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Trace decomposition Bh=Te, = 04 =T"

Conformal symmetry is broken by: 1) constituents’ masses

2) quantum corrections

[Crewther (1972)]
[Chanowitz, Ellis (1972)]

T — Bl 24 bm [Adler, Collins, Duncan (1977)]
H 29 + ( + Vm) w w [Collins, Duncan, Joglekar (1977)]
1 [Nielsen (1977)]
Quark mass
matrix
Textbook approach (p|TH"(0)|p) = 2p"p"” [Shifman, Vainshtein, Zakharov (1978)]
[Donoghue, Golowich, Holstein (1992)]
5 [Kharzeev (1996)]
=> (p|T",(0)|p) = 2M [Roberts (2017)]
(map)
o 5@ — (0) = el [0
M = (2—5 G > -I— <(1 -I— "}’m) ”gf)mw) <prest‘prest>
(GZ) ) | ) | — <prest‘0(0)‘prest>
Y T 2M

Near-threshold
heavy meson Nucleon ~91% ~ 9% p=2GeV

production



Trace decomposition

Trace anomaly is scale invariant

M= (532G Wm%bmw) <¢mw>

L

Y Y

Trace anomaly Oq
~92% ~ 8%
Ty =py3 D"y
Quark and gluon contributions T =T +TH

T;V — _G;L/\Gu)\ 4+ %g,m/ G2

[Makino, Suzuki (2014)]

_ j22% 122% [Hatta, Rajan, Tanaka (2018)]
= | M =g, <Tq )+ Guv <Tg ) [Tanaka (2019)]
[Ahmed, Chen, Czakon (2022)]

G TV = r  G*+ (1+y) vmy
GuTH = (52 — 2)G? + (4 — y) Im)

29

A\ Operator mixing

x, y are scheme and scale-dependent calculable coefficients



Ji's decomposition

Mass is the rest-frame energy M = (1T°9)

Step |

Step 2

[3i (1995)] [Yang et al. (2015)]
r=0, yY=vm r=0, y=0

o T — w1 guvpe

T — PRy + THY 4 o
Ay 1 Vo

(L) (00) ™ = 39"T7,

No mixing under Lorentz transformations or renormalization !

=» M= (T + (1)

TH = TH + T
T =1 g [2G? + (1 +y) Pmy)]

79" K%’) —fff) G* + (Ym —y)@m%b]

_I_

[Metz, Pasquini, Rodini (2020)]
Arbitrary =z, y

[3i (1995)]



Ji's decomposition

Step 3 Reshuffling of quark mass contributions
| M= (T~ 30m) + ) +(T°) + (5|5 Gy o)
% [(z)gM — 0] Tq %<$>9M % [M — o]
1 =2GeV ~38% ~ 8% ~31% ~23%

LF momentum

1 {pl [ Ay da” T (2)lp)

PIT FO)p)  (PIT,, (0)lp)

<x>q79 = p+

fractions

(plp)

Deep inelastic
scattering

Momentum
sum rule

{T)q + (x)g =1

2(pt)?

++:0

T 2(pt)2




Energy-momentum tensor (EMT)

What is the physical meaning of the individual terms in trace and Ji’s decompositions ?
Strategy: look at the whole EMT [C.L. (2018)]
(pIT2" (0)lp) = 2p"p” Aa(0) +2M*g"Co(0)  a=4q.yg

(p|T"(0)|p) = 2pt'p”

Four-momentum sum rules [3i (1998)]
> Aa(0) =1 N (1o = Aa(0)
= @ ~
Z C, (()) =0 Why two sum rules ?
a What is the meaning of C,,(0)?




Energy-momentum tensor (EMT)

Classical perfect fluid

a=q.9g (p|TH(0)|p) = 2pHp” Ay (0) 4 2M?g" C,(0) O = (e +p)utu’ —pg"”
A (0) + Cu(0) 0 0 0
0 —C4(0) 0 0
HVN _ [C.L. (2018)]
= (L5 =M 0 0 —C,(0) 0
0 0 0 —C,(0)

Energy Momentum
density density
@0 7o o2 o8
T'10

THY — ~ Shearstress
T20
T30 ~ Normal stress
- - (pressure)
Energy Momentum

flux flux



Rest energy decomposition

Mass is the rest-frame energy M = (T [C.L. (2018)]
= | M=(T7)+{T;") (T30) = [44(0) + Ca(O)]M

L J \ J
Y Y

Quark Gluon

total total
energy energy
Refinements
00\ __ 00 e A .
<Tq ) = <Tq — wmw) + (@bm@b) Seems legit
L Y ) L Y )
Quark kinetic + Quark rest
potential energy energy

g 29

\ J \ J
Y Y

<T00) — <T00 . % [% G2 -+ ')’m@mw]> + <% [M G2 + Tm Em¢]>

No obvious meaning No obvious meaning



Mechanical equilibrium

[von Laue (1911)]
[Landau, Lifshitz (1951)]

o o i [Deser (1976)]
Virial theorem  (7") =0 [Dudas, Pirjol (1991)]
[C.L. (2018)]

[C.L., Metz, Pasquini, Rodini (2021)]

= ([ (TV)+(T))=0 (T = —C(0)M

Quark Gluon
pressure-  pressure-

volume volume
work work
Trace decomposition Ji’s decomposition
W)= () =2 (T%) = (1% = 174 + (1 T%,)
S = [ + 430 + [ @) - 1 )]
B — i —— i
=M =0 =M =0

* Both mix rest energy with mechanical equilibrium !

* Separate quark and gluon contributions have no clear relation
to mass since (T*) # 0



Operator structure

Ji’s decomposition
M = (T3 = 3Pmap) + (Bmp) + (T + (| 52 G2 4 v mas )

) Traceless and trace parts do not mix under renormalization

2) Trace part contains an anomaly

[Voloshin, Zakharov (1980)]

Reasoning | Renormalized traceless operators have the classical form [Luke, Manohar, Sava?;i gggg}
[Kharzeev (1996)]
DA iD [3i (2021)]
T =y - iDip + 2 pmy 3 -
H00 152 |, B2 = 700 — ngre + ll {2(—2) G? + Y M
Tg - 5( + B ) l ' |

Y

« Quantum anomalous energy »

[Collins (1984)]

Reasoning 2 TH" is a conserved current and hence is not renormalized [Makino, Suzuki (2014)]

. . o [Hatta, Rajan, Tanaka (2018)]

D'?en,s',onall reEUIar'?at'on [Metz, Pasquini, Rodini (2020)]

and minimal subtraction 00 00 [C.L., Metz, Pasquini, Rodini (2021)]
T = Tbare

= 70 =107 iDy+ 3Pmy + L(E2+ B?) - L [3;55) G® + Y Ymap

Separation into quark and gluon contributions is scheme and scale dependent



MaSS sSUum r'UIeS (in D2 scheme and 1 = 2 GeV) [c.L.,[:::::: 52223:2:1 Eﬁﬂ::: ggigﬁ

Trace decomposition

Trace

M = (28 G 1y, Br) + (rme))

~92%

Rest energy decomposition

M = (L(E? + B?)) + (¥7 - iDy) + (pma))

Ji’s decomposition

~ 8%

~31%

M = (T2) + (| 5L G2+ P |) + (T30 — 3 5mp) + () o
) ) energy Quark
l « Quanltum energy
(B(B>+ 5) — 4[58 & 4 ) (57 i) —

~ 38%
~23%

D2 scheme: the whole anomaly is attributed to the gluon sector

= g.,(T}") = [A4(0) + 4C4(0)]M = o



Conclusions and last comments

* Mass can be decomposed in several ways,
but it is crucial that each contribution receives a clear physical meaning

e Scheme and scale dependences enter as soon as
one separates quark and gluon contributions

* Renormalization requires great care in presence of trace anomaly

* All decompositions require at most two independent inputs : (z)4, o4

* Our discussions apply to all massive systems, irrespective of their spin



Backup slides



Poincare constraints (spin-0 or spin-1/2 targets)

(p| T (0)|p) = 2p*p” Au(0) + 2M?g"* C,(0)

ﬂ <P£> = pﬂAa (0) -|— _O gO#Ca (0) Not a four-vector !
p
Light-front M= n N
- I M ot _
Siion  \Farr) =1P"Aa(0) + g C'a(0) = (P p) = Aa(0)p
pE =" +p*)/V2 = (7)q
Four-momentum sum rules
Ag(0) + A,(0) =1
p = (P}) + (Py) = { _q _g [3i (1998)]
q(0) + Cy(0) =0

From the experimental side, all we need is: |. to measure all the GFFs and
2. to check the four-momentum sum rules



What is mass ?

Formal operator definition PP, = M~

/\ Not additive and hence not suited for a mass decomposition

(P P*Bulp) 1

Expectation value M
plpy M

{p|P"|p) pp
{plp) M

CM four-
velocity

Proper inertia (i.e. rest-frame energy)
of the system

(prest ‘H ‘prest>
(prest ‘prest>

== A mass decomposition is fundamentally an energy decomposition H = Z H,



MS-like renormalization [Collins (1984)]

_ 1
Y =D — F’U’AFU)\ + 1 g’u’sz Finite operator!

Linearity property implies
y property imp [Makino, Suzuki (2014)]
" — y By 1 L 5 [Hatta, Rajan, Tanaka (2018)]
— ) _ _ v [Tanaka (2019)]
(T )R (?,b’)/ D @b)R (F I A)R + A g (F )R [Rodini, Metz, Pasquini (2020)]
[Metz, Pasquini, Rodini (2021)]

[C.L., Metz, Pasquini, Rodini (2021)]
H = / dr TOO
0 o No anomalous contribution
ID’Y iD"))R + 3 (E + B )R (consistent with exact time translation symmetry)

Anomaly arises only via trace operation (hence « trace anomaly »)

B

9 (O") R 7 (9 O™ )R 9T )R = o (F*) R + (14 ym) (bmi) R
. [0y 1 uv af . G
Traceless operator is (O"")r — 19" Ya 3(O%")r  Contains anomalous contributions
A (Ouv _ lg#vg 30“’5) lim | O* — lgﬁwg 0B
4 “ R d—4 d p R

Unjustified notation Correct form



Mass decompositions

Trace decomposition [Shifman, Vainshtein, Zakharov, PL78B (1978) 443]
[Donoghue, Golowich, Holstein, Dynamics of the Standard Model (1992)]

[Kharzeev, PISPF130 (1996) 105]

M = (] &z bmy) + ([ d* (B2 G* + Y omy))

Requires 1

Oq M — oy independent input

e s [C.L., EPIC78 (2018) 120]
Energy decomposition [Metz, Pasquini, Rodini, PRD102 (2020) 114042]

M = (f d?’x(TgO — E’m@b)}’ —i—(f dBCEE’n’le)' + (f d?’af:TgO)’ C-(0) + O, (0) = (1)
Aqg(0) = (z)q
A (0)+4C,(0) =c; + 2 T2

Scheme and
scale-dependent !

[4,4(0) + Cy(0)] M — oy a, [4,4(0) + C,(0)] M

Requires 2 independent inputs

s d oy [3i, PRL74 (1995) 1071]
Ji’s decomposition [3i, PRD52 (1995) 271]

M = (] &2 (T2 — 2 Gm)) + ([ e Pmp) + ([ dx T) + ( &z 1(E2D G + 7, Fmo))

T

A (0) M — o] q F4,(0) M

4 (M - Jq)

PN

Requires 2 independent inputs T =TH — % g‘uyTaa



How does one measure contributions to mass?

[Metz, Pasquini, Rodini (2021)]

(T )rO)|p)

DIS (Tq) = fd:c:ch(:c) = = A,(0) = 0.586 4 0.013

2(p*)?
Momentum sum rule A 0)+A,00) =1 = A, (0) =0.414+0.013
Quark mass Cutdis = (p\(@b;nj\@;)g\p) ~ 80 MeV

Trace sum rule 1y PITHalp)  (PIEGER + (4B (Ymd) slp)

Mass sum rule+virial theorem 2M 2M
Scheme-dependent calculable
coefficients

PI(F*)rlp) 29
=2 M- (14 vm
= S = 5 M~ (14 9m)a)
o (1 F? 1 P _
Quark EMT trace P19 (2]& el _ (plEE ) + (MZ?J)(%DWWR\P) = [A4(0) + 4C4(0)] M

Virial theorem C,(0) + C,(0) =0 = Cy(0) = —C,(0)



Virial theorem (field theory)

[Landau, Lifshitz, The Classical Theory of Fields (1951)]
[Deser, PLB64 (1976) 463]

[Dudas, Pirjol, PLB260 (1991) 186]

[C.L., Metz, Pasquini, Rodini, JHEP11 (2021) 121]

G:Zﬁ;ﬂ-ﬁﬂ =P /dg’xTOixi

k
% = /d3x 0T 2"
= /dB:L’(@ﬂT”i):Ei — ]dB:E(@kTh):L’i
= / PrF- 7+ Z / d>zT" P FV = 9,T"

Classical [[Z/dgat Tﬁ’ﬂ = —[/ d3$]?° f]] =0

Isolated system
(von Laue condition)

Quantum (Z/dngii> ——(/d?’x]?-f) =0

(stationary state)




Virial theorem (field theory)

Physical interpretation 7+ (1 + k)7

OH = —6W
1 = SV
0H = - [H,G] ok = —g&ﬁ
7 dit
T 0F = 0K T
3 02 5.0
Energy —
density /d anT 0z 5(d3:r:) = 30k A3z
Local
G 7o oz 70 ] force
T10 1 Isotropic
T = T20 ~ Shear stress pressure
_ 3. T . 8S7 3.\ 1 ii
T3O Normal stress o /d iu"f 51: + /5(d fC) 3 ZT
B (pressure) i
Work on Work by
the system the system

Virial
theorem

<5w> — 0 Mechanical

equilibrium !




Virial theorem (field theory)

Generalization to spacetime dilatations i =T"z,
kD —ikD _ _kdg K H — 3 TOO
D_/d?’a:j%_Ht—G P(x)e P = ¢ g(cta) [
o %[gﬁ(m),D] — (@, 0" + dy)d(2) G = / Py TV
D 1 D
L
dt ¢ ot 1 dD
- | [P D] = P g
| - | R _ pi L
- Spacetime Dilatation
rescaling breaking
o o D
Virial (H) = db 2 - dBa;T##Jrfd%fﬂ%
theorem dt !
Temporal
CL_IZT — 86_[: =0 rescaling dG
dG ii i
_<H>—<E> E—Zi:fdng +]d333}'-:v
Temporal Spatial
dilatation dilatation

breaking breaking

No new information from temporal dilatations !



