + k2

?

�O(�)
A , (33)

where �O(�)
A = O(�)full

A � O(�)val
A . We should note that the

final form of the full operator O(�)full
A for unequal quark mass

case is di�erent from those of O(+)
A = O(?)

A although the decay
constant itself is independent of the components the current as
we have shown in Ref. [25].

In this particular case of the equal quark and antiquark
mass, the pion distribution amplitude (DA) �⇡(x) is completely
independent of the current components and is given by

�⇡(x, µ0) =
p

2Nc

f⇡

π µ2
0 d2k?

16⇡3
2mq

m2 + k2
?

�(x, k?), (34)

which is normalized as
Ø 1
0 dx�⇡(x, µ0) = 1 at any scale µ0.

The DA provides information about the probability amplitudes
of finding the hadron in a state characterized by the minimum

𝐹#
% (𝑄$) = 𝐹#

! (𝑄$) = 𝐹#
& (𝑄$)

𝑓#
;<0= = 130	MeV

(Exp.=131	MeV)

𝑟#
;<0= = 0.654	fm

(Exp.=0.659 4 fm)
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x for µ0 < 0.5 GeV to convex for µ0 > 0.5 GeV. On the other
hand, in the absence of the Jacobi factor, the shape remains
convex regardless of the chosen scale µ0. In the right panel
of Fig. 4, we show the pion DA at initial scale µ2

0 = 1 GeV2

(solid black line), which is evolved to µ2 = 10 GeV2 (solid
blue line). We also compare our results with the asymptotic
result �Asy = 6x(1 � x) (solid red line), the AdS/CFT predic-
tion [35–37] �AdS = ⇡

p
x(1 � x)/8 (dashed line), and the result

of Dyson-Schwinger equations (DSEs) [38–40] �DB(x, ⇣H) =
20.227x(1� x)[1�2.5088

p
x(1 � x)+2.0250x(1� x)] (dotted

line) obtained from the dynamical-chiral-symmetry breaking-
improved (DB) truncations at the scale ⇣H = 0.30 GeV, respec-
tively.

IV. TMD AND PDF OF PION

A. TMD

Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)�+ (z)|Pi |z+=0 = f

q
1 (x, pT ),

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)� j

T (z)|Pi |z+=0 =
p
j
T

P+
f
q
3 (x, pT ),π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�� (z)|Pi |z+=0 =

⇣
m⇡

P+

⌘2
f
q
4 (x, pT ),

(39)

where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].

Integrating out the right-hand side of Eq. (39), one obtains
π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�µ (z)|Pi

=

π
dz

�

4⇡
e
ixP+z� hP | ̄(0)�µ (z�)|Pi

=

π
dz

�

4⇡
e
i(xP+�p+)z� hP | ̄(0)�µ (0)|Pi

=
�(x � p

+/P
+)

2P+
hP | ̄(0)�µ (0)|Pi, (40)

where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
as outlined in [55, 56]. Consequently, following this definition
as discussed in [55, 56], we have 2P

+
P
� = m

2
⇡ .

Then, Eq. (39) can be rewritten as follows

2P
+

π
dx f

q
1 (x) = hP | ̄(0)�+ (0)|Pi,

2pT

π
dx f

q
3 (x) = hP | ̄(0)�? (0)|Pi,

4P
�
π

dx f
q
4 (x) = hP | ̄(0)�� (0)|Pi, (41)

where the functions f (x) = { f
q
1 (x), f

q
3 (x), f

q
4 (x)} represent

the PDFs obtained through the integration of the corresponding
TMDs f (x, pT ) = { f

q
1 (x, pT ), f

q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows

hP |Jµ |Pi = lim
Q2!0

π
dp
+
1

π
d2k?
16⇡3 �0(x, k0

?)�(x, k?)

⇥ h
µ

�1�̄!�2�̄
, (43)

where h
µ

�1�̄!�2�̄
is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f
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1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.

which	are	related	with	the	forward	matrix	elements	 𝑃|H𝑞	 𝛾"	𝑞|P 	as

8

x for µ0 < 0.5 GeV to convex for µ0 > 0.5 GeV. On the other
hand, in the absence of the Jacobi factor, the shape remains
convex regardless of the chosen scale µ0. In the right panel
of Fig. 4, we show the pion DA at initial scale µ2

0 = 1 GeV2

(solid black line), which is evolved to µ2 = 10 GeV2 (solid
blue line). We also compare our results with the asymptotic
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IV. TMD AND PDF OF PION

A. TMD

Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]
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where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].
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where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
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the PDFs obtained through the integration of the corresponding
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As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).
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1
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In general, matrix elements of higher-twist operators can
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2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.
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obtained from the J
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from the fact that hP |J+ |Pi = 2P
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In general, matrix elements of higher-twist operators can
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2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.
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+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f

q
1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.

TMDPDF

EPJC76,415(2016)C.	Lorce,	B.	Pasquini,	P.	Schweitzer



4.	 Unpolarized	TMDs	of	pion

8

x for µ0 < 0.5 GeV to convex for µ0 > 0.5 GeV. On the other
hand, in the absence of the Jacobi factor, the shape remains
convex regardless of the chosen scale µ0. In the right panel
of Fig. 4, we show the pion DA at initial scale µ2

0 = 1 GeV2

(solid black line), which is evolved to µ2 = 10 GeV2 (solid
blue line). We also compare our results with the asymptotic
result �Asy = 6x(1 � x) (solid red line), the AdS/CFT predic-
tion [35–37] �AdS = ⇡

p
x(1 � x)/8 (dashed line), and the result

of Dyson-Schwinger equations (DSEs) [38–40] �DB(x, ⇣H) =
20.227x(1� x)[1�2.5088

p
x(1 � x)+2.0250x(1� x)] (dotted

line) obtained from the dynamical-chiral-symmetry breaking-
improved (DB) truncations at the scale ⇣H = 0.30 GeV, respec-
tively.

IV. TMD AND PDF OF PION

A. TMD

Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)�+ (z)|Pi |z+=0 = f

q
1 (x, pT ),

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)� j

T (z)|Pi |z+=0 =
p
j
T

P+
f
q
3 (x, pT ),π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�� (z)|Pi |z+=0 =

⇣
m⇡

P+

⌘2
f
q
4 (x, pT ),

(39)

where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].

Integrating out the right-hand side of Eq. (39), one obtains
π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�µ (z)|Pi

=

π
dz

�

4⇡
e
ixP+z� hP | ̄(0)�µ (z�)|Pi

=

π
dz

�

4⇡
e
i(xP+�p+)z� hP | ̄(0)�µ (0)|Pi

=
�(x � p

+/P
+)

2P+
hP | ̄(0)�µ (0)|Pi, (40)

where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
as outlined in [55, 56]. Consequently, following this definition
as discussed in [55, 56], we have 2P

+
P
� = m

2
⇡ .

Then, Eq. (39) can be rewritten as follows

2P
+

π
dx f

q
1 (x) = hP | ̄(0)�+ (0)|Pi,

2pT

π
dx f

q
3 (x) = hP | ̄(0)�? (0)|Pi,

4P
�
π

dx f
q
4 (x) = hP | ̄(0)�� (0)|Pi, (41)

where the functions f (x) = { f
q
1 (x), f

q
3 (x), f

q
4 (x)} represent

the PDFs obtained through the integration of the corresponding
TMDs f (x, pT ) = { f

q
1 (x, pT ), f

q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows

hP |Jµ |Pi = lim
Q2!0

π
dp
+
1

π
d2k?
16⇡3 �0(x, k0

?)�(x, k?)

⇥ h
µ

�1�̄!�2�̄
, (43)

where h
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�1�̄!�2�̄
is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f

q
1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.
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In general, matrix elements of higher-twist operators can
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FIG. 5: The twist-4 pion PDF, obtained using the methodology
from [56], while accounting the physical pion mass in P

�.

components arising from twist-2 and other terms [69–71]. The
EOM relations among the three TMDs in interacting quark
models were presented as [55, 56]

x f
q
3 (x, pT ) = x f̃

q
3 (x, pT ) + f

q
1 (x, pT ),

x
2

f
q
4 (x, pT ) = x

2
f̃
q
4 (x, pT ) +

p
2
T + m

2
q

2m
2
⇡

f
q
1 (x, pT ), (47)

where the tilde terms in quark models are referred to as
‘interaction-dependent’ terms. In QCD, they are in general
represented as quark-gluon-quark correlators.

The authors in [55, 56] used the traditional forward matrix
elements as hP |Jqµ |Pi = PµF

q(0), where Pµ = limQ2!0(P +
P
0)µ = 2P

µ, and F
q(0) = Nq = 1. So that, the authors

in [55, 56] obtained the sum rule

2
π

dx f
q
4 (x) =

π
dx f

q
1 (x) = 1, (48)

and the twist-3 TMD satisfies

x f
q
3 (x, pT ) = f

q
1 (x, pT ). (49)

This indicates thatπ
dx f

q
1 (x) = hP |J+ |Pi

P+ = 1,

2
π

dx f
q
4 (x) = hP |J� |Pi

P� = 1. (50)

First of all, while the first Mellin moment for f
q
1 (x) is correct,

the first Mellin moment for f
q
4 (x) does not satisfy Eq. (65)

due to the complication of the LF zero mode from the minus
component of the current.

The authors in [56] computed the twist-4 PDF f
q
4 (x) us-

ing essentially the same LFQM with the model parameters,

(m, �) = (0.25, 0.3194) GeV, but with the physical pion mass
in P

�.
Figure 5 shows f

q
4 (x) obtained from the method used in [56],

where we plot with two parameter sets, (m, �) = (0.25, 0.3194)
GeV and (0.22, 0.3659) GeV, respectively. Numerically, we
obtain π

dx f
q
4 (x) = 48.58 for m = 0.25 GeV,

= 66.45 for m = 0.22 GeV, (51)

which are notably di�erent from the expected value of 1/2.
This discrepancy arises because the calculation of f

q
4 (x) does

not adequately consider the zero-mode contribution to the J
�

current, as previously discussed in [55, 56].
In our current LFQM study, we have successfully in-

corporated the zero-mode contribution when dealing with
the J

� current in the computation of limQ2!0hP0 |Jqµ |Pi =
limQ2!0 PµF

q(Q2). This is achieved by replacing Pµ =
(P + P

0)µ with

Pµ = (P + P
0)µ � q

µ M
2 � M

02

q2 , (52)

as we discussed in this work. This enables us to satisfy the
sum-rules for µ = +,� components of the currents

π
dx f

(µ)(x) = lim
Q2!0

hP0 | J
µ

Pµ
|Pi = 1, (53)

where f
(+)(x) = f

q
1 (x) and f

(�) = 2 f
q
4 (x). Explicitly, f

(µ)(x)
satisfying Eq. (53) is given by

f
(µ)(x) =

π
d

2k? f
(µ)(x, k2

?),

= lim
Q2!0

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
Pµ

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(54)

where the unpolarized twist-2 and twist-4 TMDs are
f
q
1 (x, k2

?) = f
(+)(x, k2

?) and 2 f
q
4 (x, k2

?) = f
(�)(x, k2

?), respec-
tively, in our LFQM. We should note in Eq. (54) that the
physical meson masses M(M 0) should be replaced with the
invariant masses M0(M 0

0) in P�. This approach allows us to
e�ectively account for the zero mode contribution to f

q
4 (x).

On the other hand, the twist-3 TMD f
q
3 (x, k?), as defined

in Eq. (41), is evidently connected to f
q
1 (x, k?) in our LFQM

through the relationship x f
q
3 (x, k?) = f

q
1 (x, k?) as well as

x f
q
3 (x) = f

q
1 (x).

In Fig. 6, we show the 3-dimensional plots for the twist-2
and twist-4 TMDs of the pion, f

q
1 (x, k2

?) and f
q
4 (x, k2

?) (in
units of GeV�2) as a function of x and k2

? (in units of GeV2),
respectively. For the twist-2 TMD, the distribution of a quark
with a longitudinal momentum fraction x is identical to the
distribution of an antiquark with a longitudinal momentum

2Z𝑑𝑥	𝑓-
> 𝑥 	≠ 1

However…

Fails	to	meet	the	sum	rule	
due	to	the	absence	of	a	zero	mode!



C.	Lorce,	B.	Pasquini,	P.	Schweitzer

𝑃′|	 𝐽"	|P = �℘"	𝐹# 𝑞$

�℘" =	 (𝑃 + 𝑃8)"

1 = 𝐹# 𝑄$ = 0 = lim
0→(

𝑃′|	 𝐽"	|P
�℘"

EPJC76,415(2016)

Derivation	of	Sum	rules



C.	Lorce,	B.	Pasquini,	P.	Schweitzer

𝑃′|	 𝐽"	|P = �℘"	𝐹# 𝑞$

�℘" =	 (𝑃 + 𝑃8)"

lim
0→(

𝑃′|	 𝐽%	|P
�℘% = Z𝑑𝑥	𝑓'

> 𝑥

lim
0→(

𝑃′|	 𝐽&	|P
�℘&

= 2Z𝑑𝑥	𝑓-
> 𝑥

1 = 𝐹# 𝑄$ = 0 = lim
0→(

𝑃′|	 𝐽"	|P
�℘"

EPJC76,415(2016)

Derivation	of	Sum	rules



C.	Lorce,	B.	Pasquini,	P.	Schweitzer

𝑃′|	 𝐽"	|P = �℘"	𝐹# 𝑞$

�℘" =	 (𝑃 + 𝑃8)"

lim
0→(

𝑃′|	 𝐽%	|P
�℘% = Z𝑑𝑥	𝑓'

> 𝑥

lim
0→(

𝑃′|	 𝐽&	|P
�℘&

= 2Z𝑑𝑥	𝑓-
> 𝑥

= 1

≠ 1

1 = 𝐹# 𝑄$ = 0 = lim
0→(

𝑃′|	 𝐽"	|P
�℘"

EPJC76,415(2016)

Derivation	of	Sum	rules



C.	Lorce,	B.	Pasquini,	P.	Schweitzer

𝑃′|	 𝐽"	|P = �℘"	𝐹# 𝑞$

�℘" =	 (𝑃 + 𝑃8)"

This	Work

𝑃′|	 𝐽"	|P = ℘"	𝐹# 𝑞$

℘" =	 (𝑃 + 𝑃8)"	−	𝑞"
(𝑀$ −𝑀8$)

𝑞$

lim
0→(

𝑃′|	 𝐽%	|P
�℘% = Z𝑑𝑥	𝑓'

> 𝑥

lim
0→(

𝑃′|	 𝐽&	|P
�℘&

= 2Z𝑑𝑥	𝑓-
> 𝑥

= 1

≠ 1

1 = 𝐹# 𝑄$ = 0 = lim
0→(

𝑃′|	 𝐽"	|P
�℘" 1 = 𝐹# 𝑄$ = 0 = lim

0→(
𝑃′|

𝐽"

℘"
	 |P

EPJC76,415(2016)

Derivation	of	Sum	rules



C.	Lorce,	B.	Pasquini,	P.	Schweitzer

𝑃′|	 𝐽"	|P = �℘"	𝐹# 𝑞$

�℘" =	 (𝑃 + 𝑃8)"

This	Work

𝑃′|	 𝐽"	|P = ℘"	𝐹# 𝑞$

℘" =	 (𝑃 + 𝑃8)"	−	𝑞"
(𝑀$ −𝑀8$)

𝑞$

lim
0→(

𝑃′|	 𝐽%	|P
�℘% = Z𝑑𝑥	𝑓'

> 𝑥

lim
0→(

𝑃′|	 𝐽&	|P
�℘&

= 2Z𝑑𝑥	𝑓-
> 𝑥

= 1

≠ 1

1 = 𝐹# 𝑄$ = 0 = lim
0→(

𝑃′|	 𝐽"	|P
�℘" 1 = 𝐹# 𝑄$ = 0 = lim

0→(
𝑃′|

𝐽"

℘"
	 |P

lim
0→(

𝑃′|
𝐽%

℘%
	 |P = Z𝑑𝑥	𝑓'

> 𝑥

lim
0→(

𝑃′|
𝐽&

℘&
	 |P = 2Z𝑑𝑥	𝑓-

> 𝑥

EPJC76,415(2016)

Derivation	of	Sum	rules

𝑀 → 	𝑀(



C.	Lorce,	B.	Pasquini,	P.	Schweitzer

𝑃′|	 𝐽"	|P = �℘"	𝐹# 𝑞$

�℘" =	 (𝑃 + 𝑃8)"

This	Work

𝑃′|	 𝐽"	|P = ℘"	𝐹# 𝑞$

℘" =	 (𝑃 + 𝑃8)"	−	𝑞"
(𝑀$ −𝑀8$)

𝑞$

lim
0→(

𝑃′|	 𝐽%	|P
�℘% = Z𝑑𝑥	𝑓'

> 𝑥

lim
0→(

𝑃′|	 𝐽&	|P
�℘&

= 2Z𝑑𝑥	𝑓-
> 𝑥

= 1

≠ 1

1 = 𝐹# 𝑄$ = 0 = lim
0→(

𝑃′|	 𝐽"	|P
�℘" 1 = 𝐹# 𝑄$ = 0 = lim

0→(
𝑃′|

𝐽"

℘"
	 |P

lim
0→(

𝑃′|
𝐽%

℘%
	 |P = Z𝑑𝑥	𝑓'

> 𝑥

lim
0→(

𝑃′|
𝐽&

℘&
	 |P = 2Z𝑑𝑥	𝑓-

> 𝑥

= 1

= 1

EPJC76,415(2016)

Derivation	of	Sum	rules

𝑀 → 	𝑀(



LF	Zero-Mode	for	twist-4	PDF	and	its	Resolution

10

(a) (b) (c)

(d) (e) (f)

0 0.2 0.4 0.6 0.8 1
x

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

f
q

4
(x)

x f
q

4
(x)

(g) (h) (i)

FIG. 6: The unpolarized TMDs for pion, f
q
i (x, k?)(i = 1, 3, 4) (top panel) and x f

q
i (x, k?)(i = 1, 3, 4) (middle panel), as a function of x and
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?, and the corresponding PDFs, f

q
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i (x)(i = 1, 3, 4) as a function of x (bottom panel) at the scale µ20 = 1 GeV2.
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we have f
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?), resulting in a momentum
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the other hand, for the twist-4 TMD, the distribution f

q
4 (x, k2

?)
of a quark is peaked at the very small x value and shows the
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B. QCD evolution of PDF

For definiteness, we consider ⇡+(= ud̄), and denote f
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and f
q̄(x) as the single-flavor distributions of quarks and an-
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4.	 QCD	Evolution	of	Pion	PDFs

𝑥	𝑓'
>(𝑥) 𝑥	𝑓+

>(𝑥) 𝑥	𝑓-
>(𝑥)

We	use	the	Higher	Order	Perturbative	Parton	Evolution	toolkit	(HOPPET)	
to	solve	the	NNLO	DGLAP	equation.

Evolved	from	𝜇($ = 1	GeV$	to	𝜇$ = 4	and	27	GeV$

752 about 47% of the total momentum in the pion [19,82].
753 Applying this constraint to the twist-2 PDF, we obtain at
754 μ2 ¼ 4 GeV2

hxival ≡ 2hxiq1 ¼ 2

Z
1

0
dx xfq1ðxÞ ¼ 0.472; ð47Þ

755756 with the following parameter sets in HOPPET:

μ0;NNLO ¼ 1 GeV;
αNNLOðμ20Þ

2π
¼ 0.302: ð48Þ

757758 We subsequently apply QCD evolutions not only to the
759 twist-2 PDF but also to the twist-3 and twist-4 PDFs. We

760summarize in Tables III–VI the first fewMellin moments of
761the pion PDFs, evaluated at both scales μ2 ¼ ð4; 27Þ GeV2,
762and compared with other theoretical predictions.
763Figure 4 shows the NNLO DGLAP evolutions of xfqi ðxÞ
764(i ¼ 1, 3, 4) from the initial scale μ20 ¼ 1 GeV2 evolved to
765μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2. The experimental data
766are taken from Ref. [88].

767V. SUMMARY

768We have conducted an investigation of the interrelated
769pion’s form factor, TMDs, and PDFs within the framework
770of the LFQM. Our self-consistent LFQM adheres to the BT
771construction, where the interaction Vqq̄ between the quark
772and antiquark is integrated into the mass operator through
773M ≔ M0 þ Vqq̄, and the meson state is constructed in
774terms of constituent quark and antiquark representations

TABLE III. Mellin moments of the pion valence PDF, fq1ðxÞ,
evaluated at the scale μ2 ¼ 4 GeV2.

hxiut2 hx2iut2 hx3iut2 hx4iut2
This work 0.236 0.101 0.055 0.033
[83] 0.2541(26) 0.094(12) 0.057(4) 0.015(12)
[84] 0.2075(106) 0.163(33) % % % % % %
[56] 0.24(2) 0.098(10) 0.049(7) % % %
[57] 0.24(2) 0.094(13) 0.047(8) % % %

TABLE IV. Mellin moments of the pion valence PDF, fq1ðxÞ,
evaluated at the scale μ2 ¼ 27 GeV2.

hxiut2 hx2iut2 hx3iut2 hx4iut2
This work 0.182 0.069 0.034 0.019
[85] 0.18(3) 0.064(10) 0.030(5) % % %
[57] 0.20(2) 0.074(10) 0.035(6) % % %
[86] 0.184 0.068 0.033 0.018
[21] 0.217(11) 0.087(5) 0.045(3) % % %

TABLE V. Mellin moments of the twist-3 pion PDF, fq3ðxÞ,
evaluated at the scales μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2, respec-
tively.

hxiut3 hx2iut3 hx3iut3 hx4iut3
μ2 ¼ 4 GeV2 0.471 0.164 0.079 0.045
μ2 ¼ 27 GeV2 0.365 0.111 0.049 0.026

TABLE VI. Mellin moments of the twist-4 pion PDF, fq4ðxÞ,
evaluated at the scales μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2, respec-
tively.

hxiut4 hx2iut4 hx3iut4 hx4iut4
μ2 ¼ 4 GeV2 0.069 0.021 0.009 0.005
μ2 ¼ 27 GeV2 0.053 0.014 0.006 0.003
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We present the ratio of the up (u) quark distribution in
the kaon to that in the pion in Fig. 2. We observe that at
μ2 ¼ 20 GeV2 our result for uK

þ
v =uπ

þ
v , which is used to help

determine the initial scale of the kaon PDF, is in good
agreement, considering the current uncertainties, with the
data from the CERN-NA3 experiment [6] as well as with
the next-to-leading-order quark model (GRS, NLO) [58]
and the Bethe-Salpeter equation (BSE) approach [37]. One
notices that the ratio decreases as x increases. This
phenomena can be understood from the valence quark
PDFs of the kaon and the pion evolved to μ2 ¼ 20 GeV2.
Specifically, the antistrange (s̄) quark is more likely than
the u quark to carry a large momentum fraction in the kaon,
while the pion structure is symmetric in the antidown (d̄)
and u quarks. We find additionally that at this experimental
scale the u quark PDF in the kaon falls off at large x as
ð1 − xÞ1.60, in contrast to ð1 − xÞ1.49 in the pion. On the
other hand, at large x, the s̄ quark PDF in the kaon falls off
as ð1 − xÞ1.32. Such differences among these PDFs are
attributable to differences in the constituent quark mass
[50] propagated through the QCD evolution.
To further compare the BLFQ-NJL model with experi-

ments and with other models, we evaluate the four lowest
nontrivial moments of the valence quark PDF for the pion.
In Fig. 3, we show these results at different μ2 and compare
with the global fit to the data [19], lattice QCD [12,25–28],
and phenomenological models [3,5,11]. Figure 3
shows that our predictions are in good agreement with
Refs. [3,5,11,12,19,26].
The kinematics of the pion-nucleus-induced DY process

are described by the invariant mass of the produced lepton
pair m, center of mass energy square s of the colliding

systems, the Feynman variable xF ¼ x1 − x2 (difference of
the light front momenta of the annihilating quark and
antiquark), and τ≡m2=s ¼ x1x2 [59]. In the leading
order of QCD, the cross section for this process is given
by [60,61]

m3d2σ
dmdxF

¼ 8πα2

9

x1x2
x1 þ x2

X

a

e2afπ
%

a ðx1ÞfNā ðx2Þ; ð8Þ

where α is the coupling constant of quantum electrody-
namics. The summation in Eq. (8) runs over different quark
flavors, with ea being their charges in units of the
elementary charge. Here, we use our pion PDFs in con-
junction with the NNLO “MSTW 2008” nucleon PDFs
[62]. We ignore the European Muon Collaboration effect
[63] and treat the target nucleus as a collection of free
nucleons. The nucleon and the pion PDFs are then evolved
to the experimental scale μ2 ¼ 16 GeV2. After integrating
out the xF dependence of the cross section to yield
m3dσ=dm, we obtain our results plotted as functions offfiffiffi
τ

p
in the upper panel in Fig. 4 and compared with the

CERN-NA3 and FNAL-E615 experiments. In the lower
panel in Fig. 4, we illustrate the cross section dσ=dm as a
function ofm and compare with the FNAL-326 [64] and the
FNAL-444 experiments [65] with 225 GeV pions. In
addition, we compare our results with the data of the
CERN-WA-039 experiment with 39.5 GeV pions [66]. All
BLFQ-NJL results in Fig. 4 are in reasonable agreement
with experiments. Here, we have selected sample exper-
imental cases over a wide kinematic range for validating the
BLFQ-NJL model. We note that our approach yields
comparable agreement with results from other experimental
setups [6,7,67,68] as will be detailed elsewhere [69].

x
0.2 0.4 0.6 0.8 1

v
+ π

/u
v

+
K u

0.2

0.4

0.6

0.8

1

1.2

2 = 20 GeV2µ
CERN NA3

GRS, NLO
BSE

BLFQ-NJL

FIG. 2. The ratio of the u quark PDF in the kaon to that in the
pion. The gray error band corresponds to the sum of relative
errors due to the QCD evolution from the initial scale μ20π ¼
0.240% 0.024 GeV2 in the pion and μ20K ¼ 0.246% 0.024 GeV2

in the kaon PDFs as the relative error for this ratio. The data are
taken from the CERN-NA3 experiment [6]. Results are compared
with the NLO Glück-Reya-Stratmann (GRS) model [58] and the
BSE approach [37].
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FIG. 3. Comparison of the lowest four moments of valence
quark distributions in the pion at four scales. Horizontal bands
represent the BLFQ-NJL results including the uncertainty
of the initial scale and are compared with the global fit to
the data by the JAM Collaboration [19], with lattice QCD results
in Refs. [12,25–28], and with phenomenological models in
Refs. [3,5,11] at different scales.
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Mellin	moments:	 𝑥@ =	∫(
'𝑑𝑥	𝑥@	𝑓(𝑥)

754 about 47% of the total momentum in the pion [19,82].
755 Applying this constraint to the twist-2 PDF, we obtain at
756 μ2 ¼ 4 GeV2

hxival ≡ 2hxiq1 ¼ 2

Z
1

0
dx xfq1ðxÞ ¼ 0.472; ð47Þ

757758 with the following parameter sets in HOPPET:

μ0;NNLO ¼ 1 GeV;
αNNLOðμ20Þ

2π
¼ 0.302: ð48Þ

759760 We subsequently apply QCD evolutions not only to the
761 twist-2 PDF but also to the twist-3 and twist-4 PDFs. We

762summarize in Tables III–VI the first fewMellin moments of
763the pion PDFs, evaluated at both scales μ2 ¼ ð4; 27Þ GeV2,
764and compared with other theoretical predictions.
765Figure 4 shows the NNLO DGLAP evolutions of xfqi ðxÞ
766(i ¼ 1, 3, 4) from the initial scale μ20 ¼ 1 GeV2 evolved to
767μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2. The experimental data
768are taken from Refs. [88,89].

769V. SUMMARY

770We have conducted an investigation of the interrelated
771pion’s form factor, TMDs, and PDFs within the framework
772of the LFQM. Our self-consistent LFQM adheres to the BT
773construction, where the interaction Vqq̄ between the quark
774and antiquark is integrated into the mass operator through
775M ≔ M0 þ Vqq̄, and the meson state is constructed in
776terms of constituent quark and antiquark representations

TABLE III. Mellin moments of the pion valence PDF, fq1ðxÞ,
evaluated at the scale μ2 ¼ 4 GeV2.

hxiut2 hx2iut2 hx3iut2 hx4iut2
This work 0.236 0.101 0.055 0.033
[83] 0.2541(26) 0.094(12) 0.057(4) 0.015(12)
[84] 0.2075(106) 0.163(33) % % % % % %
[56] 0.24(2) 0.098(10) 0.049(7) % % %
[57] 0.24(2) 0.094(13) 0.047(8) % % %

TABLE IV. Mellin moments of the pion valence PDF, fq1ðxÞ,
evaluated at the scale μ2 ¼ 27 GeV2.

hxiut2 hx2iut2 hx3iut2 hx4iut2
This work 0.182 0.069 0.034 0.019
[85] 0.18(3) 0.064(10) 0.030(5) % % %
[57] 0.20(2) 0.074(10) 0.035(6) % % %
[86] 0.184 0.068 0.033 0.018
[21] 0.217(11) 0.087(5) 0.045(3) % % %

TABLE V. Mellin moments of the twist-3 pion PDF, fq3ðxÞ,
evaluated at the scales μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2, respec-
tively.

hxiut3 hx2iut3 hx3iut3 hx4iut3
μ2 ¼ 4 GeV2 0.471 0.164 0.079 0.045
μ2 ¼ 27 GeV2 0.365 0.111 0.049 0.026

TABLE VI. Mellin moments of the twist-4 pion PDF, fq4ðxÞ,
evaluated at the scales μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2, respec-
tively.

hxiut4 hx2iut4 hx3iut4 hx4iut4
μ2 ¼ 4 GeV2 0.069 0.021 0.009 0.005
μ2 ¼ 27 GeV2 0.053 0.014 0.006 0.003
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F4:2 the initial scale μ20 ¼ 1 GeV2. Our results for xfq1ðxÞ are compared with the FNAL-E615 experimental data [88] and the modified
F4:3 FNAL-E615 data [89].
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[86] 0.184 0.068 0.033 0.018
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TABLE V. Mellin moments of the twist-3 pion PDF, fq3ðxÞ,
evaluated at the scales μ2 ¼ 4 GeV2 and μ2 ¼ 27 GeV2, respec-
tively.

hxiut3 hx2iut3 hx3iut3 hx4iut3
μ2 ¼ 4 GeV2 0.471 0.164 0.079 0.045
μ2 ¼ 27 GeV2 0.365 0.111 0.049 0.026

TABLE VI. Mellin moments of the twist-4 pion PDF, fq4ðxÞ,
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tively.
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5.	Conclusions
•	We	developed	a	new	method	for	ensuring	self-consistency	in	the	LFQM.

Our	LFQM:		Noninteracting	𝑄	&	 �𝑄		representation	consistent	with		the	Bakamjian-Thomas(BT)	constuction!

0|H𝑞	Γ"𝑞|P = 𝔉	℘" 𝔉:	physical	observables	(𝔉 = 	𝑓/ , 𝐹 ⋯)

℘*:	Lorentz	factors	(℘ = 𝑃*⋯)

𝔉	 = 0 H𝑞Γ"𝑞
℘" P = R𝑑𝑥	𝑑$𝐤! 	⋯

Γ"

℘"
⋯

This	allows	one	to	obtain	the	physical	observables	independent	of	the	current	components	!

𝑃& =	𝑝>& +	𝑝1>&	 , i. e. 	𝑀$→ 	𝑀(
$

Constrained	by	BT	construction!



𝑓 𝑥, 𝒌!

I𝑑𝒌!

PDFs 𝑓)
, 𝑥

TMD 𝐻 𝑥, 0, 𝑡

𝐻(𝑥, 0, 0)

Form factor: 

Partial Extractions of TMD, PDF, GPD from Pion Form Factor

𝐹 * 𝑡 ≡ 	�𝑑𝑥	𝑑𝒌!	𝑓 * 𝑥, 𝒌!, 𝑡 	 Note)	𝑄" → −𝑡

GPD

𝑓)
, 𝑥, 𝒌! ↔	𝑓 $ (𝑥, 𝒌!, 0) 𝐻 𝑥, 0, 𝑡 = I𝑑𝒌! 	𝑓 $ 𝑥, 𝒌!, 𝑡

I𝑑𝒌!𝑓 * 𝑥, 𝒌!, 𝑡 → 0

: twist-2 PDF

2𝑓.
, 𝑥, 𝒌! ↔	𝑓 0 (𝑥, 𝒌!, 0)

𝑓.
, 𝑥 : twist-4 PDF

GPD at 𝜁 = 0
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Hamiltonian 𝑃1 𝑃0= 𝑃1 − 𝑃+

Momentum 𝑷! = (𝑃), 𝑃")
											𝑃+			

𝑷!
					 𝑃$= 𝑃1 + 𝑃+

Energy-Momentum
Dispersion	Relation 𝑃1 = 𝑀" + 𝑃" 𝑃0 =

𝑀" + 𝑷!"

𝑃$

Irrational				 vs.																		Rational

Light-Front	Dynamics	(LFD)	(by	Dirac	in	1949)

Front	form	(𝑥J = 𝑥K + 𝑥L = 0)

𝑎 � 𝑏 =
1
2 (𝑎

$𝑏0 + 𝑎0𝑏$) − 𝒂! ⋅ 𝒃!

𝑥J = 𝑥K + 𝑥L𝑥M = 𝑥K − 𝑥L

𝑥 J
=
0/

Instant	form	(𝑥K = 𝑐𝑡 = 0)

𝑎 � 𝑏 = 𝑎1𝑏1 − �⃗� � 𝑏

𝑥K = 0

2.	Why	Light-Front?



Equal	𝑡	(Instant	form)

• Advantage	of	LFD	in	the	calculation	of	Form	Factors	:
																Equal-𝑡			vs		Equal	Light-front	𝜏		formulations



Equal	𝑡	(Instant	form)

• Advantage	of	LFD	in	the	calculation	of	Form	Factors	:
																Equal-𝑡			vs		Equal	Light-front	𝜏		formulations

𝑘' + 𝑘$ + 𝑘+ = 0

Allowed	!

𝑘'

𝑘$

𝑘$

Equal	t

𝑡

𝑘( = 𝑚$ + 𝑘$



Equal	𝜏	(Front	form)

• Advantage	of	LFD	in	the	calculation	of	Form	Factors	:
																Equal-𝑡			vs		Equal	Light-front	𝜏		formulations



Equal	𝜏	(Front	form)

• Advantage	of	LFD	in	the	calculation	of	Form	Factors	:
																Equal-𝑡			vs		Equal	Light-front	𝜏		formulations

𝑘'% + 𝑘$% + 𝑘+% = 0

𝑘'%Equal	𝜏

𝜏 = 𝑡 + 𝑧/𝑐

𝑘$%

𝑘+%

𝑘&=
𝑚$ + 𝑘!$

𝑘%



Equal	𝜏	(Front	form)

• Advantage	of	LFD	in	the	calculation	of	Form	Factors	:
																Equal-𝑡			vs		Equal	Light-front	𝜏		formulations

LF	valence

LF	nonvalence
(higher	Fock	state)



0|H𝑞 0 𝛾"𝛾A𝑞 0 |𝑃 = 𝑖𝑓#𝑃"

Decay	Constant	and	DAs

𝑓# = 0|
H𝑞𝛾"𝛾A𝑞
𝑃"

|P with 𝑀 →	𝑀(

BT



0|H𝑞 0 𝛾"𝛾A𝑞 0 |𝑃 = 𝑖𝑓#𝑃"

Decay	Constant	and	DAs

𝑓# = 2𝑁B 	Z
(

'
𝑑𝑥	Z

𝑑$𝒌!
16𝜋+

𝜙(𝑥, 𝒌!)

𝑚$ + 𝒌!$
	(2𝑚)

𝑓# = 0|
H𝑞𝛾"𝛾A𝑞
𝑃"

|P with 𝑀 →	𝑀(

𝜙#(𝑥, 𝜇() =
2𝑁B
𝑓#

	Z
"NO 𝑑$𝒌!
16𝜋+

𝜙(𝑥, 𝒌!)

𝑚$ + 𝒌!$
	(2𝑚)

BT

independent	of	“𝜇”!
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327 In Fig. 1, we show the pion DA at the initial scale
328 μ20 ¼ 1 GeV2 (solid line), which is evolved to μ2 ¼
329 10 GeV2 (dashed line). We note that the Jacobi factor

330

ffiffiffiffiffi
∂kz
∂x

q
required for the rotational invariance of the radial wave

331 functionϕðx;k⊥Þ [see Eq. (8)] flattens the shape of theDAat
332 the midpoint of x while amplifying the DA at the extreme
333 points of x ¼ 0 and 1. Our results are compared with other
334 theoretical predictions, including the pion DA data obtained
335 from the Lattice QCD (LQCD) calculation [54] using large-
336 momentum effective theory (LaMeT) at the renormalization
337 scale μ ¼ 2 GeV, the asymptotic result ϕAsy ¼ 6xð1 − xÞ,
338 and the result of Dyson-Schwinger equations (DSE)
339 [55–57], denoted as ϕDBðx; ζHÞ ¼ 20.227xð1 − xÞ½1−
340 2.5088

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞ

p
þ 2.0250xð1 − xÞ&, obtained from the

341 dynamical-chiral-symmetry breaking-improved (DB) trun-
342 cations at the scale ζH ¼ 0.30 GeV, respectively. We also
343 note that the AdS/CFT prediction [58–60], ϕAdS ¼
344 π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞ

p
=8, exhibits similar shape to that of the DSE.

345 Our result at the initial scale μ0 ¼ 1 GeV shows a much
346 broader shape than the asymptotic form but is close to the
347 results from DSE and AdS/CFT calculations. The deviation
348 of our result from the asymptotic form is noticeable even at
349 the initial scale μ0, and it remains substantial even after
350 evolution to the scale μ2 ¼ 10 GeV2, as depicted in Fig. 1.
351 While the results from the LQCD also show a broader
352 shape than the asymptotic one and are close to ours
353 obtained at the initial scale μ0, the behaviors at the end

354points (x ¼ 0, 1) are significantly different from ours. As
355the authors stated in [54], this could be due to missing
356higher-power or high-order corrections in LaMETor due to
357effects of higher moments ignored in the operator product
358expansion and DSE calculations.

359III. PION FORM FACTOR

360In this section, we first discuss the overarching frame-
361work that governs the transition between two pseudoscalar
362mesons, namely the transition from a pseudoscalar meson
363characterized by momentum P and mass M to another
364pseudoscalar meson with momentum P0 and mass M0. In
365this transition, the four-momentum transfer q is introduced
366and defined as q ¼ P − P0. The general covariant decom-
367position of the matrix element for this transition,
368J μ ≡ hP0jq̄γμqjPi, is given by

J μ ¼
"
ðPþ P0Þμ − qμ

ðM2 −M02Þ
q2

#
Fðq2Þ

þ qμ
ðM2 −M02Þ

q2
Hðq2Þ; ð17Þ

369370where the Lorentz structure containing the form factor
371Fðq2Þ is manifestly gauge invariant, while the additional
372amplitude for M ≠ M0 as in the case of the weak decay is
373described by the form factor Hðq2Þ. For the semileptonic
374decays between two different pseudoscalar mesons, Fðq2Þ
375andHðq2Þ correspond to the weak form factors fþðq2Þ and
376f0ðq2Þ related to the exchange of 1− and 0þ, respectively.
377The self-consistent treatment of the weak form factors
378fþðq2Þ and f0ðq2Þ within the framework of the LFQM,
379employing the “type II” link that connects the covariant BS
380model to the LFQM, has been elaborated in Refs. [45,46].
381In the case of the electromagnetic form factor of a
382pseudoscalar meson, the Lorentz structure proportional to
383qμ associated with Hðq2Þ in Eq. (17) does not contribute to
384J μ due to the invariance of time reversal symmetry, and
385only the gauge invariant form factor Fðq2Þ remains
386relevant; i.e.,

J μ
em ≡ PμFemðq2Þ

¼
"
ðPþ P0Þμ − qμ

ðM2 −M02Þ
q2

#
Femðq2Þ: ð18Þ

387388389In Eq. (18), it is important to note the presence of the
390second term proportional to ðM2 −M02Þ on the right-hand
391side, which allows the electromagnetic gauge invariance q ·
392J em ¼ 0 even ifM ≠ M0. Of course, this term becomes zero
393when applying the physical mass relation, i.e., M2 ¼ M02.
394However, as discussed in the introduction, the consistent BT
395treatment of the noninteracting qq̄ representation (i.e.,
396Mð0Þ → Mð0Þ

0 ) both in the matrix element J μ
em and the

397Lorentz structure Pμ ≡ ðPþ P0Þμ − qμðM0
2 −M02

0 Þ=q2 on

F1:1 FIG. 1. Pion DAs at initial scale μ20 ¼ 1 GeV2 (solid line),
F1:2 which is evolved to μ2 ¼ 10 GeV2 (dashed line). For compari-
F1:3 son, we include the results from the Lattice QCD [54] and DSE
F1:4 [55–57] calculations as well as the asymptotic result.

CONSISTENCY OF THE PION FORM FACTOR AND … PHYS. REV. D XX, 000000 (XXXX)

5

See		PRD	107,	053003(23);	PRD108,	013006(23)	by	A.	Arifi,	HMC	and	CRJ
for	the	analysis	of	higher-twist	DAs.
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