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1.  Precision 3D imaging of protons and nuclei.

2. Search for gluon saturation.

3. Solving the proton spin puzzle.

Physics	Topics	at	the	EIC

The	Electron-Ion	Collider	(EIC)
aims	to	provide	detailed	insights	into	the	
behavior	of	quarks	and	gluons…	
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Need to measure positions 
and momenta of the partons
transverse to its direction of motion.
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•	Light-Front		Dynamics(LFD)	has	been	quite	successful	in	describing	various	hadron	
properties	such	as	Decay	constants,	DAs,	PDFs,	Form	Factors,	GPDs	and	TMDs	etc.	

1.	Motivation	

Electromagnetic		&	Weak	decay	Process DVCS	&	DVMP

•	We	have	developed	a	new	self-consistent	covariant	LFQM	for	decay	constants,	DAs,	
and	weak	form	factors(e.g.	𝐵 → 𝐷𝑙𝑙)	of	mesons:	

In	this	work,	we	apply	our	new	developed	LFQM	to	compute		Form	Factor,	TMDs,	and	PDFs	of	Pion!
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PRD	107,	053003(23);	PRD108,	013006(23)	by	A.	J.	Arifi,	HMC	and	C.-R.	Ji

PRD	103,	073004(21);	Adv.	High	Energy	Phys.,	4277321(21)	by	HMC	
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2.	Why	Light-Front?



Equal	𝑡	(Instant	form)

• Advantage	of	LFD	in	the	calculation	of	Form	Factors	:
																Equal-𝑡			vs		Equal	Light-front	𝜏		formulations
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Equal	𝜏	(Front	form)

• Advantage	of	LFD	in	the	calculation	of	Form	Factors	:
																Equal-𝑡			vs		Equal	Light-front	𝜏		formulations

LF	valence

LF	nonvalence
(higher	Fock	state)
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3.	Form	Factors	on	the	Light-Front
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Nonvanishing :	LF	Zero-Mode	!

☞	One	has	to	take	into	account	of	the	zero	mode	in	using		𝐽&	current!	



𝑝*

𝑝$

Meson	state:	Noninteracting		"on-mass”	shell		𝑄	&	 q𝑄	representation			
																									consistent	with	Bakamjian-Thomas(BT)	constuction!

Light-Front	Quark	Model(LFQM)
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𝑀) *) = Ψ 𝐻) *) ΨThe	interaction	is	added	to	the	mass	operator	
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New	Development	of	including	the	LF	Zero-Mode	in	the	LFQM	
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General	structure	for	𝑃(𝑃) → 𝑃(𝑃/)	transition:
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General	structure	for	𝑃(𝑃) → 𝑃(𝑃/)	transition:

For	elastic	process(𝑀 = 𝑀′),	
only	gauge	invariant	form	factor	𝐹 𝑞" 	survives!

𝑃′|q𝑞	 𝛾(	𝑞|P = ℘(	𝐹0 𝑞"

𝑞( =	 (𝑃 − 𝑃/)(

℘ � 𝑞 = 0

New	Development	of	including	the	LF	Zero-Mode	in	the	LFQM	



𝑃′|q𝑞	 𝛾(	𝑞|P = ℘(	𝐹0 𝑞" ,

In	𝑞% = 0	frame,
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄
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ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)
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Õ
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(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)

4

the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)

4

the ordinary spin-orbit wave function assigned by the quantum
number J

PC . The covariant form of R�q�q̄ for the ⇡ meson is
given by [10, 11]

R�q�q̄ =
ū�q (pq)�5v�q̄ (pq̄)p

2M0
, (22)

and it satisfies
Õ

�0s R†R = 1. The explicit matrix form of
R�q�q̄ for the pion is given by

R�q�q̄ =
1q

2p
+
qp
+
q̄M0

 
p
+
qp

L
q̄ � p

L
q p
+
q̄ m(p+q + p

+
q̄)

�m(p+q + p
+
q̄) p

+
qp

R
q̄ � p

R
q p
+
q̄

!
,

(23)
where p

R(L) = px ± ipy . Eq. (23) can be expressed in terms of
(x, k?) variables defined in Eq. (19).

The interactions between q and q̄ are included in the mass
operator [13, 14] to compute the mass eigenvalue of the me-
son state. In our standard LFQM, we treat the radial wave
function �(x, k?) as a trial function for the variational princi-
ple to the QCD-motivated e�ective Hamiltonian staurating the
Fock state exapnsion by the constituent q and q̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by Hqq̄ | i = (M0 + Vqq̄) | i =
Mqq̄ | i, where Mqq̄ and  =  �q�q̄ are the mass eigenvalue
and eigenfunction of the qq̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [7, 8, 15–17].

For the 1S state radial wave function �(x, k?), we use the
Gaussian wave function

�(x, k?) =
4⇡3/4

�3/2

r
@kz

@x
exp(�Æk2/2�2), (24)

where � is the variational parameter fixed by the analysis of
meson mass spectra [7, 8, 15]. For mq = mq̄ = m case,
the Jacobian of the variable transformation {x, k?} ! Æk =
(k?, kz) is given by @kz

@x =
M0

4x(1�x) . The normalization of our
Gaussian radial wave function is then given byπ 1

0
dx

π
d

2k?
16⇡3 |�(x, k?)|2 = 1. (25)

B. Pion form factor in the q
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in q

+ = 0 frame can be obtained from
two di�erent methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the q

+ = 0 frame as follows

F
SLF(µ)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

O(µ)
LFQM,

(26)

where the operators O(µ)
LFQM = O(µ)

BS (M
(0) ! M

(0)
0 ) are given in

Table I. We should note that �M
2 is non-zero (�M

2 = M
2
0 �

M
02
0 ) in the standard LFQM while it is zero (�M

2 = M
2�M

02)
in the covariant BS model. One can also easily find that F

SLF(+)
⇡

and F
SLF(?)
⇡ are completely identical even in the analytic form

since the term (q2
?+2k? ·q?)

q2
?�M2

0+M
02
0
= x in F

SLF(?)
⇡ (Q2). While the

analytic form of F
SLF(�)
⇡ obtained from the minus component

of the current is di�erent, we confirm numerically that it gives
exactly the same Q

2 dependence as F
SLF(+)
⇡ = F

SLF(?)
⇡ .

(Method 2) Direct standard LFQM calculation: In the
q
+ = 0 frame, the pion form factor F

SLF(µ)
⇡ in the one-loop

contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

F
SLF(µ)
⇡ =

π 1

0
dp
+
1

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
P(µ)

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(27)

where p
+
1 = xP

+ and P(µ) is the Lorentz factor defined in the
right-hand side of Eq. (4), i.e. P(µ) = (P + P

0)µ � q
µ�M

2/q
2

but with the replacement M
(0) ! M

(0)
0 within the integrand.

Using the spin-orbit wave function defined in Eq. (23) and the
Dirac matrix elements for the helicity spinors defined in Table
II of Ref. [18], we confirmed that our direct result obtained
from Eq. (27) is completely equivalent to the one given by
Eq. (26). The virtue of this direct calculation is to analyze the
form factor in terms of the helicity contributions, i.e., we could
express the operator O(µ)

LFQM in terms of helicity components
as

O(µ)
LFQM =

’
�0s

H(µ)
�1�̄!�2�̄

, (28)

for each component (µ = ±,?) of the current. In Table II,
we summarize H(µ)

�1�̄!�2�̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(µ)
("!")+(#!#) ⌘

Õ
�̄(H

(µ)
"�̄!"�̄ +

H(µ)
#�̄!#�̄) andH(µ)

("!#)+(#!") ⌘
Õ

�̄(H
(µ)
"�̄!#�̄+H

(µ)
#�̄!"�̄), respec-

tively, so that O(µ)
LFQM = H(µ)

("!")+(#!#) +H
(µ)
("!#)+(#!").

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to F⇡(Q2)
when one uses the minus component of the current J

µ can be
identified as

F
ZM(�)
⇡ (Q2) =

π 1

0
dx

π
d

2k?
16⇡3

�(x, k?)�0(x, k0
?)q

k2
? + m2

q
k02
? + m2

�O(�)
ZM,

(29)
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TABLE II: The operators O(`)
LFQM and their helicity contributions to the pion form factor in the standard LFQM.

�
(`)
c

O(`)
LFQM H (`)

("!")+(#!#) H (`)
("!#)+(#!")

�
(+)
c

k? · k0? + <
2 k? · k0? + <

2 0
�
(?)
c

k? · k0? + <
2 k? · k0? + <

2 0

�
(�)
c

2(1�G )q2
?"

2
0 (k? ·k0

?+<2+q? ·k0
? )

G [2"02
0 q2

?+q4
?+("2

0 �"
02
0 )2 ]

2q2
? { (k? ·k0

?+<2 ) (k2
?+k? ·q?+<2 )+(1�G ) (k?⇥q? )2 }

G
2 [2"02

0 q2
?+q4

?+("2
0 �"

02
0 )2 ]

2q2
? { (1�G )<2q2

? }
G

2 [2"02
0 q2

?+q4
?+("2

0 �"
02
0 )2 ]

corresponds to the valence contribution O(�)val
LFQM to the pion

form factor in the LFQM.
In other words, the use of O(�)

BS corresponds to the Lorentz
factor P(�) with instead of using O(�)

LFQM in Eq. (26) corre-
sponds to the valence contribution to the pion form factor in
the @

+ = 0 frame.

C. Quark mass evolution

Contrary to quark models or LFQM, which employ a phe-
nomenological constant constituent quark mass, an alternative
approach rooted in QCD quantum field theory is the utiliza-
tion of the BS equation along with the Dyson-Schwinger (DS)
equations for the quark propagators, gluon propagator, and
vertices. A noteworthy outcome of the DS calculations [? ? ]
is the determination of the effective running mass, <(?2) as a
function of the Euclidean momentum ?.

In our earlier study [? ], we examined the impact of the mass
evolution from current to constituent quark on the soft contri-
bution to the elastic pion form factor. This was accomplished
by employing a light-front BS (LFBS) model, which incorpo-
rates a running mass in a LFQM. Specifically, we introduced
two algebraic representations of the quark running mass: a
crossing asymmetric (CA) mass function, proportional to ?

2,
and a crossing symmetric (CS) mass function, proportional to
?

4. In Ref. [? ], we related the four momentum ?
2 to LF vari-

ables (G, k?) by utilizing the on-mass shell condition, denoted
as ?

2 = <
2 (?2). This condition indicates that the mock me-

son has no binding energy and results in the following relation:
?

2 = G(1 � G)"̃2 � k2
?, where "̃ = ("c + 3"d)exp/4 = 612

MeV.
In this study, we assess the impact of the quark running

mass on the pion form factor by considering the mass evolution
solely as a function of the momentum transfer&2, independent
of the specific forms of dynamics. To accomplish this, we
introduce two distinct algebraic representations of the quark
running mass as a function of the momentum transfer &2 in
the spacelike region:

<(&2) = <0 + (< � <0) exp
⇣
�&2/`2

⌘
,

<(&4) = <0 + (< � <0) exp
⇣
�&4/_4

⌘
, (30)

where <0 and < are the current and constituent quark masses,
respectively. The parameters ` and _ are used to adjust the
shape of the mass evolution so that the running mass yields

FIG. 2: Quark mass evolution <(&2) and <(&4) in spacelike
momentum transfer (&2

> 0) region.

a generic picture of the quark mass evolution from the low
energy limit of the constituent quark mass to the high energy
limit of the current quark mass. We use <0 = 5 MeV, < = 220
MeV, `

2 = 5 GeV2, and _
4 = 10 GeV4, respectively. In

Fig. 2, we show the quark mass evolution <(&2) and <(&4)
in spacelike momentum transfer (&2

> 0) region.
In our numerical calculations, we use the model param-

eters (<, V) = (0.22, 0.3659) [GeV] obtained in Ref. [? ?
] for linear confining potential model. The charge radius
[A2

c
= �63�c (&2)/3&2 |

&
2=0] and decay constant of the pion

obtained from this linear potential model parameters were pre-
dicted as Ac = 0.654 fm and 5c = 130 MeV, which are in
excellent agreement with the current PDG average value [? ]
of experimental data [? ? ? ], AExp

c
= (0.659 ± 0.004) fm and

5
Exp
c

= 131 MeV.
The left panel of Fig. 3 presents the pion form factor �c (&2)

up to&2 = 10 GeV2 when the constituent quark mass< = 0.22
GeV is used. The solid line corresponds to the complete result
(� (`)

c
), which remains entirely unaffected by the current com-

ponent (` = +,?,�). The results obtained from the valence
and helicity flip contributions originating from the minus cur-
rent �� are represented by the dashed and dotted lines, respec-
tively. Notably, the LF zero mode from �

� is the discrepancy
between the full result (solid line) and the valence contribution
(dashed line) in our LFQM. It is evident that the zero-mode
contribution from �

� is particularly significant in the very low
&

2 region. The helicity flip contribution, which is proportional

4

and it satisfies
Õ

_
0
B
R†R = 1. The explicit matrix form of

R_@_@̄ for the pion is given by

R_@_@̄ =
1q

2?+
@
?
+
@̄
"0

 
?
+
@
?
!

@̄
� ?

!

@
?
+
@̄

<(?+
@
+ ?

+
@̄
)

�<(?+
@
+ ?

+
@̄
) ?

+
@
?
'

@̄
� ?

'

@
?
+
@̄

!
,

(23)
where ?

' (!) = ?G ± 8?H . Eq. (23) can be expressed in terms
of (G, k?) variables defined in Eq. (19).

The interactions between @ and @̄ are included in the mass
operator [? ? ] to compute the mass eigenvalue of the
meson state. In our standard LFQM, we treat the radial wave
function q(G, k?) as a trial function for the variational principle
to the QCD-motivated effective Hamiltonian staurating the
Fock state exapnsion by the constituent @ and @̄. The QCD-
motivated Hamiltonian for a description of the ground state
meson mass spectra is given by �@@̄ | i = ("0 + +@@̄) | i =
"@@̄ | i, where "@@̄ and  =  _@_@̄ are the mass eigenvalue
and eigenfunction of the @@̄ meson, respectively. The detailed
mass spectroscopic analysis can be found in Refs. [? ? ? ? ?
].

For the 1( state radial wave function q(G, k?), we use the
Gaussian wave function

q(G, k?) =
4c3/4

V
3/2

r
m:I

mG

exp(�Æ:2/2V2), (24)

where V is the variational parameter fixed by the analysis of
meson mass spectra [? ? ? ]. For <@ = <@̄ = < case,
the Jacobian of the variable transformation {G, k?} ! Æ

: =
(k?, :I) is given by m:I

mG
= "0

4G (1�G ) . The normalization of our
Gaussian radial wave function is then given by

π 1

0
3G

π
3

2k?
16c3 |q(G, k?) |2 = 1. (25)

B. Pion form factor in the @
+ = 0 frame

The current-component independent standard LFQM result
of the pion form factor in @

+ = 0 frame can be obtained from
two different methods, i.e. (Method 1) using the link given by
Eq. (17) between the covariant BS model and the standard
LFQM and (Method 2) using the direct calculation within the
standard LFQM, which we shall discuss in this subsection.

(Method 1) Link between the covariant BS model and the
standard LFQM: Applying the link given by Eq. (17) to
Eq. (16), we obtain the standard LFQM (SLF) results for the
pion form factor in the @

+ = 0 frame as follows

�
SLF(`)
c

(&2) =
π 1

0
3G

π
3

2k?
16c3

q(G, k?)q0 (G, k0
?)q

k2
? + <

2
q

k02
? + <

2
O(`)

LFQM,

(26)
where the operators O(`)

LFQM = O(`)
BS (" (0) ! "

(0)
0 ) are given

in Table I. We should note that �"2 is non-zero (�"2 =
"

2
0 � "

02
0 ) in the standard LFQM while it is zero (�"2 =

"
2�"

02) in the covariant BS model. One can also easily find

that �SLF(+)
c

and �
SLF(?)
c

are completely identical even in the
analytic form since the term (q2

?+2k? ·q? )
q2
?�"2

0+"
02
0

= G in �
SLF(?)
c

(&2).

While the analytic form of �SLF(�)
c

obtained from the minus
component of the current is different, we confirm numerically
that it gives exactly the same &

2 dependence as �
SLF(+)
c

=
�

SLF(?)
c

.
(Method 2) Direct standard LFQM calculation: In the

@
+ = 0 frame, the pion form factor �

SLF(`)
c

in the one-loop
contribution is obtained by the convolution of the initial and
final state LFWFs as follows:

�
SLF(`)
c

=
π 1

0
dG

π
d2k?
16c3 q

0 (G, k0
?)q(G, k?)

⇥ 1
P(`)

’
_
0
B

R†
_2_̄


D̄_2 (?2)p

G2
W
`
D_1 (?1)p

G1

�
R
_1_̄,

(27)

where P(`) is the Lorentz factor defined in the right-hand
side of Eq. (4), i.e. P(`) = (% + %

0)` � @
`�"2/@2 but with

the replacement " (0) ! "
(0)
0 within the integrand. Using

the spin-orbit wave function defined in Eq. (23) and the Dirac
matrix elements for the helicity spinors defined in Table II of
Ref. [? ], we confirmed that our direct result obtained from
Eq. (27) is completely equivalent to the one given by Eq. (26).
The virtue of this direct calculation is to analyze the form factor
in terms of the helicity contributions, i.e., we could express
the operator O(`)

LFQM in terms of helicity components as

O(`)
LFQM =

’
_
0
B

H(`)
_1_̄!_2_̄

, (28)

for each component (` = ±,?) of the current. In Table II,
we summarize H(`)

_1_̄!_2_̄
in terms of the helicity non-flip and

helicity flip contributions, i.e. H(`)
("!")+(#!#) ⌘

Õ
_̄
(H (`)

"_̄!"_̄+
H (`)

#_̄!#_̄) and H(`)
("!#)+(#!") ⌘ Õ

_̄
(H (`)

"_̄!#_̄ + H (`)
#_̄!"_̄), re-

spectively, so that O(`)
LFQM = H(`)

("!")+(#!#) + H (`)
("!#)+(#!") .

As one can see from Table II, while the pion form factor
obtained from the plus and perpendicular components of the
current receive only helicity non-flip contributions, the form
factor obtained from the minus component of the current re-
ceives not only the helicity non-flip but also the helicity flip
contributions. Furthermore, all three form factors give identi-
cal results numerically.

In our LFQM, the LF zero-mode contribution to �c (&2)
when one uses the minus component of the current �` can be
identified as

�
ZM(�)
c

(&2) =
π 1

0
3G

π
3

2k?
16c3

q(G, k?)q0 (G, k0
?)q

k2
? + <

2
q

k02
? + <

2
�O(�)

ZM ,

(29)
where �O(�)

ZM = O(�)
LFQM � O(�)

BS . We should note that the O(�)
BS

given by Table I is obtained from using the physical pion mass
("c), i.e. " = "

0 = "c in the Lorentz factor P(�) , and thus

𝐹4
% (𝑄") = 𝐹4

' (𝑄") = 𝐹4
& (𝑄")

"The	first	proof	of	the	pion	form	factor's	independence	
	from	current	components		in	the	LFQM!"
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FIG. 1: The covariant triangle diagram (a) corresponds to the sum of the LF valence diagram (b) and the nonvalence diagram (c), where
� = q

+/P
+. The large white and black blobs at the meson-quark vertices in (b) and (c) represent the ordinary LF wave function and the

nonvalence wave function vertices, respectively.

(µ = ±,?) of the current as follows

F
(+)
⇡ =

J+em
2P+
,

F
(?)
⇡ =

J?
em · q?

�M2 � q2
?
,

F
(�)
⇡ =

q2
?P
+J�

em

2M 02q2
? + q4

? + (�M2)2
, (7)

where �M
2 = M

2 � M
02. If the nonvalence diagram

(P0+ < k
+ < P

+) does not vanish as q
+ ! 0, this nonva-

nishing contribution is called LF “zero mode". In the LF
calculation of the covariant BS model, we do not quantify the
possible zero modes for the calculations of F

(±,?)
⇡ given by

Eq. (7). Instead, we just determine the existence/nonexistence
of the zero mode contribution to F

(±,?)
⇡ by computing only the

valence contribution in the q
+ = 0 frame. We then compare

the covariant BS model to the standard LFQM discussed in the
next section and discuss the implication of the LF zero mode
between the two models.

The LF calculation for the trace term in Eq. (2) can be
separated into the on-shell propagating part S

µ
on and the in-

stantaneous part S
µ
inst, i.e. S

µ = S
µ
on + S

µ
inst, via the relation

between the Feynman propagator (/p +m) and the LF on-mass
shell propagator (/pon + m)

(/p + m) = (/pon + m) + �+ (p
� � p

�
on)

2
. (8)

The trace term S
µ
on obtained from the on-shell propagating part

is given by

S
µ
on = 4[pµ1on(p2on · kon + m

2) � k
µ
on(p1on · p2on � m

2)
+p

µ
2on(p1on · kon + m

2)], (9)

where

p1on =

✓
xP
+,

m
2 + k2

?
xP+

,�k?

◆
,

p2on =

✓
xP
+,

m
2 + (k? + q?)2

xP+
,�k? � q?

◆
,

kon =

✓
(1 � x)P+,

m
2 + k2

?
(1 � x)P+ , k?

◆
. (10)

The instantaneous contribution is obtained as

S
µ
inst = 2�p1

⇥
g+µ(k · p2 + m

2) + p
µ
2 k
+ � p

+
2 k

µ
⇤
,

+2�p2

⇥
g+µ(k · p1 + m

2) + p
µ
1 k
+ � p

+
1 k

µ
⇤
,

+2�k
⇥
g+µ(�p1 · p2 + m

2) + p
µ
1 p
+
2 + p

+
1 p

µ
2
⇤
,

+2�p1�p2 k
+g+µ, (11)

where �p = (p� � p
�
on). We note for the valence contribution

(i.e. k
� = k

�
on) that �p1(2) = (M2 � M

(0)2
0 )/P

+, where

M
(0)2
0 =

k(0)2
? + m

2

x
+

k(0)2
? + m

2

1 � x
(12)

is the invariant mass of the initial (final) state meson and
k0
? = k?+(1� x)q?. One can see from Eq. (11) that there is no

instantaneous contribution for the plus current, i.e. S
+
inst = 0.

Now, for the valence region (0 < x < 1) in the q
+ = 0 frame,

the LF amplitude obtained from the on-shell contribution is
given by

Jµ
em =

Nc

16⇡3

π 1

0

dx

(1 � x)

π
d

2k? �(x, k?)�0(x, k0
?)S

µ
on,

(13)
where

�(x, k?) =
g

[x(M2 � M
2
0 )][x(M2 � M

2
⇤)]
, (14)

for the vertex function with n = 1 case and M
2
⇤ = M

2
0 (mq !

⇤). The final state vertex function �0 is obtained from �
replacing k? with k0

?. The trace terms S
µ
on for each component

of the current are given by

S
+
on =

4P
+

1 � x
(k? · k0

? + m
2),

S
?
on = �2(2k? + q?)

x(1 � x) (k? · k0
? + m

2),

S
�
on =

4M
2
0

xP+
(k? · k0

? + m
2 + q? · k0

?). (15)

From Eqs. (7) and (13), we get the on-shell contributions to
the pion form factor for each current component (µ = ±,?) as
follows

F
(µ)
⇡ (Q2) = Nc

π 1

0
dx

π
d

2k?
8⇡3

�(x, k?)�0(x, k0
?)

(1 � x)2
O(µ)

BS , (16)
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FIG. 3: Left panel: Pion form factor F⇡ (Q2) showing the full result (solid line), independent of the current components. The dashed and
dotted lines represent the valence and helicity flip contributions from J

�, respectively. Right panel: Predictions of Q
2
F⇡ (Q2) obtained from

the constituent quark mass m = 220 MeV (solid line), m(Q2) (dotted line), and m
2(Q4) (dashed line), respectively. The experimental data are

taken from [34, 41–43].

contribution (dashed line) in our LFQM. It is evident that the
zero-mode contribution from J

� is particularly significant in
the very low Q

2 region. The helicity flip contribution, which is
proportional to m

2 (see Table II), exhibits notable magnitude
in the small Q

2 region within the constituent quark framework.
However, this contribution is absent in the chiral limit (m = 0).
The right panel of Fig. 3 ...

III. DECAY CONSTANT AND DISTRIBUTION
AMPLITUDE

In our recent research [24, 25], we establish the method to
obtain the pseudoscalar meson decay constant within our stan-
dard LFQM in a process-independent and current component-
independent manner. To provide a comprehensive under-
standing, we present the essential aspect required to attain
the Lorentz and rotational invariant result within our LFQM
framework.

The pion decay constant defined by the local operator with
axial vector, h0|q̄(0)�µ�5q(0)|⇡(P)i = i f⇡P

µ, can be obtained
as

f⇡ =
p

Nc

π 1

0
dx

π
d2k?
16⇡3 �(x, k?)

⇥ 1
iPµ

’
�1,�2

R�1�2


v̄�2 (p2)p

x2
�µ�5

u�1 (p1)p
x1

�
, (31)

where Nc = 3 arises from the color factor implicit in the wave
function. The final result of f⇡ in the most general P? , 0
frame is given as follows

f
(µ)
⇡ =

p
2Nc

π 1

0
dx

π
d2k?
16⇡3

�(x, k?)q
m2 + k2

?

O(µ)
A (x, k?), (32)

where the operators O(µ)
A derived from the current with µ =

(+,?) yield identical results, specifically O(+)
A = O(?)

A = 2m.
For the minus component of the current, if the physical pion
mass is used in the Lorentz factor P

� = (M2
⇡ + P2

?)/P
+, one

obtains O(�)
A = 2m(M2

0 + P2
?)/(M2

⇡ + P2
?), which we denote as

the operator for the valence contribution, O(�)val
A ⌘ 2m(M2

0 +

P2
?)/(M2

⇡ + P2
?) to f⇡ . However, O(�)

A becomes identical to
the results of µ = (+,?) as one replace M⇡ ! M0, which we
denotes as O(�)full

A = 2m. In other words, the LF zero-mode
contribution to f⇡ for the case of the minus component of the
axial vector current is given by

f
(�)ZM
⇡ =

p
2Nc

π 1

0
dx

π
d2k?
16⇡3

�(x, k?)q
m2 + k2

?

�O(�)
A , (33)

where �O(�)
A = O(�)full

A � O(�)val
A . We should note that the

final form of the full operator O(�)full
A for unequal quark mass

case is di�erent from those of O(+)
A = O(?)

A although the decay
constant itself is independent of the components the current as
we have shown in Ref. [25].

In this particular case of the equal quark and antiquark
mass, the pion distribution amplitude (DA) �⇡(x) is completely
independent of the current components and is given by

�⇡(x, µ0) =
p

2Nc

f⇡

π µ2
0 d2k?

16⇡3
2mq

m2 + k2
?

�(x, k?), (34)

which is normalized as
Ø 1
0 dx�⇡(x, µ0) = 1 at any scale µ0.

The DA provides information about the probability amplitudes
of finding the hadron in a state characterized by the minimum

𝐹4
% (𝑄") = 𝐹4

' (𝑄") = 𝐹4
& (𝑄")

𝑓4
56)7 = 130	MeV

(Exp.=131	MeV)

𝑟4
56)7 = 0.654	fm

(Exp.=0.659 4 fm)
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x for µ0 < 0.5 GeV to convex for µ0 > 0.5 GeV. On the other
hand, in the absence of the Jacobi factor, the shape remains
convex regardless of the chosen scale µ0. In the right panel
of Fig. 4, we show the pion DA at initial scale µ2

0 = 1 GeV2

(solid black line), which is evolved to µ2 = 10 GeV2 (solid
blue line). We also compare our results with the asymptotic
result �Asy = 6x(1 � x) (solid red line), the AdS/CFT predic-
tion [35–37] �AdS = ⇡

p
x(1 � x)/8 (dashed line), and the result

of Dyson-Schwinger equations (DSEs) [38–40] �DB(x, ⇣H) =
20.227x(1� x)[1�2.5088

p
x(1 � x)+2.0250x(1� x)] (dotted

line) obtained from the dynamical-chiral-symmetry breaking-
improved (DB) truncations at the scale ⇣H = 0.30 GeV, respec-
tively.

IV. TMD AND PDF OF PION

A. TMD

Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)�+ (z)|Pi |z+=0 = f

q
1 (x, pT ),

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)� j

T (z)|Pi |z+=0 =
p
j
T

P+
f
q
3 (x, pT ),π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�� (z)|Pi |z+=0 =

⇣
m⇡

P+

⌘2
f
q
4 (x, pT ),

(39)

where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].

Integrating out the right-hand side of Eq. (39), one obtains
π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�µ (z)|Pi

=

π
dz

�

4⇡
e
ixP+z� hP | ̄(0)�µ (z�)|Pi

=

π
dz

�

4⇡
e
i(xP+�p+)z� hP | ̄(0)�µ (0)|Pi

=
�(x � p

+/P
+)

2P+
hP | ̄(0)�µ (0)|Pi, (40)

where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
as outlined in [55, 56]. Consequently, following this definition
as discussed in [55, 56], we have 2P

+
P
� = m

2
⇡ .

Then, Eq. (39) can be rewritten as follows

2P
+

π
dx f

q
1 (x) = hP | ̄(0)�+ (0)|Pi,

2pT

π
dx f

q
3 (x) = hP | ̄(0)�? (0)|Pi,

4P
�
π

dx f
q
4 (x) = hP | ̄(0)�� (0)|Pi, (41)

where the functions f (x) = { f
q
1 (x), f

q
3 (x), f

q
4 (x)} represent

the PDFs obtained through the integration of the corresponding
TMDs f (x, pT ) = { f

q
1 (x, pT ), f

q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows

hP |Jµ |Pi = lim
Q2!0

π
dp
+
1

π
d2k?
16⇡3 �0(x, k0

?)�(x, k?)

⇥ h
µ

�1�̄!�2�̄
, (43)

where h
µ

�1�̄!�2�̄
is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f

q
1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.
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x for µ0 < 0.5 GeV to convex for µ0 > 0.5 GeV. On the other
hand, in the absence of the Jacobi factor, the shape remains
convex regardless of the chosen scale µ0. In the right panel
of Fig. 4, we show the pion DA at initial scale µ2

0 = 1 GeV2

(solid black line), which is evolved to µ2 = 10 GeV2 (solid
blue line). We also compare our results with the asymptotic
result �Asy = 6x(1 � x) (solid red line), the AdS/CFT predic-
tion [35–37] �AdS = ⇡

p
x(1 � x)/8 (dashed line), and the result

of Dyson-Schwinger equations (DSEs) [38–40] �DB(x, ⇣H) =
20.227x(1� x)[1�2.5088

p
x(1 � x)+2.0250x(1� x)] (dotted

line) obtained from the dynamical-chiral-symmetry breaking-
improved (DB) truncations at the scale ⇣H = 0.30 GeV, respec-
tively.

IV. TMD AND PDF OF PION

A. TMD

Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]
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e
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(39)

where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].

Integrating out the right-hand side of Eq. (39), one obtains
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where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
as outlined in [55, 56]. Consequently, following this definition
as discussed in [55, 56], we have 2P
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Then, Eq. (39) can be rewritten as follows
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where the functions f (x) = { f
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4 (x)} represent

the PDFs obtained through the integration of the corresponding
TMDs f (x, pT ) = { f
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q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows
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where h
µ
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is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
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(+)(0):
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From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.
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TMDs f (x, pT ) = { f

q
1 (x, pT ), f

q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows

hP |Jµ |Pi = lim
Q2!0

π
dp
+
1

π
d2k?
16⇡3 �0(x, k0

?)�(x, k?)

⇥ h
µ

�1�̄!�2�̄
, (43)

where h
µ

�1�̄!�2�̄
is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f

q
1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.
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x for µ0 < 0.5 GeV to convex for µ0 > 0.5 GeV. On the other
hand, in the absence of the Jacobi factor, the shape remains
convex regardless of the chosen scale µ0. In the right panel
of Fig. 4, we show the pion DA at initial scale µ2

0 = 1 GeV2

(solid black line), which is evolved to µ2 = 10 GeV2 (solid
blue line). We also compare our results with the asymptotic
result �Asy = 6x(1 � x) (solid red line), the AdS/CFT predic-
tion [35–37] �AdS = ⇡

p
x(1 � x)/8 (dashed line), and the result

of Dyson-Schwinger equations (DSEs) [38–40] �DB(x, ⇣H) =
20.227x(1� x)[1�2.5088

p
x(1 � x)+2.0250x(1� x)] (dotted

line) obtained from the dynamical-chiral-symmetry breaking-
improved (DB) truncations at the scale ⇣H = 0.30 GeV, respec-
tively.

IV. TMD AND PDF OF PION

A. TMD

Transverse Momentum Dependent (TMD) distributions are
typically defined through quark correlators. In constituent
models that lack explicit gluon degrees of freedom, the Wilson
lines in QCD simplify to unit matrices in color space. Conse-
quently, T-odd TMDs are not present, and only T-even TMDs
are observable. The characterization of a spin-zero hadron,
such as the pion, is achieved using four specific TMDs, as
discussed in [55, 56]. Three of four TMDs for pion are related
with the forward matrix element hP |q̄�µq |Pi of the vector
currents, which are defined as [55, 56]

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)�+ (z)|Pi |z+=0 = f

q
1 (x, pT ),

π [dz]
2(2⇡)3

e
ip ·z hP | ̄(0)� j

T (z)|Pi |z+=0 =
p
j
T

P+
f
q
3 (x, pT ),π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�� (z)|Pi |z+=0 =

⇣
m⇡

P+

⌘2
f
q
4 (x, pT ),

(39)

where [dz] = dz
�

d
2
zT and |Pi is a pion state with 4-

momentum P, q is a flavor index for the quark and antiquark
contribution and m⇡ is the pion mass. While twist-4 TMDs are
primarily of academic interest, it is worth noting that the TMD
f
q
4 (x, pT ) becomes intertwined with other twist-4 quark-gluon

correlators, such as those associated with power corrections
to the Deep Inelastic Scattering (DIS) structure functions, as
discussed in [55, 68–74].

Integrating out the right-hand side of Eq. (39), one obtains
π [dz]

2(2⇡)3
e
ip ·z hP | ̄(0)�µ (z)|Pi

=

π
dz

�

4⇡
e
ixP+z� hP | ̄(0)�µ (z�)|Pi

=

π
dz

�

4⇡
e
i(xP+�p+)z� hP | ̄(0)�µ (0)|Pi

=
�(x � p

+/P
+)

2P+
hP | ̄(0)�µ (0)|Pi, (40)

where  (z)|z+=zT=0 ⌘  (z�). We should note that we
adopted the same metric convention as used in [55, 56],
a · b = a

+
b
� + a

�
b
+ � aT · bT , when deriving Eq. (40). This

choice ensures our consistency with the definitions of TMDs
as outlined in [55, 56]. Consequently, following this definition
as discussed in [55, 56], we have 2P

+
P
� = m

2
⇡ .

Then, Eq. (39) can be rewritten as follows

2P
+

π
dx f

q
1 (x) = hP | ̄(0)�+ (0)|Pi,

2pT

π
dx f

q
3 (x) = hP | ̄(0)�? (0)|Pi,

4P
�
π

dx f
q
4 (x) = hP | ̄(0)�� (0)|Pi, (41)

where the functions f (x) = { f
q
1 (x), f

q
3 (x), f

q
4 (x)} represent

the PDFs obtained through the integration of the corresponding
TMDs f (x, pT ) = { f

q
1 (x, pT ), f

q
3 (x, pT ), f

q
4 (x, pT )} over pT ,

and this integration is expressed as follows:

f (x) =
π

d
2
pT f (x, pT ). (42)

As discussed in [55, 56], it is important to note that, due
to the explicit pT factor in Eq. (39), there is no direct PDF
counterpart to the twist-3 TMD, f

q
3 (x, pT ). However, it is

possible to formally define f
q
3 (x) as presented in Eq. (42).

In our LFQM, the matrix element hP | ̄(0)�µ (0)|Pi can
be obtained from the forward matrix element, hP |Jµ |Pi =
limQ2!0hP0 |Jµ |Pi as follows

hP |Jµ |Pi = lim
Q2!0

π
dp
+
1

π
d2k?
16⇡3 �0(x, k0

?)�(x, k?)

⇥ h
µ

�1�̄!�2�̄
, (43)

where h
µ

�1�̄!�2�̄
is given in the Appendix. For the twist-2 TMD

obtained from the J
+ current, one can easily find f

q
1 (x, k?)

from the fact that hP |J+ |Pi = 2P
+

F
(+)(0):

f
q
1 (x, k?) =

1
16⇡3 |�(x, k?)|2, (44)

so that it satisfiesπ
dx

π
d

2k? f
q
1 (x, k?) =

π
dx f

q
1 (x) = 1. (45)

From Eq. (43), one can also easily find that the twist-3 TMD
is related with the twist-2 TMD in our LFQM as 2

x f
q
3 (x, k?) = f

q
1 (x, k?). (46)

In general, matrix elements of higher-twist operators can
be disentangled using the Equation of Motion (EOM) into

2 In fact, the overall sign is (�) between f q1 (x, k?) and f q3 (x, k?), i.e.
x f q3 (x, k?) = � f q1 (x, k?) in our calculation.
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FIG. 5: The twist-4 pion PDF, obtained using the methodology
from [56], while accounting the physical pion mass in P

�.

components arising from twist-2 and other terms [69–71]. The
EOM relations among the three TMDs in interacting quark
models were presented as [55, 56]

x f
q
3 (x, pT ) = x f̃

q
3 (x, pT ) + f

q
1 (x, pT ),

x
2

f
q
4 (x, pT ) = x

2
f̃
q
4 (x, pT ) +

p
2
T + m

2
q

2m
2
⇡

f
q
1 (x, pT ), (47)

where the tilde terms in quark models are referred to as
‘interaction-dependent’ terms. In QCD, they are in general
represented as quark-gluon-quark correlators.

The authors in [55, 56] used the traditional forward matrix
elements as hP |Jqµ |Pi = PµF

q(0), where Pµ = limQ2!0(P +
P
0)µ = 2P

µ, and F
q(0) = Nq = 1. So that, the authors

in [55, 56] obtained the sum rule

2
π

dx f
q
4 (x) =

π
dx f

q
1 (x) = 1, (48)

and the twist-3 TMD satisfies

x f
q
3 (x, pT ) = f

q
1 (x, pT ). (49)

This indicates thatπ
dx f

q
1 (x) = hP |J+ |Pi

P+ = 1,

2
π

dx f
q
4 (x) = hP |J� |Pi

P� = 1. (50)

First of all, while the first Mellin moment for f
q
1 (x) is correct,

the first Mellin moment for f
q
4 (x) does not satisfy Eq. (65)

due to the complication of the LF zero mode from the minus
component of the current.

The authors in [56] computed the twist-4 PDF f
q
4 (x) us-

ing essentially the same LFQM with the model parameters,

(m, �) = (0.25, 0.3194) GeV, but with the physical pion mass
in P

�.
Figure 5 shows f

q
4 (x) obtained from the method used in [56],

where we plot with two parameter sets, (m, �) = (0.25, 0.3194)
GeV and (0.22, 0.3659) GeV, respectively. Numerically, we
obtain π

dx f
q
4 (x) = 48.58 for m = 0.25 GeV,

= 66.45 for m = 0.22 GeV, (51)

which are notably di�erent from the expected value of 1/2.
This discrepancy arises because the calculation of f

q
4 (x) does

not adequately consider the zero-mode contribution to the J
�

current, as previously discussed in [55, 56].
In our current LFQM study, we have successfully in-

corporated the zero-mode contribution when dealing with
the J

� current in the computation of limQ2!0hP0 |Jqµ |Pi =
limQ2!0 PµF

q(Q2). This is achieved by replacing Pµ =
(P + P

0)µ with

Pµ = (P + P
0)µ � q

µ M
2 � M

02

q2 , (52)

as we discussed in this work. This enables us to satisfy the
sum-rules for µ = +,� components of the currents

π
dx f

(µ)(x) = lim
Q2!0

hP0 | J
µ

Pµ
|Pi = 1, (53)

where f
(+)(x) = f

q
1 (x) and f

(�) = 2 f
q
4 (x). Explicitly, f

(µ)(x)
satisfying Eq. (53) is given by

f
(µ)(x) =

π
d

2k? f
(µ)(x, k2

?),

= lim
Q2!0

π
d2k?
16⇡3 �

0(x, k0
?)�(x, k?)

⇥ 1
Pµ

’
�0s

R†
�2�̄


ū�2 (p2)p

x2
�µ

u�1 (p1)p
x1

�
R�1�̄,

(54)

where the unpolarized twist-2 and twist-4 TMDs are
f
q
1 (x, k2

?) = f
(+)(x, k2

?) and 2 f
q
4 (x, k2

?) = f
(�)(x, k2

?), respec-
tively, in our LFQM. We should note in Eq. (54) that the
physical meson masses M(M 0) should be replaced with the
invariant masses M0(M 0

0) in P�. This approach allows us to
e�ectively account for the zero mode contribution to f

q
4 (x).

On the other hand, the twist-3 TMD f
q
3 (x, k?), as defined

in Eq. (41), is evidently connected to f
q
1 (x, k?) in our LFQM

through the relationship x f
q
3 (x, k?) = f

q
1 (x, k?) as well as

x f
q
3 (x) = f

q
1 (x).

In Fig. 6, we show the 3-dimensional plots for the twist-2
and twist-4 TMDs of the pion, f

q
1 (x, k2

?) and f
q
4 (x, k2

?) (in
units of GeV�2) as a function of x and k2

? (in units of GeV2),
respectively. For the twist-2 TMD, the distribution of a quark
with a longitudinal momentum fraction x is identical to the
distribution of an antiquark with a longitudinal momentum
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FIG. 6: The unpolarized TMDs for pion, f
q
i (x, k?)(i = 1, 3, 4) (top panel) and x f

q
i (x, k?)(i = 1, 3, 4) (middle panel), as a function of x and

k2
?, and the corresponding PDFs, f

q
i (x) and x f

q
i (x)(i = 1, 3, 4) as a function of x (bottom panel) at the scale µ20 = 1 GeV2.

fraction 1 � x, i.e. f
q
1 (x, k2

?) = f
q̄
1 (1 � x, k2

?). Moreover,
we have f

q
1 (x, k2

?) = f
q̄
1 (x, k2

?), resulting in a momentum
distribution that is symmetric with respect to x = 1/2. On
the other hand, for the twist-4 TMD, the distribution f

q
4 (x, k2

?)
of a quark is peaked at the very small x value and shows the
asymmetric behavior with respect to x = 1/2, i.e. f

q
4 (x !

1 � x, k2
?) ! f

q̄
4 (1 � x, k2

?).

B. QCD evolution of PDF

For definiteness, we consider ⇡+(= ud̄), and denote f
q(x)

and f
q̄(x) as the single-flavor distributions of quarks and an-

tiquarks. In our LFQM, we define f
(+)
q (x) ⌘ f

q
1 (x) and

f
(�)
q (x) ⌘ 2 f

q
4 (x) for the twist-2 and twist-4 PDFs, respec-

tively.
The valence (or nonsinglet) quark distribution of ⇡+ for each

twist (i = 1, 4) is

f
(±)
val = f

(±)
u � f

(±)
ū + f

(±)
d̄

� f
(±)
d . (55)

This	work!

2�𝑑𝑥	𝑓8
3 𝑥 = 1

𝑚 = 220	MeV

Fails	to	meet	the	sum	rule	
due	to	the	absence	of	a	zero	mode!

Zero	mode	is	well	taken!
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4 (x) for the twist-2 and twist-4 PDFs, respec-

tively.
The valence (or nonsinglet) quark distribution of ⇡+ for each

twist (i = 1, 4) is

f
(±)
val = f

(±)
u � f

(±)
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?). Moreover,
we have f
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1 (x, k2

?), resulting in a momentum
distribution that is symmetric with respect to x = 1/2. On
the other hand, for the twist-4 TMD, the distribution f
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of a quark is peaked at the very small x value and shows the
asymmetric behavior with respect to x = 1/2, i.e. f
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B. QCD evolution of PDF

For definiteness, we consider ⇡+(= ud̄), and denote f
q(x)

and f
q̄(x) as the single-flavor distributions of quarks and an-

tiquarks. In our LFQM, we define f
(+)
q (x) ⌘ f

q
1 (x) and

f
(�)
q (x) ⌘ 2 f

q
4 (x) for the twist-2 and twist-4 PDFs, respec-

tively.
The valence (or nonsinglet) quark distribution of ⇡+ for each

twist (i = 1, 4) is
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fraction 1 � x, i.e. f
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1 (x, k2

?) = f
q̄
1 (1 � x, k2

?). Moreover,
we have f
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1 (x, k2
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?), resulting in a momentum
distribution that is symmetric with respect to x = 1/2. On
the other hand, for the twist-4 TMD, the distribution f
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of a quark is peaked at the very small x value and shows the
asymmetric behavior with respect to x = 1/2, i.e. f
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B. QCD evolution of PDF

For definiteness, we consider ⇡+(= ud̄), and denote f
q(x)

and f
q̄(x) as the single-flavor distributions of quarks and an-

tiquarks. In our LFQM, we define f
(+)
q (x) ⌘ f
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1 (x) and
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(�)
q (x) ⌘ 2 f
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4 (x) for the twist-2 and twist-4 PDFs, respec-

tively.
The valence (or nonsinglet) quark distribution of ⇡+ for each

twist (i = 1, 4) is
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u � f
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ū + f
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:𝑑$𝒌# at	the	initial	scale	𝜇$ = 1	GeV
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3 𝑥 = 	𝑓!

3 𝑥 𝑥	𝑓8
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FIG. 7: LFQM predictions for the valence PDFs of the pion for a single quark evolved to the scales of Q
2 = (4, 27) GeV from from the initial

scale Q
2
0 = 1.

Both twist-2 and twist-4 PDFs of the pion satisfy the nor-
malization

π 1

0
dx f

(±)
q (x) =

π 1

0
dx f

(±)
q̄ (1 � x) = 1, (56)

and the momentum sum rule
π 1

0
dx x f

(±)
q (x) +

π 1

0
dx x f

(±)
q̄ (1 � x) = 1. (57)

We note that f
(+)
q (x) is immune to the LF zero mode and

exhibits isospin and crossing symmetries, i.e. f
(+)
u (x) =

f
(+)
d̄

(1� x). In contrast, f
(�)
q (x) is derived by incorporating the

zero mode in addition to the valence contribution, leading to
an asymmetry under x $ 1 � x, as illustrated in the top panel
of Fig. ??. Numerically, we obtain

π 1

0
dx x f

(+)
q (x) = 0.5,

π 1

0
dx x f

(�)
q (x) = 0.290, (58)

at the initial scale Q
2
0 = 1 GeV2 in our LFQM. However, the

valence pion PDFs satisfy the crossing symmetry f
(±)
val(x) =

f
(±)
val(1 � x) and the sum rules at the initial scale Q0

π 1

0
dx f

(±)
val(x) = 2,

hxival =
π 1

0
dx x f

(±)
val(x) = 1. (59)

In other words, at this initial scale the entire pion momentum
must be carried by valence q, q̄ degrees of freedom, hxival ,
while sea-quark and gluon contributions are set to zero.

In the bottom panel of Fig. ??, we show x f
(±)
q (x) at the

initial scale Q0 = 1 GeV together with the parametric fits:

f
(+)
Fit (x,Q0) = N⇡X

↵
h
1 + aX

� + e
�bX2

i
, (60)

with X = x(1 � x), N⇡ = 83.691, ↵ = 1.878, a = �1.549,
� = 0.476, and b = 112.350 for the twist-2 f

(+)
q (x) and

x f
(�)
Fit (x,Q0) = N⇡ x

↵(1 � x)�(1 � �
p

x + �x), (61)

with N⇡ = 20.235, ↵ = 1.455, � = 1.806, � = 2.241, and
� = 1.558 for the twist-4 f

(�)
q (x).

For the QCD evolution of PDF, we use the the Higher Order
Perturbative Parton Evolution toolkit(HOPPET) to numeri-
cally solve the NNLO DGLAP equation [54] and the strong
coupling constant ↵s(Q0) at the initial scale is fixed following
the procedure [58–61], i.e. the initial scale Q0 needs to be cho-
sen in such a way that, after evolving from Q0 to Q

2 = 4 GeV2,
the phenomenological value hxival = 0.47(2) for the pion mo-
mentum fraction carried by valence quarks is required. This
implies that the valence quarks at Q

2 = 4 GeV2 carry about
47% of the total momentum in the pion [62, 63]. Applying
this procedure to the twist-2 and twist-4 PDFs at NNLO, we
obtain at Q

2 = 4 GeV2

π 1

0
dx x f

(+)
val(x) = 0.472,

π 1

0
dx x f

(�)
val(x) = 0.274, (62)

with the following parameter sets

Q0,NNLO = 1 GeV,
↵NNLO(Q2

0)
2⇡

= 0.302. (63)

Figure 7 shows the NNLO DGLAP evolutions of x f
(+)
q (x)

(top panel) and x f
(�)
q (x) (bottom panel) from the initial scale

Q
2
0 = 1 GeV2 evolved to Q

2 = 4 GeV2 and Q
2 = 27 GeV2.

We also obtain the first Mellin moment of the pion valence
PDF, evaluated at the scale Q

2 = 27 GeV2 asπ 1

0
dx x f

(+)
q (x) = 0.182,

π 1

0
dx x f

(�)
q (x) = 0.106, (64)

respectively. Our results should be compared with the result,
0.217 ± 0.011, obtained from Ref. [53] at the same scale Q.

𝑥	𝑓!
3(𝑥) 𝑥	𝑓#

3(𝑥) 𝑥	𝑓8
3(𝑥)

We	use	the	Higher	Order	Perturbative	Parton	Evolution	toolkit	(HOPPET)	
to	solve	the	NNLO	DGLAP	equation.

Evolved	from	𝜇$" = 1	GeV"	to	𝜇" = 4	and	27	GeV"
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TABLE III: Mellin moments of the pion valence PDF, f
q
1 (x), evalu-

ated at the scale µ2 = 4 GeV2.

hxiu
t2 hx2iu

t2 hx3iu
t2 hx4iu

t2
This work 0.236 0.101 0.055 0.033

[64] 0.2541(26) 0.094(12) 0.057(4) 0.015(12)
[65] 0.2075(106) 0.163(33) � �
[39] 0.24(2) 0.098(10) 0.049(7) �
[40] 0.24(2) 0.094(13) 0.047(8) �

TABLE IV: Mellin moments of the pion valence PDF, f
q
1 (x), evalu-

ated at the scale µ2 = 27 GeV2.

hxiu
t2 hx2iu

t2 hx3iu
t2 hx4iu

t2
This work 0.182 0.069 0.034 0.019

[66] 0.18(3) 0.064(10) 0.030(5) �
[40] 0.20(2) 0.074(10) 0.035(6) �
[48] 0.184 0.068 0.033 0.018
[53] 0.217(11) 0.087(5) 0.045(3) �

C. GPD

The flavor form factor of the pion given by Eqs. (26) and (27)
can be written as

F
q(t) =

π 1

0
dxH

q(x, t), (65)

where H
q(x, t) with �t = Q

2 is the generalized parton distri-
bution (GPD) satisfying F

q(0) = 1. Let us denote H
q = H

(±)

as obtained from the J
± currents. In particular, H

(+)(x, t) cor-
responds to the twist-2 valence GPD, denoted as H

q(x, ⇠, t)
at zero skewness ⇠ = 0, while H

(�)(x, t) represents the
twist-4 GPD. We should note that H

(+)(x, 0) = f
q
1 (x) and

H
(�)(x, 0) = 2 f

q
4 (x).

Appendix A

For P(q1q̄) ! P
0(q2q̄) transition with the momentum trans-

fer q = P � P
0, the relevant (on-mass shell) quark momentum

TABLE V: Mellin moments of the twist-3 pion PDF, f
q
3 (x), evaluated

at the scales Q
2 = 4 GeV2 and Q

2 = 27 GeV2, respectively.

hxiu
t3 hx2iu

t3 hx3iu
t3 hx4iu

t3
Q

2 = 4 GeV2 0.471 0.164 0.079 0.045
Q

2 = 27 GeV2 0.365 0.111 0.049 0.026

TABLE VI: Mellin moments of the twist-4 pion PDF, f
q
4 (x), evalu-

ated at the scales µ2 = 4 GeV2 and µ2 = 27 GeV2, respectively.

hxiu
t4 hx2iu

t4 hx3iu
t4 hx4iu

t4
µ2 = 4 GeV2 0.069 0.021 0.009 0.005
µ2 = 27 GeV2 0.053 0.014 0.006 0.003

FIG. 8: The 3-dimensional plots of the pion GPDs, H
q
1 (x, t)(left)

and H
q
4 (x, t)(right), at the scale µ0 = 1 GeV.

variables in the q
+ = 0 frame are given by

p
+
1 = xP

+, p
+
q̄ = (1 � x)P+,

p1? = xP? � k?, pq̄? = (1 � x)P? + k?,

p
+
2 = xP

+, p
0+
q̄ = (1 � x)P+,

p2? = xP0
? � k0

?, p0
q̄? = (1 � x)P0

? + k0
?. (66)

Since the spectator quark (q̄) requires that p
+
q̄ = p

0+
q̄ and pq̄? =

p0
q̄?, one obtains k0

? = k? + (1 � x)q? in P? = 0 frame.

For the analysis of the helicity contributions to the pion form
factor, we define the term corresponding to the spin trace in

FIG. 9: The 2-dimensional plots of the pion GPDs, H
q
1 (x, t) (left)

and H
q
4 (x, t) (right), for di�erent values of t.
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and H
q
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Since the spectator quark (q̄) requires that p
+
q̄ = p

0+
q̄ and pq̄? =

p0
q̄?, one obtains k0

? = k? + (1 � x)q? in P? = 0 frame.

For the analysis of the helicity contributions to the pion form
factor, we define the term corresponding to the spin trace in
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ated at the scale µ2 = 4 GeV2.

hxiu
t2 hx2iu

t2 hx3iu
t2 hx4iu

t2
This work 0.236 0.101 0.055 0.033
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[53] 0.217(11) 0.087(5) 0.045(3) �
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5.	Conclusions
We	developed	a	new	method	for	the	covariant	analysis	of	LFQM

Our	LFQM:		Noninteracting	𝑄	&	 �𝑄		representation	consistent	with		the	Bakamjian-Thomas(BT)	constuction!

0|q𝑞	Γ(𝑞|P = 𝔉	℘( 𝔉:	physical	observables	(𝔉 = 	𝑓3 , 𝐹 ⋯)

℘/:	Lorentz	factors	(℘ = 𝑃/⋯)

𝔉	 = 0 q𝑞 Γ
(

℘( 𝑞 P =  𝑑𝑥	𝑑"𝐤' 	⋯
Γ(

℘(
⋯

We	obtain	physical	observables	independent	of	𝜇,	paving	the	way	for	
	the	development	of	the	self-consistency	in	the	LFQM.

𝑃& =	𝑝3& +	𝑝*3&	 , i. e. 	𝑀"→ 	𝑀$
"

Constrained	by	BT	construction!
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[39] 0.24(2) 0.098(10) 0.049(7) �
[40] 0.24(2) 0.094(13) 0.047(8) �

TABLE IV: Mellin moments of the pion valence PDF, f
q
1 (x), evalu-

ated at the scale Q
2 = 27 GeV2.

hxiu
t2 hx2iu

t2 hx3iu
t2 hx4iu

t2
This work 0.182 0.069 0.034 0.019

[66] 0.18(3) 0.064(10) 0.030(5) �
[40] 0.20(2) 0.074(10) 0.035(6) �
[48] 0.184 0.068 0.033 0.018
[53] 0.217(11) 0.087(5) 0.045(3) �
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Since the spectator quark (q̄) requires that p
+
q̄ = p

0+
q̄ and pq̄? =

p0
q̄?, one obtains k0

? = k? + (1 � x)q? in P? = 0 frame.

For the analysis of the helicity contributions to the pion form
factor, we define the term corresponding to the spin trace in

FIG. 9: The 2-dimensional plots of the pion GPDs, H
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GPDs	of	Pion	at	zero	skewness

𝐻3 𝑥, 𝑡 = 𝐻3(𝑥, ζ = 0,−𝑡 = 𝑄")

𝐹3 𝑡 = �
$

!
𝑑𝑥 𝐻3(𝑥, 𝑡)
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TABLE III: Mellin moments of the pion valence PDF, f
q
1 (x), evalu-

ated at the scale Q
2 = 4 GeV2.
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TABLE IV: Mellin moments of the pion valence PDF, f
q
1 (x), evalu-

ated at the scale Q
2 = 27 GeV2.

hxiu
t2 hx2iu

t2 hx3iu
t2 hx4iu

t2
This work 0.182 0.069 0.034 0.019

[66] 0.18(3) 0.064(10) 0.030(5) �
[40] 0.20(2) 0.074(10) 0.035(6) �
[48] 0.184 0.068 0.033 0.018
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