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Outline

 Motivation
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e Solving the rainbow-ladder DSE
e Numerical results
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Developments in Minkowski space

e Two-fermion homogeneous BSE. W. de Paula et al., PRD 94, 071901 (2016).
e Solution of the 3-body BSE. E.vdrefors et al., PLB 791, 276 (2019).
» Pion electromagnetic form-factor. E. Ydrefors et al., PLB 820 136494 (2021).

e Proton image. Ydrefors and Frederico, PRD 104, 114012 (2021)
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DSE in Minkowski space

[ ~@—] " = | e
p

Dynamical observables defined in the light-front;

Electromagnetic form-factors;

Quark and gluon propagators to be used as inputs for the BS/Fadeev approach to hadronic
physics;

QCD at finite density: Lattice sign problem.

Main Tool: Nakanishi Integral Representation

* Generalization of the Kaillén-Lehmman integral representation of two point functions, for n-
point functions. N. Nakanishi, Phys. Rev. 130, 1230 (1963) and Prog.Theor.Phys.Suppl. 43, 1 (1969).

« Wick rotation is the exact analytical continuation of the Minkowski space Nakanishi
representation: Possibility of the exploration in the complex plane.
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Comparison with Un-Wick rotated results: Bethe-Salpeter vertex

Un-Wick comparison with rotation in the ladder bosonic BSE

The Bethe-Salpeter approach to bound states: from

Euclidean to Minkowski space - 1

« Re[l'] (Wick rot)
= Im[I'] (Wick rot)
Re[I] (Nakanishi)
— Im[I] (Nakanishi)

A Castro !, E Ydrefors', W de Paula', T Frederico!, J H de
Alvarenga Nogueira'?, P Maris®

nstituto Tecnoldgico da Aerondutica, DCTA, 12.228-900 Sao José dos Campos, 5P, Brazil
*Universith di Roma La Sapienza, INFN, Sezione di Roma, Ple A. Moro 5, 00187 Roma, [taly
A Department of Physies and Astronomy, lowa State University, Ames, IA 50011, USA

E-mail: abigailalbuquerque2?@gmail.com
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Abstract. The challenge to obtain from the Euclidean Bethe-Salpeter amplitude the
amplitude in Minkowski is solved by resorting to un-Wick rotating the Euclidean homogeneous
integral equation. The results obtained with this new practical method for the amputated
Bethe—Salpeter amplitude for a two-boson bound state reveals a rich analytic structure of this

amplitude, which can be traced back to the Minkowski space Bethe-Salpeter equation using e, e e : i
the Nakanishi integral representation. The method can be extended to small rotation angles ' » “ &F
bringing the Euclidean solution closer to the Minkowskl one and could allow in principle the - e 4 L o N
extraction of the longitudinal parton density functions and momentum distribution amplitude, St 8"
for example. B 1
L 1 I | 1 ! 1 I | L ] ! 1 L
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A. Castro et al., Journal of Physics: Conf. Series 1291 012006 (2019)



In collaboration with T. Frederico, S. Jia, P. Maris, W. de Paula and E. Ydrefors
Comparison with Un-Wick rotated results:DSE in the Weak
coupling limit

po =— exp(—1id)po
]Co = exp(—id)ko
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» From Euclidean space formulation, in increments of J:

» Minkowski space: & = 71/2, or in a more conveninent notation © = /2 — J.

pi =0, P2 >0 spacelike region

0 =0,
2> 0 52 = () timelik '
Py > U, pT = 1melike region
T \\\\\H‘ T \\\\\H‘ T T \\\H‘ T T T T 1117 LN T T T T T Ty T T Ty
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*S. Jia et al., Proceedings of HADRON-2019, arXiv:1912.00063, T. Frederico et al., Proceedings of NTSE-2018, arXiv:1905.00703.
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Fermion Dyson Schwinger Equation (Rainbow-Ladder)

1
' Sy (k)= .
— Dressed fermion propagator: Sy (k) K—mp + FA; (k2) — By (k2) + ic
Ak = [ ds—PAl) By (k> :/OOd p5(5)
r) /0 K2 — s tie’ #(5) 0 K= s e

— Integral representation of the fermion propagator:

¥+ g < p(s) / = ps(s)
S(k) =R d d
7 (k) k2—mg+ie+% 0 Sk2—3+ie+ 0 Sk2—8+i6
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Fermion Dyson Schwinger Equation (Rainbow-Ladder)

1
i . Sr(k) =
— Dressed fermion propagator: Sy (k) F—mp + A (R2) = By (%) + ie
oy [ pals)ly B.(12) — /Ood'pB(s)
F(E%) /0 k2 s +ie / ()* o 12 _ o 1+ e

Vector and scalia\fgéffiEnergy densities

= Integral representation of the fermion propagator:

| +/°°d8,ps(8)

/ ( ) —Jo k2 — s+ ie

Vector and scalar speé&al densities



7/16
Fermion Dyson Schwinger Equation (Rainbow-Ladder)

1

— Dressed fermion propagator: Sy (k)

Ay <k2> = /0 N ds 12 PA <S)‘ B f( k2>:

- S —I_ ie \’\\\\\\ O

Vector and scalia\fgéﬁ;Energy densities

— Integral representation of the fermion propagator:

| +/°°d8,ps(8)

—Jo k2 —sie

Vector and scalar speé&al densities

| d*q ~, S¢(k — q)y (1-E)q"q” |

A(K2) — B(E2) — 2/ p R f V| gHhy
% (k ) (k ) tg (27.‘.>4 q2 — mg + 7€ g g — fmg + 1€ |
_ z’gZ/ dq v Stk = [ (1=84d"q" ]
(2m)* g% — A2 +ie q? — EA? + i€
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Fermion Dyson Schwinger Equation (Rainbow-Ladder)

1
i . Sr(k) =
— Dressed fermion propagator: Sy (k) F—mp + A (R2) = By (%) + ie
oy [ pals)ly I O
F(F) /0 12— +ie ! (> o 12 _ & 1+ e

Vector and scalia\fgéﬁ;Energy densities

— Integral representation of the fermion propagator:

@)
ps(8)
r(k) /0 k? — s+ i€
Vector and scalar spectral densities
Gauge fixing

kA(kQ)—B(kQ)ZiQQ/ (d4q Y Sy (k= ) [gw T

2m)* q% — mZ + ie 2 - Emz + i€

.9 d*q v, S¢(k—q)v L (1 —&q"q" | — Pauli-Villars
— 19 1 o 5 | - - 5 5 | - regulator
(2m)* % — A? +ic q? — EN? + e |
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Fermion Dyson Schwinger Equation

2

e Parameters: o = j— , Ny mg, g .
A8

e Spectral densities are obtained from the IR of the self-energy:
1

paly) = ——Im[A(y)
p5() =~ Im [B(y)

 Solutions of DSE obtained writing the trivial relation S f‘lS ;= 1 in a suitable

form:
R / T e Po(8) A(y)
y—mg+we Jo = y—s+ie yAX(y) - B%(y) +ie
Rmy _I_/OO ds ,03(5) _ B(W)
v—=Tp +ie  Jo v —s+ie  yAX(y) — B%(y) +ie



Fermion DSE solution

pa(7) = RICG (v, 5, my)

—|—/ ds lCi(’y, s,mg) pu(s) — [mg — Al
0

pB(W) — Rmo ICSB(’Yamgafrné)

+/0 ds K% (7, ,m2) ps(s) — [mg — A
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e Driving term:

3 _ —2 7§
IC()A(OB) = Ka)y +m, K3 p

o Kernel:

K& (v, s,m2) = Ka(y,s,m2) O(s — (g +my)?)

+ mg_ZI_(j(fy, S, mg) O(s — (mg + \/gmg)Q)

Connection Formulas

Faly)= 1+][OO dSPA(S)

0 v —S fa(y)
fal)=mp + 4 as22 P )=y brat fatn) = pe ) 2 ()
o AT + 220 [y 73 (0) = sk () = 3 ) + 2 ()]
d(v) = lvfi(v) — 2y pa(y) — f2(9) +72r pB(’y)] oy (7) Zf;((v’;) oA () Fa () = pi (4) 15 (7))
47 0400 £40) =50 010) w7 <(J>) [y £3(3) = 7904 () — 3 () + 720 (7))
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Feynman gauge kernel (& = 1):

oz’Y—m§+S

Ka (o, 87m3)2_47r y2 \/(fy —mg+s)t—4dys © v — (mg +V/5)?]
4
K (3, 5,m3)== 1~ \[(r =m? + )2 —dys O[3~ (my + V)"

Remaining arbitrary £-gauge contribution:

2 2
a (v—8)" —my(y+s)
R N T

X O [y — (mg +/5)?] — [m_ — &m]]

ozmg \/(’Y_m§‘|‘5>2—4’78

K(y,s,my) = —— - O [y = (mg +/5)*] = [mj — &mj]

K4 (y,s,m2) = —

Bare mass:

0 0

my— S my — S




TO. Oliveira et al., EPJC 80:484 (2020).

DSE+Lattice QCD propagators: Enhancement of the quark-gluon vertex at'
the infrared region!’

A4(p%k2,0=0)

M(p?) [MeV]

25
20
15
10 .0 e In our work: Pauli-Villars regulator
1 can also be effectively associated
22a [Gev] with the form factor of the y*
3
b Y i component of the quark-gluon vertex:
plGev) 13 g- 4
B=529 x=0.3632 32'x64 M _=295MeV
D L A L e AL AL LA ML A M
® Latt Data 7]
— igyamse | ) m; — A
: Al(q ): 2 .
E q* — AN+ e
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P [GeV]

TRojas et al., JHEP 10 (2013) 193; O. Oliveira et al., EPJC 79, 116 (2019).
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Large coupling regime: Phenomenological model

Calibration of the model: Possibility to explore the chiral symmetry breaking

Set mgy (GeV) m, (GeV) A (GeV) a

1 0.42 0.84 1.20 19.70
2 0.38 0.78 1.10 20.30
3 0.35 0.60 1.00 13.25
Set (Outputs) mp (MeV) R

1 9.06 2.22
2 8.53 2.09
3 12.25 2.64

Appropriate behavior in the
infrared require a large enough
Kernel

JL

A cannot be large compared to
m_, and as a consequence, o

must increase!

region!

400

- Lattice fit

—— Set 1

k [GeV]

8 10

DD, T. Frederico, W. de Paula, E. Ydrefors Phys. Rev. D 105, 114055 (2022).
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DD, T. Frederico, W. de Paula, E. Ydrefors Phys. Rev. D 105, 114055 (2022).
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Large coupling regime: Phenomenological model

4
0.6
3i 0.4 /\/ ]
/
0.2/
2t |
|
I 0.
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g |l
|
’ — Re[M(k)]
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—2
mg
(Mo + myg)*
0 g
— 2
(mo —+ A)

Not enough to get a good fit for Z(k?)

0.7t - Lattice fit |
— Set 1
-------- Set 2
0.6 ——-Set3
0 2 4 6 8 10
k [GeYJ

DD, T. Frederico, W. de Paula, E. Ydrefors Phys. Rev. D 105, 114055 (2022).
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Recent developments and perspectives

Spectral densities evaluated by solving the DSE the method described previously
as inputs for the pion Bethe-Salpeter equation.

o5 Uz (ki p) = Sp(kq)Ux (k; p)Sr(kq)
00 = [ e 1
|| Sp(k) =
ol R r )= A B
-1.0 \/‘ ---- pa(y) — Sv(kz)% + SS(/C2)
o o PB(Y) [‘GeV‘]
01 05 1 5 10 50 100 R o0 v
y [GeV?] Sv(k2) =5 — — -+ / ds 5 P <S>
of | — k= —mg+ie  Jo k? —s+1e
—2l ‘\‘ Il' 1 RmO > IOS(S)
\ f; Ss(k?) = d
_z: Wi | (+) k2—m(2)—|—ie+/0 Sk2—3+ie
—8l
(i N 1 po(y) [GeV2] | Fﬁ(k’p): 5 [ZEﬁ(k’p) T Fw(k,p)
-12f | " — ps() [GeV'] | H oV
0.1 05 1 5 10 50 100 +k Pp Gﬁ(k’p) —I_O-'U“Vk P Hﬂ(k’p)]

v [GeV?]
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Recent developments and perspectives

e First approximation: Chiral limit! In this case, the pion quark-antiquark vertex is
given by**
En(k) = ——B(k?) B(k?) :/OO LEIC)
m f79 ’ 0 k2 — S+ 1€
o Next steps: Calculation of observables, more rigorous study of chiral

symmetry breaking, ingredients from LQCD...

: N d*k 0 ) P = 1 p’ .
BS amplitude normalization: Tr { / 2n)1 3 [S (k — 5) V. (k,p)S (k: + ) %(h@]p/p} = —2ip,,

. . d*k
Pion decay constant: ip* fr = N, / (2 Tr [#7° U (K, p)]

Quark condensate: - / d*k
r

(Regularization??) (@) = - (2] Sk (k)

*C. S. Mello, et al., Phys. Lett. B, 766 86-93 (2017), L. Chang et al., PRL 110, 132001 (2013).
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Final Remarks

» Possibility of calculation of dynamical observables in Minkowski space.
» The Integral Representation as a very important tool to solve DSE and BSE.

 Inclusion of more sophisticated ingredients, as quark-gluon vertex, Lattice QCD
(self energy, vertex, ...) = more realistic theories!

e Wide range of applications: Form factors, parton distribution functions, analytic
structure of pion, kaon, nucleon, Nakanishi weight functions ...

=il

Thanks for your attention! A FAPESP
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