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Bound states of quarks and gluons
Hly) = E)
H = Ptp~ - p?

Two challenges Two methods

o Fock space » BLFQ
o Renormalization o RGPEP



Fock space




Fock space

Example: ccec sector

Z.Kuang, K.Serafin, X.Zhao, J.P.Vary,
Momenta:

Phys.Rev.D 105 (2022) 094028
_ x + .t z
p=(p", pY) and p” =p" +p

Light-front helicity: Color:
o = il c=1,23 = Ca?al_)a for qua.rks
2 7,g,b, for antiquarks



Fock space
Fock space (only quarks, no spin, no color)

Ho=C

Hi ~ L*(Ry x R?,C)
Ho=(H1@H1),

Hy = (H1 @M1 @Hi)y
Hi=(H1@H1 @H1 @ H1)y

HFock = (HO@H1 @ Ha @Hg@?‘[4@...)c



Fock space
Fock space (only quarks, no spin, no color)

0)  He=C
bT10) My~ L*(Ry x R?,C)

b{b}0) Hz = (H1®@Hi),

bTbibs|0) = (Hi1 @ H1 @ H1) 4

bibibint|0) H4 =M1 @M @M1 @Hi),

Hrock = (HO@Hl @ Ha @Hg@%4€9...)c
{5M} = Gurcs G AmpF 86T — ) (27)0%(p1 — o)
{(br.bs} = 0

b1]0) 0



. L BLF
Basis light-front quantization !

(Vary et al. 2010)
B = 1/dzq\pmi(q) pi )
P vpr ) e

{Bia B;} - 677,1‘,71]‘ 6mi,mj 5]61‘,](?]‘ 50'1',0'_7’ 5ci,c]'

(b Bt|0) VP (p)

Nz



. L BLF
Basis light-front quantization !

(Vary et al. 2010)

Bl = mi(q) b (p),pi)

7= | e




. L BLF
Basis light-front quantization !

(Vary et al. 2010)

Bl = 1/qu\Ijmi(q)bT(pf" p-)
P vpr ) e

| &1 o pj

\/.’ITL" xi_P+7

q:



Basis light-front quantization

(Vary et al. 2010)

[ — P4 gm0 v (5
= A AR
q= Pi T; = 2
Vi tPt
2 2 2 2
mi +p ms +p
ME, = TLTPL TP (g g,
xr1 Z2
m% m% 2 2 2
= ?1+?2+q1+q2_(p1+p2) .
Hioooie = 2 4.2
holographic diz +K's P = qicosé+qosiné
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q12

BLFQ



BLFQ

o Longitudinal box

2 5 . for fermions
- — - )99 9
v el=LI, p Lk’ k=1,2,3,... for bosons
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BLFQ

@ Basis:
1
H; = Span ({B“O) cn1 €N, my €Z, ki e N+ 2})
1
Hs = Span ({BIB;|O> :n1,ng €N, my,mo € Z, ki,ko € N+ 2})

@ Truncation
Y @ni+ [mal + 1) < Nuna
i
Fixed P*: . k; = K = const
M-scheme M; = >". (m; + 0;)

Color singlets

Center of mass motion decouples in truncated basis



. . - BLFQ
Matrix of the Hamiltonian (0|Dy By H B]D.|0)
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BLFQ

Advantages

@ Scalable with the number of particles

@ One can take advantage of growth of computing power of
supercomputers

Challenges

@ Inifinitely many Fock sectors produce factorial growth of the basis
dimension with N ax

@ Renormalization of divergent interactions



Effective particles RePER

(Gtazek 2012)

Effective particles of size s,

Y, = UpUS,  (effective field)

bl = UbtUl, (effective particle)
where t = s* and U, is a unitary operator.
Rewrite the theory in terms of effective particles

Ht:O(bvbTvdvdT7a7aT) = Ht(btabivdtvdivataai)
initial Hamiltonian effective Hamiltonian

Instead of U, it is more convenient to write the equation that
governs scale evolution of the Hamiltonian:

%Ht _ [[Hf,'f:lt],Ht} , U = Texp (_/0th |:Hf’7:[7':|) ;

H, = H(b,b',d,d" aal).



Renormalization group procedure®” ="

(Gtazek, Wilson 1993, Gtazek 2012)

@ The first guess for Hy—g usually gives divergent results for
observables

e Condition for finiteness of the observables of H;— is equivalent with
the demand that all matrix elements of H; are UV-finite

| Matrix elements  Observables

H anonical Finite Divergent
Hinitial Divergent Finite Hinitial = Hcanonical + cT
Hi~o Finite Finite

@ H,; is then called renormalized Hamiltonian

) = oo [ (e - 2]

RGPEP

o AN




RGPEP + BLFQ

Advantages of combining RGPEP and BLFQ

RGPEP and BLFQ approaches share many similarities
RGPEP should provide better effective potentials for BLFQ

Effective Hamiltonians require smaller matrices to be diagonalized

o Effective Hamiltonians are practically band diagonal

o Effective gluons are expected to be massive

o Justification for Fock sector truncation
BLFQ is suitable for handling very large bases and many particles
BLFQ provides nonperturbative solutions to truncated Hamiltonians

e Help in development of RGPEP
o Calculations with many Fock sectors can be done



Q0

Heavy quarkonium problem

HtWt) = MQWt>

) = |QiQr) + |QiQiGe) + |QiQ:G:Gy) + . ..

Heg¢ |Q:Q:) = M?*|Q:Qp)

Plan
@ Solve 2nd-order effective Hamiltonian for heavy quarkonium using
BLFQ
@ Compute 4th-order effective Hamiltonian for heavy quarkonium
using RGPEP
@ Solve 4th-order effective Hamiltonian for heavy quarkonium using
BLFQ



QQ

Using gluon mass ansatz and nonrelativistic limit

Meson

Baryon
712
r
r 23
731
da o _20) g2
V(r) = Smeared [ —= — | + kr? Vij = Smeared 3y + kigri
3r 17
S.D.Glazek, M.Gémez-Rocha, J.More, K.Serafin, K.Serafin, M.Gémez-Rocha, J.More, S.D.Glazek,
Phys.Lett.B773 (2017) 172 Eur.Phys.J.C78 (2018) 964

Nothing depends on the gluon mass.
Rotationally symmetric potential.

Oscillator frequencies depend on the size of effective particles.

Spin-dependent interactions are neglected.



QQ

Using gluon mass ansatz and nonrelativistic limit

K BE o o m O B\ -
— ok e V(k,K) (k') — —w?—=-¢(k) = ( B+ — | ¢(k
o)+ [ o VIER) o) = S S o(F) = (B4 ) olF)
@ Light-Front equation in disguise.
@ B is the binding energy (M = 2m + B).
@ Coulomb potential,
V(E EI) — _é dra e—lﬁt(kz—k’z)z

5 N\ 2
P (E-F) +ma

The exponential form factor smears the interaction (effective
particles have nonzero size).



QQ

Meson spectrum

my, whh g bk me wee ace Ace A=1/s
4.698 GeV 0.2688 GeV 0.2664 4.258 GeV ‘ 1.460 GeV 0.3216 GeV 0.3926 1.944 GeV
bb ce
10.8 4.4
O : 424 TR
X @) ¥(4040)
10.4 4 1(35) R 4.0 Perci——
_ ¥(3823)
10.2 T(1D) 3.8 4 ¥(3770)
8 oo jme I
4 1009 xo(1P)  hy(1P)
: i,
9.8
9.2 T T T T T 2.8 T T T T T
o+ 17 gt 1+ 27~ o+ 1 g 1+ 27~

@ black — experiment, no form factor, with form factor,
reference (a nalytical formula) (K. Serafin, M. Gémez-Rocha, J. More, S. Gtazek, EPJC 78, 964, 2018).

@ Nmax = 14, K =111, my = 2 MeV

@ Harmonic oscillator + Coulomb



b-dependence

@ In the limit Ny.x — oo there should be no dependence on b

Nuax =8, K =51
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Nyax = 12, K =51
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@ The bigger Npmax the weaker the dependence of energies on b

@ In practice some choices of b are much better for convergence than

other

@ What b to choose?



Nmax- and K-dependence

@ Dependence of the masses on N,y is rather weak. Here, for the
ground state of charmonium:

3.04

3.03

3.02

@ Dependence of the mass on K is much stronger for small K

K =10
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Nmax- and K-dependence

@ Dependence of the masses on N,y is rather weak. Here, for the
ground state of charmonium:

3.0830
3.08
3071 T T 3.0825
=3.06
2
123 3.0820
= 3.05
3.04
3.0815
3.03 K=10
3.02 3.0810
0.07 0.08 0.09 0.10 0.07 0.08 0.09 0.10
1/ N 1/Nuax

@ Dependence of the mass on K is much stronger for small K



mg4-dependence

@ “Positronium’ (Wiecki et al.): @ Botommonium (Nmax = 10, K = 111)

PHYSICAL REVIEW D 91, 105009 (2015)
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Rotational symmetry (harmonic oscillator + Coulomb)

Nmax = 10, K = 111

N = 12, K = 101

0 1 2 3 4 5 (] [}
M; 1S 1P 28 1D 2P 1F 3S 2D 1G 3P 2F 1H 4S 3D 2G




To do

Use full 2nd-order effective interaction (being done)

Calculate effective Hamiltonian using RGPEP up to 4th order in the
coupling constant

Compute form factors and structure functions

Other possible developments

Calculations including higher Fock sectors explicitly

Baryons, tetraquarks, hybrids...
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Thank you for attention



