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Big puzzles in QCD

Strong force inside matter:

m Confinement of quarks and gluons
m Origin of >99% nucleon mass

m Origin of nucleon spin

The
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Hadronic energy-momentum tensor

o , b
H= /d3SL‘ TOO(.'L’) = to‘ﬁ(x) = <\I/|Ta'8(l’)|\11> Every‘thlnggravlta(s Theygr‘avitate‘through

energy-momentum tensor

Hadronic energy-momentum tensor encodes the energy-stress densities inside hadrons

Hadronic matrix elements and gravitational form factors (GFFs): [Kobzarev:| 962w, Pagels: 19667za]
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LaSt glObal UﬂkﬂOWﬂ [Polyakov:2018zvc, Burkert:2023wzr]
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m Ji's sum rules: second Melin moments of the GPDs, e.g, i 1996nm, Polyakov:2002yz]

/ ' dexHDI(x,&,t) = ADI(t) + E2DDI(t)
m Deeply virtual Compton scattering & deeply virtual meson production  [Burkert:2018bqq, Burkert:202 1ith]
m Di-photon pair production [Kumano:2017Ihr]
m Near threshold vector meson production [Kharzeev:202 | qkd, Duran:2022xag]

m Large uncertainties from both the theory and experiments — Electron-lon Colliders
[Lattice '23: Hackett:2023nkr]
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Mechanical stability of hadrons

m Energy-momentum conservations imply: [Cotogno2019xcl, Lorce2019sbq]
1
A(0)=1, J0O)=, lim Q*°D(Q?*) =0 = /d3r?(r) =0
27 Q2-0
the von Laue condition implies hadrons are in mechanical equilibrium [Laue: 191 11rk]

m Polyakov et al. conjectured that D < 0 for mechanically stable systems [Polyakov:20 | 82vc]
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Trace anomaly

m Trace anomaly in QCD:
B(9s)

S=Th =
: 29,

m D is related to the trace anomaly

2
(',5'[SIp, 5) = Mg (0)[(1 + 1 75) AQ?) +
m D < 0implies a layered structure within the proton,

g <rpy2<Tg

where, 1% = —6A47(0), 73, = —6(M?)’(0) = r4 —3ALD,

pQCD core: 1, = 0.4 —0.5 fm
condensate: r = 0.85 fm
meson cloud: . = 1.0 fm
£2022

valence quarks

Frankfu cyk]
wee partons (condensate)

b
S promerons, meson cloud

Q2

AM?2

2
s

GHaGa, + O(m,).

(3D(Q%) = 1(@%)|us(p)

A hadron is the system of overlapping three layers.
The center is pQCD core of radius r_c resulting
from the pQCD evolution which starts from the

minimal Fock compenent of a hadron wf. QCD
evolution leads to the appearance of other Fock
components, to the running coupling constant and to
the running mass of a quark. Second layer accounts
for the spontaneous violation of chiral symmetry due
to interaction of constituents with the condensates.
Third layer s formed by the fields of
pseudoGoldstone mesons-pions-this layer s
accounted for i the consideration of low energy
phenomena. Thus QCD prediction differs from the
that based on the popular quark models of a hadron.




Part Il: Macroscopic interpretation of D



Sachs/Breit-frame densities

The Sachs densities are defined as the F.T. of the hadronic matrix elements within the Breit frame
(p' = —P = +1q, aka. the brick-wall frame), [Sachs:1962zzc, Polyakov:2018zvc]

wBs 3¢ L
TE0) = [ e A0 - 10, (B, = 3R )

27‘(’)32Eq q

PN

m Frame dependence: the proton is not at rest in the Breit frame. Densities in other frames?

m Lack of local probabilistic interpretation T% ~ 3~ ¢;7%8,q; # >, w; N, [Miller-2018ybm]
m Ambiguities in physical densities, e.g. A vs T9 vs T /\/1 + 1 [Lorce:20200nh]
m Underlying assumption: proton as a rigid ball -- in contradiction with relativity [Jaffe:2020eb7]
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Light—front densities [Miller:2018ybm]

= d3q tgte—iq, -7 1 — o —
TG P) = [ et P bl [ e T asa, = 0P~ o)

d2ql id R
= L gt pg LB p—1
/ (2m)22P+ € P AT @ q*=0

m Frame independent: boost invariance in light-front dynamics
® Local probabilistic interpretation: T+ ~ 37 g;v"id0%q; ~ 37, pi N,

m Intrinsically relativistic and related to the forward generalized parton density q(;z:,f)i), i.e. what

e probes "see" in high-energy collision experiments [Burkardt:2000za]
th bes "see" in high Il t Burkardt:2000
2 light-cone coordinates:
B N +_ .0, .3
('Y o Tt =z +z°,
\r;;;; credit: CERN Courier >

by <> 1P (Y 3, = (ah,a?)
Experiment: DIS Theory: IMF & LFQ




Physical densities: energy and momentum

[Xu:2024cfa, cf. Freese:2021czn, Freese:2021mzg]

/d3x THH(x) = P*
Pr(r ) =T (r; P)= P A(r)),

Pi(r)=THrP) = PlA(r ) +(VxS), (i=1,2),

- - P2A(r )+ P, - (V x 8) + M2(r
P(r1) = T (ry; ) = AT E DL (VXS T

m A(r ) can be interpreted as the (convective) momentum/matter density
| |

M?(r ) can be interpreted as the invariant mass squared density

S PP+ M
m S(r) can be interpreted as the spin current density P ===

a1 g
Ary) = [ Gl ag)

d2q, .. . 1 1
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A moment of Zen

m Physical densities associated with "bad" components 7 —* are not well understood

?
m Light-front densities are 2D — 3D [Panteleeva:202 liip]
m Light-front densities can be understood as equal-time densities in the infinite momentum frame
which could be counter-intuitive [Lorce:20200nh]

m Amplitude vs. quantum expectation value: what is truly probed by gravity is the quantum
expectation value t*?(z) = (¥|T*5(x)|¥) where |¥) is a generic hadronic state

Pertinent question: What are the proper 3D energy and stress densities within the proton?

where, %8 = eu®uf — pA*P 4 728 for continuum body



A hadron is a de BI’Og”G wave [Li:2022Idb]

resolving a non-relativistic particle: 7,400 > A 3> Apgon = Ac

resolving a relativistic hadron: A, R Thadron ~ Ac > A,

where A\c = M~ is the Compton wavelength, Ay = Q! is the wavelength of the probe, e.g. a photon.
Ahadron 1S the de Broglie wavelength. y,,4.n is the hadron radius.

m The probe, e.g. the photon, ““sees" a de Broglie wavel Namely, the proton as a whole is a
relativistic continuum -- hydro for hadron!

m The hydrodynamics view of the proton has interesting consequences. For example, the mass
decomposition can be viewed as the multi-fluid description of the wave [Lorce2017xzd
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Relativistic spin medium (continuum)

The energy-momentum tensor of a relativistic spin medium
98 = euuf — pA*P + 19_(ul*s7) 4 7198 + dissipative terms

where, u® is the medium velocity with u,u® = 1, A*8 = g% — y*u” is the spatial metric tensor.
alrort = akbY + avbr.
m e(x) is the proper energy density, i.e. energy density measured in local rest frame (LRF)

m Cauchy stress tensor ¢®? = 1% — pA®# can be decomposed into a traceless shear tensor and
a normal pressure p(x).

m Shear tensor 7% () is dissipative in fluids but non-dissipative in solids

m There is a new contribution from the spin tensor s*#(x), which is recently proposed by
Fukushima et. al. in relativistic spin hydrodynamics ukushima:2020ucl, cf. Li2020eon



Had I’Oﬂ |C EMT [Li:2024vgv]

m [t can be shown that the quantum expectation value of the EMT tensor can be written as,
(U| T8 ()| W) = (EUUP — PA*F + %8P(U{O‘Sﬁ}9) +11%%)

where,
(O(z)), = /d?’z@(z)(?(x —2)¥(z2)

is a convolution with the wavepacket ¥(x).

b)
19=20

m The convolution is consistent with the classical treatment of a medium of composite particles,
eg molecules [J. D. Jackson, Classical electrodynamics, Wiley]

pla) = [ & D) gy —7.1) = (D7)

where D(Z) is the intrinsic density, i.e. density within the molecule.
py is the distribution of the molecules, i.e. molecular density.




Quantum wave kinematics (Li:20221db]

m Hadronic wavepacket:

3
¥w) =3 / @ggpoemus<p><p,sw>

which satisfies the Dirac equation (hence not a true probabilistic wave function)
m Conserved number current: (fog = fog—0fg)

1
2
nu®, (u,u®=1)

n#(x)

U(2)id"(z) = Jn =0

n = n,u® is the proper number density and u® the wave velocity.
m Quantum wave velocity:

Tid* o 1 3

[ ] = no — 8277,0‘ +
VAM?2 + 52 SM?2 16 M4

u(x) = V() UV (z) = 9ine — ...

m More wave kinematics:
Oqug =y ag + Qug +3,5

accelerationvorticity  shear



Hadronic EMT [Li:2024vgv]

m We identify the hadronic EMT as,
TP = gUUP — PAP + L0, (Ul S8PP) 4 TP

m &, P, 8% IT can be uniquely identified as the hadronic energy density, pressure, spin tensor and
shear, respectively:

et =t [ e (1= ) at) + gh ) - )],
P(x) ZGLM/ dngeiq“qu(qQL

2 [a 8]
sa%):/ reire{io?\ 1 s — S @)

1°F () 4M/ &% “”(q qﬁ—fA”‘ﬂ) (@)




Factorization of the hadronic density [Li:20221db, of. Freese:2022fat]

2

e(z) = /d3zﬁ(x7z){]\~[/%ciq'“’{of %)A(rf} n Aj\? 2,]((12)7D(q2)]}}\1/(zfz)

The hadronic part is not factorizable due to the dependence of P = (—i/2)¥V . in ¢% = (¢°)% — ¢%, where
= \J(P+ 502+ M2~ (P~ 192 + M2

m Taylor expansion around P = 0: multipole series,

20=0

o (=) i e e
E(F) = Z% (Qni! EQ2 T (HVITE Vi
m

Monopole density gives the Breit-frame distribution (Sachs distribution)

&ol) =1 | (Sifg it (14 ) ) - s - pi-p)] )

High-multipole moments exist due to Lorentz distortion

m No special frame (such as ¢ = 0) or non-relativistic approximation is taken

m The expansion is based on the separation of intrinsic hadronic scale l,,q = max{r,, Acomp | from the
scale of the wavepacket Iy, = AqeBrog- FOr example, ?=—+01,4/%)
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Light—front distribution [Li:20221db]

Is the multipole expansion unique? No! — Alternative: Taylor (Laurent) expansion around 1/|Z3| =0

® Sufficient to take P, — 0o = |P| = /P2 + P2 —

m Monopole density gives the 2D light-front distribution

2o = e (14 41)

m No special frame (e.g. DreII—Yan gt = 0 frame) is chosen

A=) — M;(w( 2)-D(-a))].

m Relativistic, suitable also for massless hadrons (in contrast to the Sachs distribution)

Convergence of the multipole series: | P| > Miron > {M, 71}, } — sufficiently localized z-direction

m In the infinite momentum frame (IMF), components of the EMT form a hierarchy:

T+t~ P2, JHi~ Pl Tt~ T~ PO Ti~ P7l T~ P72
—_— =
best good bad worse worst




Part lll: Microscopic interpretation of D



Light-front wave function representation

m Drell-Yan-West formula:

[Drell: 1969km]

Pen(ry) = Z/ [dxidQTu]an({Ii»?u})‘zz e;0%(r —rj) = <Z e;0%(ry — er_)>
n J J

® Brodsky-Hwang-Ma-Schmidt formula:

[Brodsky:2000ii]

Alry) = (Y w02 —151))
J

Matter density A(r | ) mainly samples the valence partons z; ~ O(1); wee parton x; < 1 contributions

suppressed

m What about a LFWEF representation of D?

International Journal of Modern Physics A | Vol. 33, No. 26, 1830025 (2018)
| Reviews

Forces inside hadrons: Pressure, surface
tension, mechanical radius, and all that

Maxim V. Polyakov and Peter Schweitzer =]

https://doi.org/10.1142/S0217751X18300259 | Cited by: 212 (Source: Crossref)

Ty, of the EMT. Being related to the stress tensor T” the form factor D(t)
naturally “mixes” good and bad light-front components and is described in terms
of transitions between different Fock state components in overlap representation.
As a quantity intrinsically nondiagonal in a Fock space, it is difficult to study the

D-term in approaches based on light-front wave functions. This is due to the rela-




Strongly coupled scalar theory as an example [Cao:20230h]

(a) dm? = ém3 go = go3 (c) sm? = dms
. LF\N Fs EMT oper: 1t01§

go = go2 (g) dm =0,g90 = go2 go = go2
m Adopt a strongly coupled scalar theory as an example to derive the LF\/\/F representation

£ =—glx[*e
m Quenched theory: excluding nucleon-antinucleon d.o.f. to avoid vacuum instability

m Systematic Fock sector expansion and sector dependent renormalization (11201 5w, Karmanov:2016y20]

m All divergence cancels out with the sector dependent counterterms, e.g. (a) + (b)
1 1
Z[( q* = m3)g*’ +plp) = Z2P* PO + (5% — 9m3) g™’ — S q*d”]

N N dz d?k, N
7 = —Vzg /B/m/@ )3903¢2(x ki) = g*PZ5m}



Strongly coupled scalar theory as an example [Cao:20230h]

%%]gﬁ%zsﬁﬁg:

(a) om? = om3 (b) g0 = gos (c) om?* = é6m3
) go = goz (g) dm = 0,90 = goz go = go2

m Adopt a strongly coupled scalar theory as an example to derive the LFWF representation
£ =—glxI*¢
m Quenched theory: excluding nucleon-antinucleon d.o.f. to avoid vacuum instability
m Systematic Fock sector expansion and sector dependent renormalization [Li2015aw, Karmanov2016yzu]
m All divergence cancels out with the sector dependent counterterms, e.g. (a) + (b)

1 1 1
o8 — Z[(fq2 — 5m§)ga5 + plepP = Z[2P PP + (5(12 —(Smg)g"‘ﬂ — qu‘qﬂ]

dx 4%k,
\Fgaﬂ/m / (2m)3 = gos¥a(@, k) = g*P Zom?



Light-front energy density

m Hadronic matrix elements within Drell-Yan-Breit frame (g* = 0, JBL =0):
= 2(P*)?A(—q?)
I I
t9 =S (d'd —9q3)D(—q})

1
= =2(m? + Zqﬁ)A(ffﬁ) + 3 D(—q?%)

2 1.2 9
L m°+ 4q
= 8( A ) A=)

pPr = /d3xT+“(m)
t*i — t+i =0

m A(Q?) can be extracted from ¢+
m D(Q?) can be extracted from either t¥~ and ¢¥, which are equally *bad" currents

m We adopt ¢t because it is constrained by energy conservation in the forward limit

Ptp) =ptlp), = (¢} = 0) =p*



Light-front energy density

'l' Q) 'm
AL

=
zﬂ*gfﬁazz@&”?gxsgféx OR©
I S

m There are indeed non-diagonal contributions. However, all non-diagonal contributions add up to
a diagonal contribution

m Indeed, T~ only involves diagonal overlaps in the forward limit (g = 0)

({zip™ ki + 2 | T (0)[(p) = 20M2 — 5, ({3, g1 })-
Here, s,, = Zz(ki +m?)/z; is the n-body light-front kinetic energy

b1

P2
- T, = (s, — M3y
p,, = tmﬁ " " "




Light-front wave function representation

—V? 2_1,2 —V2 2
= 2< Zeﬁ_ﬂ»q’i ViLtmi— 241 + []\/[2 _ Z M]am;q&
J J J J

kinetic part potential part

m Recall the quantum average is defined as,

(0)= Z/ [dxidQTiL]n'LZ;<{xiv?iL})Oan({xiv?iL}>

L FT e , . .
m The off-shell factors €19t — §%(r| — 7;1) indicate the location of the graviton coupling
m 7 is the location of the nucleon -- in the quenched approximation, all interaction happens at

TNL

™
M M N pion cloud in the "quenched"
W

scalar theory



Numerical results of the scalar theory

[Cao:20230hj]

10 T T T T T 0 T T T
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m For small o, D(Q?) is close to —1, the result of the free scalar theory
= For small Q? (forward limit):

lim A(Q?) =1,

i lim D(Q?) = D = finite
Q2—=0

li 2D(Q%) =0
Jim Q;rgOQ Q%)

all conservation laws are preserved

m For large Q2,
lim A(Q?) = Z,

QRZ2—00

lim D(Q?) =7,

Q2 =00

revealing a pointlike core, consistent with the physical picture of the model
thin hac STC
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Quantum stress within charmonium XU:2024cfa]

m The above LFWF representation can be generalized to two-body gg bound states by identifying
the correct location of the graviton coupling:

_ dx ~ RN N PP o N . ~ N
tio(qd) = 2;/m/d2rwig(%m)§[em ML et Tﬂ]v(% 7, =iV Wgs(@, 7))

2 2 2 2
— . _ 2 7VL+’mq —VL-&-mq
where, v(z, 7, =iV ) = M* — ———1 — ——
m As an application, we consider the charmonium and adopt charmonium wave functions from

previous basis light-front quantization (BLFQ) calculations [Li2017miw]

BESY
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Energy density vs invariant mass squared density

Energy density £(r, ) vs the invariant mass squared density M2 (r | ):

M2(r)

E(ry)

]
e[

m Energy density is positive

2
41 ig 7,

(2m)?

{1 g+

d a1 —zqi T

(2m)2 {1+ 4M2>A( D+ zqﬁD

0}

)} = Mgt — 27

m Invariant mass squared density becomes negative at small 7 : tachyonic core within charmonium?
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Physical densities

Matter density A (7, ), energy density (7, ), invariant mass squared density M?(r, ) and scalar
density 6(r ):

dzq g,
A = [ G AR,

O(r ) =E&(ry) —3P(ry).

12
L ' ' —ary ] e
o Ne srom |
o T e MrL)/M? ] p+
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Application to the pion in AdS/QCD

H V

m AdS/QCD is a bottom-up approach to QCD based on string-gauge duality

= |
m Form factors F, g n(Q?) and A, g n(Q?) in AdS/QCD  (Abidin2009] -
2 2
@) = [@elon V@0, 40@) = [@2lon Q).
where, V(Q?, z) and H(QQ7 z) are vector and tensor bulk-to-boundary propagators
1.0 T T T T T bdre current 1.0 T T ' T T bate current z
A —— dressed current | N —— dressed current ] bare current
0.8 & Lattice23 ] 0 (
., T \ \
~ 0.6 - AR
S L 4
‘E 04 L - ; dressed current
P = ] {
1 1 1 1 1 1 1
040 1.0 2.0 3.0 4.0




Application to the pion in AdS/QCD 1L12028izn]

m Unfortunately, the gravitational wave in AdS; can only couples to the traceless part of the EMT

— D(Q?) is not fully constrained [Abidin2008ku, cf. Mamo:20 19mka, Mamo:202 Itzd, Fujita2022jus
m Light-front holography: correspondence between AdS/QCD and LFQCD [Brodsl
2z =+vz(l—a)r,

m Effective gg interaction from soft-wall AdS/QCD: U ; = kA2 +26%(J — 1)

tensor
scalar

2 —_—
D@7 = [ @efer o) { F Kal20) - o (:Q)

_2U(z)
g5 20K1(:0) - 52K (:Q) |}
vector - tensor = scalar
Current dressing; 2QK,(2Q) = V(Q?, 2), P e bare current |
1 1.2+ —— dressed current |
§ZZQ2K2(ZQ) - H(Q?, 2), P, ., Lattice23
0.0 1.0 2.0 3.0 4.0

2K, (2Q) = S(Q?, 2) 0 [GeV?]



Summary

m Hadronic energy-momentum tensor and the gravitational form factor D
m Macroscopic picture of hadrons as a relativistic continuum

m Microscopic picture of hadrons from light-front wave functions

Thank you!



