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Introduction
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1. How ?

2. How ?

3. Internal structure 

mN ∼ 1 GeV

S =
1
2

d1 = ?

Energy-momentum tensor  
form factors

4



EMTFF measurement
Direct probe - Graviton

Indirect probe 
Deeply virtual Compton scattering (DVCS) 
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Soft



Modern concept of form factors
Generalized Parton Distribution functions (GPDs)

Polynomiality of  
Mellin’s moments of twist-2

 ∫
1

−1
dx xNH(x, ξ, t) = h0(t) + h2(t)ξ2 + ⋯ + hN+1(t)ξN+1

∫
1

−1
dx xNE(x, ξ, t) = e0(t) + e2(t)ξ2 + ⋯ + eN+1(t)ξN+1
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Modern concept of form factors

Mellin’s first moment

 ∫
1

−1
dxH(x, ξ, t) = F1(t)

∫
1

−1
dxE(x, ξ, t) = F2(t)

Electromagnetic form factors 
(Dirac and Pauli form factor)

 ∫
1

−1
dxH̃(x, ξ, t) = GA(t)

∫
1

−1
dxẼ(x, ξ, t) = GP(t)

Axial-vector and 
pseudo-scalar form factor
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Modern concept of form factors

Mellin’s second moment

 ∫
1

−1
dx x[H(x, ξ, t) + E(x, ξ, t)] = 2J(t)

∫
1

−1
dx xH(x, ξ, t) = M2(t) +

4
5

d1(t)ξ2
EMT form factors

EMT form factors can be measured indirectly by using the GPDs.
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Energy-momentum tensor

and its form factors
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Energy-momentum tensor current
• Belinfante-improved EMT (gauge invariant and symmetric)
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EMT form factors

• Baryon matrix elements

Mass of the baryon 
M2(0) = ∑

a

Ma
2(0) = 1

Spin 

J(0) = ∑
a

Ja(0) =
1
2

Mechanical property 
Its global constant is not fixed. 
There is no constraint.

Non-conservation term 
∂μTμν = 0 → C̄(t) = ∑

a

C̄a(t) = 0
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hP 0|Tµ⌫(0)|P i = ū(P 0)
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M2(t)
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MB
+ J(t)
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2MB
+ d1(t)
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5MB
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Stability conditions
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Pressure and shear forces
• Static stress tensor

<latexit sha1_base64="TpckrxXR0he+97JZwRgf5JqTlsY="></latexit>

T ij(r) = �ij⇢p(r) +

✓
rirj

r2
� 1

3
�ij

◆
⇢s(r)

Pressure distribution

Shear forces distribution
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⇢s(r) = � 1

5MB
r
d

dr

1

r

d

dr
d̃1(r)

⇢p(r) =
2

15MB

1

r2
d

dr
r2

d

dr
d̃1(r)

d̃1(r) =

Z
d3�

(2⇡)3
e�i�·rd1(t)
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Global stability condition
• von Laue stability condition

<latexit sha1_base64="8LbKx/lxG4SBvfarHKFAckN/Gzc="></latexit>Z 1

0
dr r2⇢p(r) = 0 At least, one node!

In the inner region,  corresponds to the repulsion

In the outer region,  corresponds to the attraction

ρp > 0
ρp < 0

They are balanced to be existing the baryon.

However, even though an object satisfies the von Laue condition,

it can be unstable, which means it is a necessary but not sufficient.

K. Goeke et al., PRD 75 (2007)

M. Mai et. al., PRD 86 076001 (2012)  
M. Mai et. al., PRD 86 096002 (2012) 14



Local stability condition

• Strong force fields

<latexit sha1_base64="m4lntO/2Ljy6EKBJdfQDNAHzj9E="></latexit>
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⇢s(r) + ⇢p(r)
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dS✓
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3
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dF�

dS�
= �1

3
⇢s(r) + ⇢p(r)
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⇢rp(r) > 0

• Outward direction

J. Y. Kim et al., PRD 103 (2021)
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Chiral quark-soliton model
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Chiral quark-soliton model
• Effective chiral action (massive Goldstone bosons)

• Mean field approximation
<latexit sha1_base64="FIsi6ViQiXSThqBd9LA+MvbcpNY="></latexit>
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<latexit sha1_base64="LS7AD4vMPOq0f6Si1aWWkoJG8Ok="></latexit>
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2
+ U † 1� �5

2
U = ei⌧ ·⇡

Nucleon
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D(U) = i/@ + im̂+ iMU5
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Se↵ = �NcTr lnD(U)
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m̂ = diag(mu,md,ms)

M = M(k) : dynamical quark mass ⇡ 350 MeV



Form factors and densities
• Form factors and its densities

<latexit sha1_base64="qKBnP2Z29hrPDBXOnJo1gXzbROc="></latexit>
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• Corresponding densities
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Results
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Energy & angular momentum form factors
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Shear forces & Pressure distribution
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Local stability condition &  form factord1
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⇢rp(r) > 0
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Numerical table

“Last global constant”
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Summary
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Summary

• We investigated the energy-momentum tensor form factors of baryon 
octet by using the chiral quark-soliton model.


•  form factor provides information on the stability conditions.


• We showed the baryon octet satisfies the stability conditions (global and 
local) despite the flavor SU(3) symmetry breaking.


• We are trying to decompose the quark flavor contribution of each form 
factor. Thus, I will show our result next workshop or somewhere if it is 
possible.

d1(t)
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Thank you for listening
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One more thing…



Angular momentum decomposition
<latexit sha1_base64="BoGyffeCx3GZDOnyZam3J/a8Vfo="></latexit>

hB(p0, J 0
3)|T 0j(0) |B(p, J3)i =

i

4
hB(p0, J 0

3)| †(z1)�
0
⇣ �
@ j �

�!
@ j

⌘
 (z2) |B(p, J3)iz1=z2=0

+
1

4
hB(p0, J 0

3)| †(z1)�
j
⇣ �
@ 4 �

�!
@ 4

⌘
 (z2) |B(p, J3)iz1=z2=0

<latexit sha1_base64="dLZtLBOILSHs9YVFkndPEuDI3tw="></latexit>

⇢J(r) = � 1

6MB
"kl3r̂lT 0k(r)

<latexit sha1_base64="YBAFQvKq3JLRglgIqvuBGOF2IeY="></latexit>

⇢J(r) = � Nc

24I1

X

n=non
m=occ

1

En � Em
hn| ⌧ i |mi †

m(r)
�
2L̂i + (En + Em)�5(r̂ ⇥ �)i

�
 n(r)

+
1

6
NcM8 hD83i

K1

I1

X

n=non
m=occ

1

En � Em
hn| ⌧ i |mi †

m(r)
�
2L̂i + (En + Em)�5(r̂ ⇥ �)i

�
 n(r)

� 1

6
NcM8 hD83i

X

n=non
m=occ

1

En � Em
hn| �0⌧ i |mi †

m(r)
�
2L̂i + (En + Em)�5(r̂ ⇥ �)i

�
 n(r)



Angular momentum decomposition

<latexit sha1_base64="aiXrkVdaUoveBsQh4MYTvDIlQwc="></latexit>
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j
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�
k � 2igjk

Using the following relation, 
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one can obtain the result
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Appendix
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Energy & Angular momentum distribution
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Bi-local matrix elements

• Ioffe-type current

<latexit sha1_base64="aozTxPphAqtO7G+r9SjxQwu895A="></latexit>

hB0, p0| †(z1)� (z2)|B, pi
• Bi-local current

<latexit sha1_base64="LD3CNSD0S90XE3aeAU4jHWZYgQU="></latexit>

|B, pi = N(p) lim
x4!1

eip4x4

Z
d3x eip·xJ†

B(x) |0i

hB, p| = N⇤(p) lim
x4!1

e�ip4y4

Z
d3y e�ip·y h0| JB(y)

• Baryonic current
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Γ = γ0γμ
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Bi-local matrix elements
<latexit sha1_base64="6FMdY6hrDm0sxPWsCf1OgswliSU="></latexit>
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Bi-local matrix elements
Greek letter: Color 

English letter: Flavor<latexit sha1_base64="ymxh1VoXnCveDv6B0rOGzk8uIyY="></latexit>
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�

• Wick’s theorem
First contraction The other contraction
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Bi-local matrix elements
Γmn

γη = ΓmnNcδγη

• Spectral representation
<latexit sha1_base64="pvdD37fGqbLSh1/I7s9NGYsFHZg="></latexit>
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Bi-local matrix elements
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Bi-local matrix elements
• Valence part
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Bi-local matrix elements
Saddle-point approximation

<latexit sha1_base64="l06vuUfX6BcGQnqfumWMUT6yXtw="></latexit>
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Bi-local matrix elements
Transformation, 

<latexit sha1_base64="srDAFGwIO7qfFKFb+9WpTuw+GVE="></latexit>

y �Z ! y, x�Z ! x
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hB0, p0|  ̄(z1)�µ (z2) |B, pi

=

Z
dZe�iq·Z

Z
DA  †

B0(A)F(z1, z2,Z) B(A)e�Seff

General form factors

Collective baryon wave functions
<latexit sha1_base64="peDYaGdLyi6B7l4fjIOLhPJFyTs="></latexit>

 †
B(A) = N⇤(p0) lim

y4!1
e�iy4p

0
4

Z
d3ye�ip 0·y�{f}

NcY

i=1

[A(y4) (y)]fi

 B(A) = N(p) lim
x4!1

e+ix4p4

Z
d3xe+ip·x�{g}⇤

NcY

i=1

[ †(x)A†(x4)]gi
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Bi-local matrix elements

<latexit sha1_base64="838LVCU9v5J50m5fsIYmm4nvPI8="></latexit>

F (⌦1�m0)(z1, z2,Z) = �
Z

d!4


e�Ev(!4�z1

4)
h
✓(z24 � !4)

X

En>0

�✓(!4 � z24)
X

En<0

i
e�En(z

2
4�!4)

⇥  †
v(z1 �Z)A†(z14)�A(z24) n(z2 �Z) hn| i⌦(!4) |vi

+ e�Ev(z
2
4�!4)

h
✓(!4 � z14)

X

En>0

�✓(z14 � !4)
X

En<0

i
e�En(!4�z1

4)

⇥ hv| i⌦(!4) |ni †
n(z1 �Z)A†(z14)�A(z24) v(z2 �Z)

�

+

Z
d!4

h
✓(z24 � !4)

X

En>0

�✓(!4 � z24)
X

En<0

i
e�En1 (z

2
4�!4)

⇥
h
✓(!4 � z14)

X

Em>0

�✓(z14 � !4)
X

Em<0

i
e�Em(!4�z1

4) hn| i⌦(!4) |mi

 †
ma(z1 �Z)[A†(z14)�A(z24)]ab nb(z2 �Z)

�

For example…
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Bi-local matrix elements

<latexit sha1_base64="cR2+ZY4hHYtRi/bDuLJIY2c4m0I="></latexit>

F (⌦1�m0)(z1, z2,Z) =

Z
d!4


✓(z24 � !4)✓(!4 � z14)

X

n=non
m=non

T
�
⌦↵(!4)A

†
ab(z

1
4)Acd(z

2
4)
 

� ✓(z24 � !4)✓(z
1
4 � !4)

X

n=non
m=occ

T
�
⌦↵(!4)A

†
ab(z

1
4)Acd(z

2
4)
 

� ✓(!4 � z24)✓(!4 � z14)
X

n=occ
m=non

T
�
⌦↵(!4)A

†
ab(z

1
4)Acd(z

2
4)
 

+ ✓(!4 � z24)✓(z
1
4 � !4)

X

n=occ
m=occ

T
�
⌦↵(!4)A

†
ab(z

1
4)Acd(z

2
4)
 �

⇥ e�!4(Em�En)eEmz1
4�Enz

2
4 hn| 1

2
�↵ |mi †

ma(z1 �Z)�bc nd(z2 �Z)
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Bi-local matrix elements
<latexit sha1_base64="ln2iTP0q6/XEckEX6tcSW1XsGss="></latexit>

F (⌦1�m0)(z1, z2,Z) =

Z
d!4


+ ✓(z24 � !4)✓(!4 � z14)

X

n=non
m=non

Acd⌦
↵A†

ab

� ✓(z14 � z24)✓(z
2
4 � !4)

X

n=non
m=occ

A†
abAcd⌦

↵

� ✓(z24 � z14)✓(z
1
4 � !4)

X

n=non
m=occ

AcdA
†
ab⌦

↵

� ✓(!4 � z14)✓(z
1
4 � z24)

X

n=occ
m=non

⌦↵A†
abAcd

� ✓(!4 � z24)✓(z
2
4 � z14)

X

n=occ
m=non

⌦↵AcdA
†
ab

+ ✓(!4 � z24)✓(z
1
4 � !4)

X

n=occ
m=occ

A†
ab⌦

↵Acd

�

⇥ e�!4(Em�En)eEmz1
4�Enz

2
4 hn| 1

2
�↵ |mi †

ma(z1 �Z)�bc nd(z2 �Z)
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<latexit sha1_base64="qJlDk1CbFwOybnqMbvHV6GxY+9E="></latexit>

hB0(p0, J 0)| †(z1)�µ (z2) |B(p, J)i = 2MB

Z
d3rei�·rNc

"
�J 0

3J3

X

n=occ

e�En(z
2
4�z1

4) †
n(z1 + r)�µ n(z2 + r)

+
1

2I1
hJii


�

X

n=non
m=occ

e�Em(z2
4�z1

4)

En � Em
+

X

n=occ
m=non

e�En(z
2
4�z1

4)

En � Em
+

X

n=occ
m=occ

e�En(z
2
4�z1

4)

En � Em
�

X

n=occ
m=occ

e�Em(z2
4�z1

4)

En � Em

�

⇥ hn| ⌧ i |mi †
m(z1 + r)�µ n(z2 + r)

�M8 hD8ii
K1

I1


�

X

n=non
m=occ

e�Em(z2
4�z1

4)

En � Em
+

X

n=occ
m=non

e�En(z
2
4�z1

4)

En � Em
+

X

n=occ
m=occ

e�En(z
2
4�z1

4)

En � Em
�

X

n=occ
m=occ

e�Em(z2
4�z1

4)

En � Em

�

⇥ hn| ⌧ i |mi †
m(z1 + r)�µ n(z2 + r)

+


M1�J 0

3J3
+

1p
3
M8 hD88i

�

⇥

�

X

n=non
m=occ

e�Em(z2
4�z1

4)

En � Em
+

X

n=occ
m=non

e�En(z
2
4�z1

4)

En � Em
+

X

n=occ
m=occ

e�En(z
2
4�z1

4)

En � Em
�

X

n=occ
m=occ

e�Em(z2
4�z1

4)

En � Em

�

⇥ hn| �4 |mi †
m(z1 + r)�µ n(z2 + r)

+M8 hD8ii

�

X

n=non
m=occ

e�Em(z2
4�z1

4)

En � Em
+

X

n=occ
m=non

e�En(z
2
4�z1

4)

En � Em
+

X

n=occ
m=occ

e�En(z
2
4�z1

4)

En � Em
�

X

n=occ
m=occ

e�Em(z2
4�z1

4)

En � Em

�

⇥ hn| �4⌧ i |mi †
m(z1 + r)�µ n(z2 + r)

#
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