
What is light-front 
quantization?

Xiangdong Ji, UMD

ILCAC seminar, Jan, 18, 2023



Outline

• The standard definition 

• LFQ as Infinite-momentum frame (IMF) limit of 
instant quantization
• Super-renormalizable theories

• Theories with non-trivial UV divergences

• Analogy with critical phenomena

• LFQCD as an EFT of Euclidean QCD  (LaMET) 

• Some examples

• Summary 



The standard definition 



Relativistic dynamics
• Three forms: (Dirac, 1949)

Instant: ordinary dynamics

Point: used in heavy-ion collision

Light-front:  light-traveler dynamics?



Front-form (light-front) dynamics 

• Front-form coordinates 

𝑥+ =
1

2
(𝑥0 + 𝑥3)

𝑥−=
1

2
(𝑥0 − 𝑥3)

𝑥⊥ = (𝑥1, 𝑥2)

• The front-front dynamics is 
determined by 𝑥+ evolution 
through the “Light-front 
Hamiltonian” 

𝑃− =
1

2
(𝑃0 − 𝑃3)

P.A.M. Dirac, 
Rev. Mod. Phys. 21, 1949

Light-front travelling in z(x3) 
direction x+=const  

(x-,x1 ,x2)



LF Quantum Field Theory 

• Postulating commutators at equal LF time

• Expand the fields in terms of creation and 
annihilation operators at a particular LF time

• LF momentum & Hamiltonian eigen-quation

Brodsky, Pauli & Pinsky, Phys. Rep. 301, 1998



LFQ as Infinite-momentum frame 
(IMF) limit of instant quantization



Infinite momentum frame (IMF) & QFT 

• Fubini & Furlan, Physics, 1, 1965 

Infinite momentum frame (IMF), or light-travelling   
proton, introduced as a slick “math trick” to derive          
useful sum rules & light-cone algebra.

• What a QFT (scalar) look like when boosted to IMF? 

S. Weinberg,   Dynamics at infinite momentum
Phys. Rev. 150 (1966) 1313 



Weinberg’s QFT rules in IMF

• All kinematic infinities (𝛾∞-factor) can be removed 
from the calculations, resulting a “new” set of rules 
for Hamiltonian perturbation theory.

• Weinberg was not aware of Dirac’s work. However, 
what he had showed was (formally)

QFT in IMF = Dirac’s front-form dynamics,
“provided all UV divergences are ignored.” 

• The finding was very quickly confirmed by 

Susskind (1968), Bardakci, and Halpern (1968) 
Chang and Ma (1969), Kogut & Soper (1970): QED



IMF limit & UV divergences 

• How does UV divergences affect IMF=LFQ?

• Not a problem for super-renormalizable (SR) 
theories: 
• All non-trivial interactions are irrelevant operators, or, all 

couplings have positive mass dimensions.  

• The number of counter-terms needed to render the Green 
functions finite decreases as the number of loops 
increases.

• Many interesting 1+1D QFT, but not Gross-Neveu etc
models which are not SR. 



t’ Hooft model 

• 1+1 D QCD with 𝑁𝑐 = ∞

Can be solved exactly at 
any finite Pz. (Y. Jia PRD 2018) et al.)

• Mom dis. Calculated at
various mom:

𝑝𝜋
𝑧 = 𝑚𝜋, 5𝑚𝜋, 8𝑚𝜋 …

𝑝𝜙
𝑧 = 𝑚𝜙 , 2𝑚𝜙 , 5𝑚𝜙…

• LFQ is recovered from instant

form as a smooth limit of 𝑝𝑧 → ∞



Critical (renormalizable) theories?

• A dimensionless integral depending on 𝑃𝑧 in 3+1D QCD

• Integral is UV divergent, Λ𝑈𝑉 shall be larger than any 
physics scales (Pz)
• A log dependence 𝑙𝑛(𝑃𝑧/Λ𝑈𝑉) !

• Naïve 𝑃𝑧 → ∞ limit does not exist, 𝑃𝑧 = ∞ is singular or not 
analytical. 

න
Λ𝑈𝑉

𝑑4𝑘
1

(𝑛 ⋅ 𝑘) 𝛾 ⋅ 𝑃 − 𝛾 ⋅ 𝑘 𝑘2



Take the integral to LF

• LFQ is obtained by taking 𝑃𝑧 → ∞ under the integral 
sign (after integrating 𝑘0)

• The integral becomes formally independent of 𝑃𝑧

• The UV behavior of the integral is now different
• There is a light-cone singularity originated from  
𝑙𝑛(𝑃𝑧/Λ𝑈𝑉) after taking 𝑃𝑧 → ∞

• Spurious LC singularities
• Time-ordered graphs are potentially more divergent 

because of Lorentz symmetry breaking

• For gauge-invariant quantities, choice of LC gauge may 
lead to additional LC divergences.



What is LFQ? 

• It depends on how to regularize LC div. 

• If one uses regulators that respect basic symmetries  
(Lorentz, gauge), there will be no spurious LC 
singularities.

• Define LFQ: 
• The LC divergence can be regulated with standard UV 

regulators (like DIM REG). 

• LFQ is an EFT of the original theory, in the same sense 
HQET is an EFT of heavy quark physics.



Double-log dependences 

• Consider the WF renormalization of a quark in axial 
gauge: nA=0. 

• The WF renormalization constant Z(p) has a double 
log dependence 

𝑍 = 1 + 𝛼 ln2 𝑃𝑧 + …

which is due to soft & collinear physics

• In LFQ, this leads to a new type of LC divergences 
which can again be regulated in the standard UV 
regularization, leading to double poles per loop in DR. 



So, when 𝑃𝑧 → ∞ is not well defined…

• We define the limit by taking 𝑃𝑧 → ∞ under the integral 
sign.

• Regularize the LC divergences with standard UV method. 
And the result is defined as LFQ, and is an also EFT of the 
original theory. 

• PS: All spurious LC divergences are effectively regulated without 
any essential symmetry breaking. 

LFQ ≡ EFT of large P limit



Pz = ∞ is a critical point

• Due to Lorentz boost, the longitudinal correlation 
functions in the coordinate space

C 𝜆 ∼ exp −𝜆/ξcorr

Longitudinal correlation length: ξcorr ∼
𝑃𝑧

𝑀
→ ∞,

➢ The correlation functions decay algebraically

𝐶 𝜆 ∼ 𝜆−1+𝛼

➢ Corresponding to small-x behavior of PDFs

𝑓(𝑥) ∼ 𝑥−𝛼



LFQCD as an EFT of Euclidean QCD



LFQ for QCD

• Light-front wave-function (amplitudes)

• PDF, DA, TMDPDF, GPDs, etc…

• All of these can be obtained from large momentum 
limit of time-independent correlation functions in 
instant form of QCD 

Large momentum effective theory or LaMET

• Time-independent correlation functions can be 
computed from Euclidean formulation of QCD, such as 
lattice QCD or instanton calculus. 

• Many LaMET works in PDF, DA, TMDPDF, GPDs



Main steps for LFWF through LaMET

1. Defining LFWF amplitudes as gauge-invariant 
matrix elements.

2. Perturbative LFQ without LF Hamiltonian

3. Using off-LC regulators and lattice QCD to finish 
nonperturbative calculations (again without LF-
Hamiltonian), matching to on LC scheme. 



Step 1: LFWF amplitudes as gauge-
invariant matrix elements  

• Consider a hadron state with Fock states expansion 
on pert. QCD vacuum, 

• The LFWF amplitudes 

we can replace the pert vacuum by QCD  vacuum if 
one ignores the zero modes.



Gauge-invariance  

• Introduce guage-invariant LF fields

• Gauge-invariant LFWF amplitude (covariant) 

where |0⟩ is the QCD vacuum.  



Gauge-invariant LFWF amplitudes 

❖ In singular gauges, such as the light-cone gauge 𝐴+ =
0, one has to choose the link connection at 𝜉− = ±∞,
which are related to zero modes.



Step2: Perturbative LFQ without LF 
Hamiltonian
• Standard approach to get the LFWF amplitudes is 

through LC-time-ordered pert. theory in light-cone 
gauge. 

where Hint is the interactions part of P-

However, it contains a lot of divergences. 
(Zhang & Harindranath, 1993)



Computation with gauge-invariant 
amplitudes

• The calculation can be done in covariant gauge

and covariant perturbation theory. 

• The only new divergences come from the light-cone 
gauge link. 

• This has been called rapidity divergence arising from 
zero modes.



Regularization of LC rapidity divergences

• Delta-regulator 

. 
M.G. Echevarria, I.Scimemi, and A.  Vladimirov, PRD 2016

• LF length regulator 

A.  Vladimirov, PRL 2020 

• Exponential regulator 
Defined through final-state cuts, 

not applicable for  LFWFs.

Y.Li, D.Neill, and H.X.Zhu,  NPB 2020 

….



Example: Meson LFWF

• Leading amplitudes 



Soft Functions with rapidity divergence 
(zero modes)
• Define the soft functions 

where C contains conjugating Wilson lines



Renormalization of rapidity divergence

• Rapidity renormalized WF amplitudes 

• Rapidity evolution equation (Collins-Soper eq.)

Kernel K is non-perturbative at large 𝑏⊥𝑖



Rapidity renormalized meson WF 
amplitudes
• One-loop result, potentially calculable to all-order in 

pQCD

• Evolutions 



Step 3: Computing non-pert. LFWF 
through lattice QCD & matching
• Light-momentum effect theory (LaMET) allows light-

front correlations be connected to Euclidean 
correlations: IR physics is independent of frames)

• Differences in UV can be matched through pert QCD. 

• Rapidity divergences are related to large-Pz
divergences.

• Standard lattice QCD method can be used to compute 
Euclidean correlations.  



Quasi LFWF amplitudes 

• Euclidean WF amplitudes

• Gauge-invariant fields 



Regularizing RD through off-light-cone 
soft function
• Define two off-light-cone vectors

• Soft functions 



Matching Formula



Examples











Lowest fock state LFWF





TMDPDF

• LPC (J.C.He et al, 2211.02340)



Physical effects of zero mode (Ji, 2003.04478)

• While zero modes are difficult to control in the QCD 
Hamiltonian and LFWFs directly, it is possible to 
calculate directly through laMET in physical 
observables: Mass, scalar charge, …

• Sivers function 

a zero-mode effect!

A well-defined procedure has been developed in LaMET to 
calculate this.     



Conclusions 

• Directly solving LFQ version of 3+1 QCD is very very
hard, if not impossible. It corresponds to a critical 
point. 

• If considered as an effective theory, it can be 
obtained from Euclidean QCD in the IMF limit.

• Lattice QCD can be used to calculated all the relevant 
LF quantities, such as LFWF, PDF, DA, TMDPDF, & GPD 
through EFT matching and running. 


