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Beyond the standard: qqqq mesons, qqqqq baryons and more
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tineutrino events at smally, will require good-
statistics distributions normalized to independent-
ly measured incident flux. Since we have recently
taken such data, results should be forthcoming
soon.

*Work supported by the U. S. Energy Research and
Development Administration. Prepared under Contract
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)Present address: Northwestern University, Evan-
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f.On leave of absence from Ecole Polytechnique, Par-
is France,
5Swiss National Fund for Scientific Research Fellow.
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more recent review by B. Taylor, in Proceedings of In
te~ationaE Symposium of Lepton and Photon Interac-
tions at High Energies, Stanford, California, 1975, edi-
ted by W. T. Kirk (Stanford Linear Accelerator Center,
Stanford, Calif. , 1975).
2T. Eichten et M. , Phys. Lett. B46, 274 (1973).
3B. C. Barish et ~., Phys. Rev. Lett. 31, 656 (1973);

A. Benvenuti et 4., Phys. Rev. Lett. 30, 1084 (1973).
This paper mainly concerns itself with antineutrino

y distributions. We have varied the assumed forms of
the x distributions and demonstrated that our conclu-
sions are rather insensitive to the actual form.
5Evidence for a rising o'v/o„ratio with E„has recent-

ly been reported by A. Benvenuti et 4., Phys. Rev.
Lett. 37, 189 (1976),
6The magnitude of asymptotic-freedom corrections

has been addressed by G. Altarelli et &., Phys. Lett.
63B, 183 (1976), and R. Michael Barnett et al. , Phys.
Rev. Lett. 37, 1313 (1976).
~R. Michael Barnett, Phys. Rev. Lett. 36, 1163

(1976).
Similar effects have been reported by A. Benvenuti

et al. , Phys. Rev. Lett. 36, 1478 (1976), and referen-
ces therein.
~B. Aubert et &., Phys. Rev. Lett. 33, 984 (1974),

and D. Cline, in Proceedings of the International Con-
ference on High Energy Physics, Palermo, Italy, June
1975 (unpublished) .
' We have previously reported total v and v cross sec-
tions based on a small sample of data normalized to
the v and 'D flux. This measurement (based on eleven
v events at E~ =108 QeV) showed no indication of a ris-
ing o-, /o„ratio. See B. C. Barish et at. , Phys. Hev.
Lett. 35, 1316 (1975).
"It should be noted that the hadron energy, Ez, is
measured by using calorimetry techniques and calibrat-
ed with charged hadrons of known energy. If the final
hadronic state in neutrino collisions contained a sub-
stantially larger fraction of its energy in & 's than the
interaction of charged hadrons of the same energy,
the calorimetry calibration would be systematically
different by up to 20%. See e.g. , F. J. Sciulli, in Pro-
ceedings of the Calorimetry Workshop, Fermi National
Accelerator Laboratory, May 1975 (unpublished), p.
79.

Molecular Charmonium: A New Spectroscopy'? ~

A. De Rdjula, Howard Georgi, j' and S. L. Glashow
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts OZ138

(Received 23 November 1976)

Recent data compel us to interpret several peaks in the cross section of e e+ annihila-
tion into hadrons as being due to the production of four-quark molecules, i.e. , resonanc-
es between two charmed mesons. A rich spectroscopy of such states is predicted and
may be studied in e e+ annihilation.

Properties of recently discovered charmed
particles, 'D', O', D*', and D*+, are in good
agreement with a simple picture of hadrons as
bound states of quarks in a color gauge theory. '
The model of mesons as quark-antiquark bound
states (and baryons as three-quark bound states)
with long-range spin-independent binding and
short-range spin-dependent color gluon exchange
adequately describes many features of normal
hadron spectroscopy. " Moreover, it has cor-
rectly predicted the qualitative behavior of the
charmonium states and of charmed hadrons them-
selves. ' This Letter is focused on one remaining

striking and generally unexpected feature of
charmed-meson production in e e annihilation.
Much data in which D mesons are seen are taken
at a peak in the annihilation cross section, at V s
=4.028 GeV, where the yield of charmed mesons
was expected to be, and indeed is, high. Analy-
sis of the recoil-mass spectrum against detected
D"s indicates that o(D'D'), o(D'D*'+D*'D'), and
v(D* D*o) are in the ratios 1: -8:-11at this en-
ergy. 4' Estimates of charmed-meson masses
reveal that the available decay energies are -300,
-160, and -18 MeV, respectively. It is remark-
able that the D*'D*' mode, with so little phase
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for %' that has been derived by several authors'.

W&& (r) =v[(g I V I q'c"p (r))'j AvPgf.
yc are states of the target particles i, q, is the
ground state, u are states of the extra nucleon,
V is the nucleon-nucleus interaction Pi v(r -ri),
the integration is over target particles, [ ]Av
denotes average over product states q u of
angular momentum l near energy 8, anZp&& is
the density of such states. For N near 50 and
Z nonmagic, and an extra neutron, one expects
p@~ to have less than half the normal value.
Provided that the matrix elements do not vary
in a reciprocal fashion (and there is no reason
to expect such perverse behavior), W will be less
in proportion. Since the neutron orbit completing
N = 50 is a g-orbit, W(r) is expected to be some-
what peaked at the nuclear surface. For Z near
50, and N nonmagic, p&& should have about half
the usual value. There will also be surface peak-
ing especially if neutrons have begun to fill the
h-orbit.
To discuss the effect of such changes in S" on

the strength function, s, one may use'
s- %'r u x 'dr,

where u(r) is the nucleon wave-function in the
complex potential. Between single-particle levels
(i.e., near A-100 for s-waves), not only is s de-

creased by the reduction in R, but it is further
decreased if W is surface-peaked since u(r) has
a surface node. These two facts may thus ex-
plain the discrep'ancy in the observed values of
s near N, Z =50. Near the center of a single-
particle level, lu(r) ~'- W ' and s -W ', so s is
increased by a reduction in 8'. This leads one to
expect an especially large p-wave strength func-
tion near A -90 and may help to explain why the
capture cross section at 50 kev is so large in Nb. 4
One also expects a large s-wave strength func-
tion near A -50 caused by a reduction in 8' due to
magic number 28, and there is some weak evi-
dence for this. Furthermore the observed' dimi-
nution in the width of the yhotonuclear peak near
closed shells may be associated with a reduction
in 8'.
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1147 (1958).
2J. M. C. Scott, Phil. Mag. 45, 1322 (1954); C. Bloch,

Nuclear Phys. 3, 137 (1957); G. E. Brown and C. de
Dominicis, Ann. Phys. (to be published).
3C. E. Porter, Phys. Rev. 100, 935 (1955).
4J. H. Gibbons (private communication).
5R. Nathans and J. Halpern, Phys. Rev. 92, 207
(1953).

POSSIBLE RESONANT STATE IN PION"HYPERON SCATTERING

R. H. Dalitz and S. F. Tuan
Enrico Fermi Institute for Nuclear Studies and Department of Physics,

University of Chicago, Chicago, Illinois
(Received April 27, 1959)

With charge independence, it is convenient to
describe the s-wave scattering processes of low-
energy K -yroton collisions by two complex scat-
tering lengths A, and A» one each for the I=O
and I=1 channels, related to the complex phase
shifts 51 by

Scot()I = 1jAI(k),
where 4 denotes the center-of-mass momentum
of the K -p system. Since the K -p interaction
is expected to have short range (-I/mKc), Jack-
son et al.' have suggested that it is reasonable
to neglect' the energy dependence of these ampli-
tudes for c.m. energies below - 50 Mev. On this
basis, an analysis' of the K -p interaction data
available from bubble-chamber investigations at

low energies' has led to the following four solu-
tions' for these amplitudes A and A, :

Ao =(0.20+0.78i) f, A, =(1.62+0.39i) f, (a+)

Ao =(1.88+0.82i) f, A, =(0.40+0.41i) f, (b+)

and the sets (a-), (b-) obtained from (a+), (b+)
by reversing the signs of the real parts of both
A~ and A,. As Jackson and Vfyld' have recently
pointed out, the "repulsive" interactions, that is
amplitudes of the type (a-) and (b-), predict the
lower elastic scattering cross sections at very
low energies, owing to their destructive inter-
ference with the Coulomb scattering, and are in
accord with the trend found for the cross sections
at the lowest energies in emulsion studies. ~ It
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wil1. be pointed out here that this situation makes
it quite probable that there shouM exist a reson-
ant state for pion-hyperon scattering at an en-
ergy of about 20 Mev below the K -p (c.m. }thres-
hold energy. In the present discussion, charge-
dependent refinements due to the Coulomb inter-
action and the K -K' mass difference will be
neglected.
With Eq. (1), the K N-scattering amplitude for

the s-wave of isotopic spin I takes the form
(KNI T IKN) =(aI+bI)/{I k(aI+ bI)) (2)

where aI+ibI=AI and the total c.m. energy F.
equals (m +mK)(1+km/2mpmK). In the neighbor-
hood of the threshold E, =m&+~K, expression (2)
may be analytically continued as a function of E
from the real axis F.&8, into the upper half of
the complex E-plane and thus onto the real axis
8 Z, . If ar is large and negative, expression
(2) has a pole P in this neighborhood, corre-
sponding to k = -i/(al+ ibi). This pole lies close
to the real axis E &E„but on the (unphysical)
lower half-plane reached by analytic continuation
from the upper half-plane across the cut which
must exist between E =E, =m +mK and the w -Z
threshold E =mZ+mz. With solution (a-), this
particular pole occurs in the T =1 amplitude;
with solution (b-), it occurs in the T =0 amplitude.
As pointed out earlier, ' this pole leads to a res-
onance-like energy dependence of Im(K P I T IK P)
in the unphysical region 8 &8, of interest for
K-meson dispersion relations, with peak at c.m.
momentum ik =ai/(ai'+br'). The effect of this
pole on the pion-hyperon scattering in this energy
region has now been investigated. For simplicity,
our remarks here will be confined to the T =0
state [relevant for the amplitude (b-)], since this
concerns only the z - Z system. For the T = 1
state [relevant for the amplitude (a-)], the situ-
ation is quite similar, although complicated by
the participation of both z - A and m —Z systems
in general.
The amplitude for 7t - Z scattering is related to

the K -p amplitude through the unitarity condi-
tion. This relationship may be made explicit by
expressing each in terms of the K-matrix. s For
T =0 and 8&E„ the K-matrix has three real
elements, 9 n =(KNIKIKN), p =(KN IKlvZ), and
y =(wZ IKlwZ). The amplitude A(k) is expressible
in terms of these parameters as follows:

A(k) =a+ib = -n+i(q/E)P /{I+i(q/E)y], (3}
where q denotes the c.m. momentum of the g - Z

system at energy E. For s-wave interactions, '
the assumption that n, P, and y are energy inde-
pendent is appropriate in the neighborhood of
F. =E,. This is equivalent to the zero-range ap-
proximation of Jackson et al. ,' i.e., to the assump-
tion of a constant amplitude A, provided the var-
iation of q/E is also neglected, a reasonable
approximation sufficiently close to 8 =F, After
identifying A with the expression (3) at E =E„ it
is convenient to choose for the remaining param-
eter the g - Z scattering phase shift o, at this
threshold energy. The g - Z scattering phase
shift o Z at energy E is then given by

q 1 1+ikX (-a-b tano, )—coto =-cote,
q, Z X ' 1+ikX(-a+b coto, )

where q, corresponds to the threshold energy
Eo, and X =Eo/E will henceforth be replaced by
unity.
For comparison with the expression (2), the

further approximation (q/q, ) -1 leads from Eq. (4)
to the following expression for the g - Z scatter-
ing amplitude,

(1 - ik&}sin&, + ikbcosu, i o,
1 ik(a-+ ib)

This expression (5) also has a pole at k = -i/(a+ib).
The expressions which correspond to (3) and (5)
without these approximations similarly have a
complex pole in common.
To indicate the energy dependence of o Z for

E&E„Eq. (4) may be written"

(q/q, ) I+ cotaZ =cot(cx, -8}, (6)
where 8 is the angle

e=g-y=arg( . -kf -arg(a+ib ] ~a+ ib) '

shown in Fig. 1. When a is large and negative,
the pole P lies close to (and to the left of) the
positive imaginary k-axis. As 0 runs from 0 up
the imaginary axis past P, the angle 8 increases
rapidly from zero to large values (at most 180').
If b/a«l and -90'& go «0' (or 90' ~ so-180'),
then o Z will definitely pass through +90 between
energies E, and E,[1 - I/(2a'm mK)], an energy
range over which the zero-range approximation
appears well justified. However, the energy at
which o Z =+90' does not generally coincide with
the peak of Im(KN I T IKN); in fact, if oo is posi-
tive and a little below 90, it is quite possible
that 0 Z does not take the value +90 within the
energy range for which the zero-range approxi-

….

….

PhysRevLett.2.425

This is being confirmed….
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This century

D. Diakonov in Osaka 2012

Θ+

Z.Phys. A359 (1997) 

305-314 

Prediction 

by the chiral Solitons

T. Nakano
PRL91, 012002 (2003) 

uudds

LEPS@SPring-8

Further study is on going at LEPS
Θ+

Theiry came first…. 
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X(3872)

Belle@KEK, PRL91, 262001 (2003)
and further confirmed at  Fermi Lab, SLAC, LHC, BEP, …

uucc, ddcc
Heavy and light quarks

The existence confirm
ed 


but its nature note yet settled

Experiment came first…. 
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Fig. 2. Four production processes in e+e− colliders. See the text for an explanation.
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Fig. 3. The distribution of mass difference between J/ψπ+π− and J/ψ in B±→ J/ψπ+π−K ± decays.
The peak at 0.59 GeV/c2 is due to the conventional charmonium, ψ(2S). The peak corresponding to the
X (3872) is indicated by a vertical arrow [10].

Immediately after this narrow state was reported, a lot of discussions arose which attempted to
give a proper interpretation. What experimentalists should do to reveal X (3872)’s nature would be to
determine its quantum number J PC . The X (3872)→ J/ψγ mode is established by both Belle [29]
and BaBar [30] measurements. The Belle result is shown in Fig. 4, and thus it is confirmed that the
charge conjugation of X (3872) is C = +1.

It is also possible to determine the spin and parity by the angular distribution of decay products of
X (3872). The studies for the J/ψπ+π− mode by CDF [31] and Belle [32] using three decay angu-
lar variables, as well as the 3π invariant mass spectrum in the J/ψπ+π−π0 mode by BaBar [33],
give a constraint on J PC to be either 1++ or 2−+, but do not reach a definitive determination. A

6/63

X(3872)

ψ’

Many other findings have are following

Pentaquark      Tetraquark
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LHC’s continuous reports

7
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Figure 6: Fit to the cos ✓Pc-weighted mJ/ p distribution with three BW amplitudes and a
sixth-order polynomial background. This fit is used to determine the central values of the masses
and widths of the P+

c states. The mass thresholds for the ⌃+
c D

0 and ⌃+
c D

⇤0 final states are
superimposed.

approximately 5MeV and 2MeV below the ⌃+
c D

0 and ⌃+
c D

⇤0 thresholds, respectively, as
illustrated in Fig. 6, making them excellent candidates for bound states of these systems.
The Pc(4440)+ could be the second ⌃cD⇤ state, with about 20MeV of binding energy, since
two states with JP = 1/2� and 3/2� are possible. In fact, several papers on hidden-charm
states created dynamically by charmed meson-baryon interactions [31–33] were published
well before the first observation of the P+

c structures [1] and some of these predictions
for ⌃+

c D
0 and ⌃+

c D
⇤0 states [28–30] are consistent with the observed narrow P+

c states.
Such an interpretation of the Pc(4312)+ state (implies JP = 1/2�) would point to the
importance of ⇢-meson exchange, since a pion cannot be exchanged in this system [10].

In summary, the nine-fold increase in the number of ⇤0
b ! J/ pK� decays recon-

8

c̄cuud → (c̄u)(cdd)
X(3872) Pc(4310, 4460, 4520)

LHCb, PRL122 (2019) 222001 

Λb(6072)

LHCb, JHEP 06 (2020) 136

Arifi et al, PRD 101

             (2020) 111502

Belle, PRL91 (2003) 262001

LHCb, PRD102

092005 (2020)

c̄c or D*−D̄

the amplitude in the complex energy plane are identifiedwith
hadronic states. The pole location is a unique property of the
respective state, which is independent of the production
process and the observed decay mode. In the absence of
nearby thresholds the real part of the pole is located at the
mass of the hadron and the imaginary part at half the width of
the state. Branch point singularities occur at the threshold of
every coupled channel and lead to branch cuts in the Riemann
surface on which the amplitude is defined. Each branch cut
corresponds to two Riemann sheets. Through Eq. (2) the
amplitudewill inherit the analytic structure of the square root
functions of Eq. (3) that describe the momenta of the decay
products in the rest frame of the two-body system. The square
root is a two-sheeted function of complex energy. In the
following, a convention is used where the two sheets are
connected along the negative real axis. An introduction to this
subject can be found in Refs. [46–48] and a summary is
available in Ref. [49].
For the χc1ð3872Þ state only the Riemann sheets asso-

ciated with theD0D̄#0 channel are important, since all other
thresholds are far from the signal region. The following
convention is adopted to label the relevant sheets:

(I) E − Ef − g
2 ðþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ1E

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ2ðE − δÞ

p
Þ þ i

2ΓðEÞ
with ImE > 0,

(II) E − Ef − g
2 ðþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ1E

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ2ðE − δÞ

p
Þ þ i

2ΓðEÞ
with ImE < 0,

(III) E − Ef − g
2 ð−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ1E

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ2ðE − δÞ

p
Þ þ i

2ΓðEÞ
with ImE < 0,

(IV) E − Ef − g
2 ð−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ1E

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ2ðE − δÞ

p
Þ þ i

2ΓðEÞ
with ImE > 0,

whereΓðEÞ≡ ΓρðEÞ þ ΓωðEÞ þ Γ0. The fact that the model
contains several coupled channels in addition to the D0D̄#0

channel complicates the analytical structure. The sign in front
of the momentum

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2μ1E

p
is the same for sheets I and II and

therefore they belong to a single sheet with respect to the
D0D̄#0 channel. The two regions are labeled separately due to
the presence of the J=ψπþπ−, J=ψπþπ−π0 channels, as well
as radiative decays. Those channels have their associated
branch points at smaller masses than the signal region. The
analysis is performed close to theD0D̄#0 threshold and points
above and below the real axis lie on different sheets with
respect to those open channels.
Sheets I and II correspond to a physical sheet with

respect to the D0D̄#0 channel, where the amplitude is
evaluated in order to compute the measurable lineshape at
real energies E. Sheets III and IV correspond to an
unphysical sheet with respect to that channel. Sheet II is
analytically connected to sheet IValong the real axis, above
the D0D̄#0 threshold.
In the single-channel case, a bound D0D̄#0 state would

appear below threshold on the real axis and on the
physical sheet.

A virtual state would appear as well below threshold on
the real axis, but on the unphysical sheet. A resonance
would appear on the unphysical sheet in the complex plane
[46–48]. The presence of inelastic, open channels shifts the
pole into the complex plane and turns both a bound state as
well as a virtual state into resonances. In the implementa-
tion of the amplitude used for the analysis, the branch cut
for the D0D̄#0 channel is taken to go from threshold toward
larger energy E, while the branch cuts associated with the
open channels ΓðEÞ are chosen to lie along the negative real
axis. The analytic structure around the branch cut asso-
ciated with theDþD#− threshold is also investigated, but no
nearby poles are found on the respective Riemann sheets.
At the best estimate of the Flatté parameters the model

exhibits two pole singularities. The first pole appears on
sheet II and is located very close to the D0D̄#0 threshold.
The location of this pole with respect to the branch point
obtained using the algorithm described in Ref. [50], is
EII ¼ ð0.06 − 0.13iÞ MeV.Recalling that the imaginary part
of the pole position corresponds to half the visible width, it is
clear that this pole is responsible for the peaking region of the
lineshape. A second pole is found on sheet III. It appears well
below the threshold and is also further displaced from the
physical axis at EIII ¼ ð−3.58 − 1.22iÞ MeV.
Figure 6 shows the analytic structure of the Flatté

amplitude in the vicinity of the threshold. The color code
corresponds to the phase of the amplitude on sheets I (for
ImE > 0) and II (for ImE < 0) in the complex energy
plane. The pole on sheet II is visible, as is the discontinuity
along the D0D̄#0 branch cut, which for clarity is also
indicated by the black line. The trajectory followed by the

FIG. 6. The phase of the Flatté amplitude obtained from the fit
to the data withm0 ¼ 3864.5 MeV on sheets I (for ImE > 0) and
II (for ImE < 0) of the complex energy plane. The pole
singularity is visible at EII ¼ ð0.06 − 0.13iÞ MeV. The branch
cut is highlighted with the black line. The trajectory of the pole
taken when the couplings to all but the DD̄# channel are scaled
down to zero is indicated in red.

R. AAIJ et al. PHYS. REV. D 102, 092005 (2020)

092005-10

Pole of X(3872)

Re(E)
Im(E)

And more . . . 

Roper’s sibling?

Hadronic molecule?
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Latest status

8

CERN-LHC Seminar on Tuesday 5 July,  https://indico.cern.ch/event/1176505/

Elisabetta Spadaro Norella    &    Chen Chen CERN Seminar, July 5, 2022

Spectroscopy at LHC

Over the past 10 years  
more than 60 new hadrons 
discovered at LHC

More than 15 states are 
exotics:
⇒ New naming scheme
         arxiv2206.15233

59 hadrons have been 
observed by LHCb

3

Link

Elisabetta Spadaro Norella    &    Chen Chen CERN Seminar, July 5, 2022

Spectroscopy at LHC

Over the past 10 years  
more than 60 new hadrons 
discovered at LHC

More than 15 states are 
exotics:
⇒ New naming scheme
         arxiv2206.15233

59 hadrons have been 
observed by LHCb

3

Link

Elisabetta Spadaro Norella    &    Chen Chen CERN Seminar, July 5, 2022

Spectroscopy at LHC

Over the past 10 years  
more than 60 new hadrons 
discovered at LHC

More than 15 states are 
exotics:
⇒ New naming scheme
         arxiv2206.15233

59 hadrons have been 
observed by LHCb

3

Link

χc1(3872)/X(3872)

Elisabetta Spadaro Norella    &    Chen Chen CERN Seminar, July 5, 2022

Spectroscopy at LHC

Over the past 10 years  
more than 60 new hadrons 
discovered at LHC

More than 15 states are 
exotics:
⇒ New naming scheme
         arxiv2206.15233

59 hadrons have been 
observed by LHCb

3

Link

Elisabetta Spadaro Norella    &    Chen Chen CERN Seminar, July 5, 2022

Spectroscopy at LHC

Over the past 10 years  
more than 60 new hadrons 
discovered at LHC

More than 15 states are 
exotics:
⇒ New naming scheme
         arxiv2206.15233

59 hadrons have been 
observed by LHCb

3

Link



APCTP workshop on Nuclear Physics 2020: Exotic Hadrons in the Present and Future Facilities: July 11-16, 2022 /309

What’s the next?

1. Do they exist?

2. If they do, which ones?

3. What is their internal structure?

4. How best to look for them? 

Marek Karliner, QNP proceedings, 2018@Tsukuba

https://journals.jps.jp/doi/book/10.7566/QNP2018

Studying heavy (exotic) hadrons is somewhat similar to investigating the 
social life of various quarks:

(a) Who with whom? 

(b) For how long? 

(c) A short episode? or 

(d) “Till Death Us Do Part”? 

Marek Karliner: Questions to be answered

These are for exotics, but then …

Marek Karliner

https://journals.jps.jp/doi/book/10.7566/QNP2018
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Furthermore?

10

• Bare quarks and gluons ==> Effective degrees of freedom for hadrons

http://ppssh.phys.sci.kobeu.
ac.jp/~yamazaki/lectures/07/modernphys-yamazaki07.pdf Quark model

Constituent quarks

Constituent gluons

Question of 

Effective degrees of freedom ⇄ the non-trivial QCD vacuum
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Nontrivial QCD vacuum

QCD vacuum is not empty ~ Instantons are created and annihilated

Snapshot of topological densities

fluctuating in the vacuum

Derek Leinweber, 2003, 2004

http://www.physics.adelaide.edu.au/theory/staff/
leinweber/VisualQCD/Nobel/index.html

Kobayashi-Maskawa_PTP44(1970)1422

G. ’t Hooft, PRL37.8 (1976), PRD14, 3432 (1976)

• Extended (topological) object of gluons, of size ~ 0.2 fm

• QCD vacuum is topologically nontrivial

• Chiral symmetry is broken spontaneously 


•  Instanton Induced Interaction (III) with  breaking

m ≠ 0

UA(1)

⟨q̄q⟩ ∼ ∫
d4k

i(2π)4
tr

1
m − k⟋

∼ ∫
∞

∞
dλν(λ)

μ
λ2 + μ2

|μ→0

Banks-Casher, NPB169(1989)193

D. Diakonov, PPNP51(2003)173

Fukaya et al, PRL104.122002 (2010), PRD.83.074501 (2011)

ℒIII = gD (det[q̄i(1 − γ5)qj] + h . c . )

Uniqueness of QCD as a many-body problem → Non-trivial dynamics

Systematic study:  Hatsuda-Kunihiro: Phys. Repts. 247 (1994) 221-367 



APCTP workshop on Nuclear Physics 2020: Exotic Hadrons in the Present and Future Facilities: July 11-16, 2022 /30

2. Tetraquarks QQ′￼̄qq̄′￼

12



APCTP workshop on Nuclear Physics 2020: Exotic Hadrons in the Present and Future Facilities: July 11-16, 2022 /30

LHCb
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contribu-
tion of the non-D0 background has been statistically subtracted. The result of the fit described
in the text is overlaid.

The function is built under two assumptions. Firstly, that the newly observed state has
quantum numbers JP = 1+ and isospin I = 0 in accordance with the theoretical expecta-
tion for the T+

cc ground state. Secondly, that the T+
cc state is strongly coupled to the D⇤D

channel. The derivation of FU relies on the isospin symmetry for T+
cc! D⇤D decays

and explicitly accounts for the energy dependency of the T+
cc! D0D0⇡+, T+

cc! D0D+⇡0

and T+
cc! D0D+� decay widths as required by unitarity. Similarly to the FBW profile,

the FU function has two parameters: the peak locationmU, defined as the mass value where
the real part of the complex amplitude vanishes, and the absolute value of the coupling
constant g for the T+

cc! D⇤D decay.
The detector mass resolution, R, is modelled with the sum of two Gaussian functions

with a common mean, and parameters taken from simulation, see Methods. The widths
of the Gaussian functions are corrected by a factor of 1.05, that accounts for a small
residual di↵erence between simulation and data [39,104,105]. The root mean square of
the resolution function is around 400 keV/c2.

A study of the D0⇡+ mass distribution for selected D0D0⇡+ combinations in the region
above the D⇤0D+ mass threshold and below 3.9GeV/c2 shows that approximately 90% of all

3

: 3875.1D*+D0 3876.5D*0D+: 3869.1D0D0π+

6 MeV !

D*+

T+
cc(ccūd̄)

D0

D0

π+

Karliner, Rosner,

PRL119, 202001, 2017

Nature Commun. 13 (2022) 1, 3351, arXiv: 2109.01056
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Why  is interestingTcc

15

• Toward answering “Who with whom?

• Check many theoretical models

   Quarks, Diquarks, triquarks, molecules, hybrid, …

• Are they bound or resonant states?

• The role of heavy vs light quarks 

— why not clear evidence to find exotics only with light q’s


      Interplay of light and heavy scales of QCD

Light <<  << ΛQCD mQ

Discuss in terms of the standard quark model

by precisely solving four-body system
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, , and , :  two distinct scalesQ Q̄ q q̄

16

//
ΛQCD, q q̄ , Q Q̄

Non-perturbative Perturbative ~ Color-Coulomb

EB =
1
2

α2MQ ≫ ΛQCD

−1
α
r−

1
2

α
r

QQ : 3 × 3 = 3̄+6 QQ̄ : 3 × 3̄ = 1+8

λi
λi λi

λ̄i

Color Coulomb 

for  sectorQ, Q̄

H =
p2

2MQ
−

α
r
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Stability
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Q̄ qq̄Q
D D̄*

J/ψ
π

q̄Q Q q
D D*

Very strongly

bound QQ̄ −1

α
r

Strongly

bound QQ −

1
2

α
r

QQ̄qq̄ QQq̄q̄

Decay into ordinary mesons Stays as stable TQQ

EB ∼ ΛQCD

EB ∼ αMQ
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We expect:


• ,   

   => form moleculars near thresholds (with suitable force)

   => decay into mesons


• 

   => stay as stable tetraquark

QQ̄qq̄ → [QQ̄] + [qq̄] QQ̄QQ̄ → [QQ̄] + [QQ̄]

QQq̄q̄ → [QQ][q̄q̄]
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Expected JP

19

• Orbitally in S-state

• QQ must has  due to Pauli principle

•  is a good diquark 

jP = 1+

q̄q̄ S = I = 0

The lowest  has , I = 0 TQQ jP = 1+
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Quark model — 4-body calculation

20

Short Title of the Article

Figure 1: Seven sets of Jacobi coordinates for QQ Ñq Ñq tetraquarks. The heavy quarks Q and light anti-quarks Ñq are labeled by 1,

2 and 3,4, respectively. They are classified into four types according to the color combinations, as K (C = 1, 2), K ®
(C = 3, 4),

H (C = 5, 6), and H
®
(C = 7) types.

tions in the non-relativistic quark model. We find several
stable states, one of which is a strongly bound bb Ñq Ñq with
isospin and spin-parity I(JP ) = 0(1+), having a binding
energy of almost 200 MeV. This confirms the earlier dis-
cussions [19, 25] and is also consistent with the predictions
of lattice QCD [27, 28, 29, 30, 31]. We have also found a
shallow state for the same I(JP ) = 0(1+) channel. By com-
puting density distributions, it is shown that the deep one is
a compact tetraquark state, while the shallow one is regarded
as a loosely-bound molecule of two color singlet mesons, B
and B

<. This is a hadronic analogue of the cluster formation
in light nuclei [32], the first example that hadrons with to-
tally di�erent nature emerge from a single Hamiltonian. It
is a universal feature of quantum many-body systems which
will clarify unsolved problems of colored QCD dynamics.

This paper is organized as follows. After the introduc-
tion, the Hamiltonian and the employed computational method
are discussed in Secs. 2. In Sec. 3, we discuss our results and
give a summary in Sec. 4.

2. Model Hamiltonian and Method

For the quark model Hamiltonian, we employ the form
of AP1 of Ref. [33] (See Eq. (2) of [33]), which is composed
of a power-law confinement term and a gluon-exchange po-
tential with non-relativistic kinetic energy.

H =
4…
i

⇠
m
i
+

p
i
2

2m
i

⇡
* T

G

* 3
16

4…
i<j=1

8…
a

⇠
(�a

i
� �a

j
)V

ij
(r

ij
)
⇡
,

(1)

wherem
i
andp

i
are the mass and momentum of the ith quark,

respectively. T
G

is the kinetic energy of the center-of-mass
motion. �

a

i
are the color SU(3) Gell-mann matrices for the

i
th quark with color index a. The potential is then given by

V
ij
(r) = * 

r
+ �r

p * ⇤

+ 2⇡®
3m

i
m
j

exp(*r2_r20)
⇡3_2r30

�
i
� �

j
,

(2)

with r0(mi
,m

j
) = A[(2m

i
m
j
)_(m

i
+ m

j
)]*B . The parameter

values of the Hamiltonian are given in Ref. [33].
This Hamiltonian has been also employed for our former

studies of pentaquarks of qqqc Ñc and sssc Ñc [34, 35]. For de-
termining the existence of bound states, it is important for
the calculation to treat the relevant threshold energies con-
sistently. In order to improve the fit to the threshold me-
son masses, we have tuned the potential parameters. In Ta-
ble 1, we compile the values of the Hamiltonian parameters
and the calculated masses of the heavy mesons relevant to
the present study of tetraquarks. Compared with the experi-
mental values, the meson masses are reproduced within the
errors of at most 30 MeV or much less. The errors of the
binding energies are expected to be less, as large part of er-
rors will be cancelled by taking the mass di�erences of the
tetraquark and threshold mesons.

One missing element here is hadron dynamics, in partic-
ular meson-exchange interactions at long distances. There
are reasons, however, important features of our present dis-
cussions are robust. For deeply bound compact states such
dynamics can be negligible. Whether or not shallow states
exist may be modified, while their molecular structure re-
mains unchanged as long as binding energies are small.

To solve the four-body problem accurately, we employ
the Gaussian expansion method [36]. The variational wave
function of a tetraquark, 

I ,JM
, with isospin I and total spin
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Table 1
The parameters of the Hamiltonian and the calculated masses

(Cal) of heavy mesons compared with their experimental values

(Exp).

Parameters Masses (MeV)

Cal Exp

m
u,d

(GeV) 0.277 ⌘
b
(0*) 9375 9399

m
s

(GeV) 0.593 ⌥(1*) 9433 9460

m
c

(GeV) 1.826 ⌘
c
(0*) 2984 2984

m
b

(GeV) 5.195 J_ (1*) 3102 3097

p 2_3 B
*(0*) 5281 5279

 0.4222 B
<*(1*) 5336 5325


®

1.7925 B
s
(0*) 5348 5367

� (GeV
5_3

) 0.3798 B
<
s
(1*) 5410 5415

⇤ (GeV) 1.1313 D
*(0*) 1870 1870

A (GeV
B*1

) 1.5296 D
<*(1*) 2018 2010

B 0.3263

(J ,M) is formed as follows:
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, (3)

where ⇠1 stands for the color singlet (indicated by the lower
index 1) wave function, ⌘ for the isospin of light quarks, �
for the spin of each quark, and �,  , �® denote spatial wave
functions. The label (C) specifies a set of Jacobi coordinates
shown in Fig. 1, which are to coincide with the color com-
binations of quarks. When two quarks are connected by a
line, they form a color Ñ3, while a quark and an antiquark
will be connected to form a color singlet state. For example,
the color wave functions, ⇠(C)1 , for C = 1 and 4 are given by
⇠
C=1
1 = [((12) Ñ3, 3)3, 4]1 and ⇠C=41 = [((14)1, 3) Ñ3, 2]1, respec-

tively. The label � in Eq. (3) includes all quantum numbers
needed for the expansion, � í {s,⌃,K , n,N , ⌫,l,L, �,G}.

The expansion coe�cients, or the variational parame-
ters,B(C)

� , are determined by matrix diagonalization. Details
of the method and its validity and accuracy are discussed in
Ref [36]. It should be noted that the precision is very im-
portant in the present analysis because the bound states are
often close to the two-body thresholds, where the system be-
comes very dilute, making it much harder to obtain accurate
wave functions and eigenenergies.

3. Results

Bound tetraquark states, QQ® Ñq Ñq®, are searched for var-
ious flavor combinations from light to heavy quarks with
spin and parity JP = 0+, 1+ and 2+. In the presence of
light quarks, flavor combinations are expressed by isospin
I . We have found altogether ten bound tetraquarks as shown
in Fig. 2, six for JP = 1+ (red bars), two for 0+ and two
for 2+ (blue bars). Other combinations, such as the one with
all heavy quarks, do not accommodate stable states due to
the relatively low threshold masses of fall apart mesons. We

therefore conclude that the combination of heavy and light
quarks is the key to generate stable bound states.

In Fig. 2, the resulting energies *E
B

(E
B

: binding en-
ergy) are shown in units of MeV together with their quan-
tum numbers I(JP ). In the figure, dashed bars stand for
fall-apart two meson thresholds as indicated beside the bars.
The columns are drawn relative to the threshold energies of
the pseudoscalar (0*) plus vector (1*) meson masses such
as BB<,DB< for each quantum number.

Let us discuss the nature of these bound states.
J
P = 1+: For bb Ñu Ñd (I = 0), we have obtained two bound

states; one is deeply bound with a binding energy of 173
MeV, and the other shallow one with a binding energy of 4
MeV. As we will discuss shortly, these two states have very
di�erent internal structures. If we change the bottom quarks
to charm or strange quarks for the deeply bound state, its
binding energy decreases; specifically, in the order of the re-
duced masses of the quark pairs bb, bc, cc, bs, it decreases
systematically as 173, 40, 23 and 5 MeV, respectively.

This behavior is explained by the color electric force be-
tween heavy quarks, as emphasized in Refs. [19, 20]. For
color Ñ3 states, it provides half of the attraction strength of the
color singlet quark and antiquark pair. Moreover, due to its
1_r behavior at short distances the attraction increases pro-
portional to the reduced mass of the two quarks. To demon-
strate this explicitly, we plot the expectation values of the
Coulomb (1_r) term of the color-electric potential for the
bQ pair in a bQ Ñq Ñq tetraquark (red line) and for the QQ pair
in aQQ Ñq Ñq tetraquark (blue line) as functions ofm

Q
in Fig. 3.

When m
Q
= m

b
, the two results agree, with the large attrac-

tion energy of Ì *200 MeV. As m
Q

decreases down to Ì 1
GeV, where a bound state still exists, the absolute values of
both the QQ and bQ energies decrease monotonically. The
Coulomb energy for bQ is more attractive than for QQ, be-
cause the reduced mass of bQ is larger than that ofQQ. The
increase in the attractive energy is also understood intuitively
by the decrease in the size of the bQ pair as shown in Table 3.

There is another bound state for bbÑs Ñq : I(JP ) = 1_2(1+)
with a binding energy of 59 MeV. This is the strange ana-
logue of the deeply bound state of 173 MeV. The di�erence
between the two energies is partly due to the the spin-spin
interaction, which is weaker for the strange quark than for
the up and down quarks.

Other J
P

’s: We have found two bound states with I(JP ) =
0(0+) for bc Ñq Ñq bound below the BD threshold by 37 MeV,
and for bs Ñq Ñq by 7MeV. TheirQ andQ® are in symmetric con-
figurations, so that their siblings in the bb Ñq Ñq or cc Ñq Ñq chan-
nels are forbidden by the Pauli principle. This is realized in
a lattice QCD calculation as well [28].

Lastly, we have also found two more states with JP =
2+. The one in the bb Ñq Ñq channel of I = 1 is located only
3 MeV below the B<B< threshold. This state is formed by
the bad anti-diquark Ñq Ñq of (I(J+) = 1(1+)) bound to the
heavy vector diquark bb. The mass di�erence from the state
of 0(1+) with 173 MeV binding energy can mostly be ex-
plained by the spitting between the good (I(JP ) = 0(0+))
and bad anti-diquarks. The other 2+ bound state appears in

Meng Qi et al.: Preprint submitted to Elsevier Page 3 of 6
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Q Q ′q̄q̄′ in Refs. [18–20], where Q (′) and q(′) denote heavy (c and 
b) and light (u, d, s) quarks, respectively. Unlike the Q Q̄ ′qq̄′ sys-
tem, Q Q ′q̄q̄′ is more likely to have a bound state that is stable 
against strong decays, mainly because the threshold energy for the 
latter, Q q̄ + Q ′q̄′ , is larger than the former, Q Q̄ ′ + qq̄′ [21]. In 
fact, there have been many theoretical studies about this possibil-
ity over the years (see, for instance, Refs. [22,23]), which however 
remained inconclusive. Meanwhile, the existence of the doubly 
charmed baryon !cc has been experimentally established [24]. This 
made a semi-quantitative discussion for double heavy tetraquarks
possible, giving large binding energies from an empirical mass 
formula [19,25]. Recently an alternative mechanism was also pro-
posed for a quasi-stable a bbb̄b̄ tetraquark based on a diquark-
antidiquark model [26].

The purpose of this paper is to systematically study stable 
Q Q ′q̄q̄′ tetraquark states with various flavor combinations in the 
non-relativistic quark model. We find several stable states, one 
of which is a strongly bound bbq̄q̄ with isospin and spin-parity 
I( J P ) = 0(1+), having a binding energy of almost 200 MeV. This 
confirms the earlier discussions [19,25] and is also consistent with 
the predictions of lattice QCD [27–31]. We have also found a 
shallow state for the same I( J P ) = 0(1+) channel. By computing 
density distributions, it is shown that the deep one is a compact 
tetraquark state, while the shallow one is regarded as a loosely-
bound molecule of two color singlet mesons, B and B∗ . This is 
a hadronic analogue of the cluster formation in light nuclei [32], 
the first example that hadrons with totally different nature emerge 
from a single Hamiltonian. It is a universal feature of quantum 
many-body systems which will clarify unsolved problems of col-
ored QCD dynamics.

This paper is organized as follows. After the introduction, the 
Hamiltonian and the employed computational method are dis-
cussed in Secs. 2. In Sec. 3, we discuss our results and give a 
summary in Sec. 4.

2. Model Hamiltonian and method

For the quark model Hamiltonian, we employ the form of AP1 
of Ref. [33] (see Eq. (2) of [33]), which is composed of a power-
law confinement term and a gluon-exchange potential with non-
relativistic kinetic energy.

H =
4∑

i

(
mi + pi

2

2mi

)
− T G

− 3
16

4∑

i< j=1

8∑

a

(
(λa

i · λa
j)V ij(ri j)

)
,

(1)

where mi and pi are the mass and momentum of the ith quark, 
respectively. T G is the kinetic energy of the center-of-mass motion. 
λa

i are the color SU(3) Gell-mann matrices for the ith quark with 
color index a. The potential is then given by

V ij(r) = − κ

r
+ λr p − $

+ 2πκ ′

3mim j

exp(−r2/r2
0)

π3/2r3
0

σ i · σ j,
(2)

with r0(mi, m j) = A[(2mim j)/(mi + m j)]−B . The parameter values 
of the Hamiltonian are given in Ref. [33].

This Hamiltonian has been also employed for our former stud-
ies of pentaquarks of qqqcc̄ and ssscc̄ [34,35]. For determining the 
existence of bound states, it is important for the calculation to 
treat the relevant threshold energies consistently. In order to im-
prove the fit to the threshold meson masses, we have tuned the 

Table 1
The parameters of the Hamiltonian and the calculated masses 
(Cal) of heavy mesons compared with their experimental val-
ues (Exp).

Parameters Masses (MeV)

Cal Exp

mu,d (GeV) 0.277 ηb(0−) 9375 9399

ms (GeV) 0.593 ϒ(1−) 9433 9460

mc (GeV) 1.826 ηc(0−) 2984 2984

mb (GeV) 5.195 J/ψ(1−) 3102 3097

p 2/3 B−(0−) 5281 5279

κ 0.4222 B∗−(1−) 5336 5325

κ ′ 1.7925 Bs(0−) 5348 5367

λ (GeV5/3) 0.3798 B∗
s (1−) 5410 5415

$ (GeV) 1.1313 D−(0−) 1870 1870

A (GeVB−1) 1.5296 D∗−(1−) 2018 2010

B 0.3263

potential parameters. In Table 1, we compile the values of the 
Hamiltonian parameters and the calculated masses of the heavy 
mesons relevant to the present study of tetraquarks. Compared 
with the experimental values, the meson masses are reproduced 
within the errors of at most 30 MeV or much less. The errors of 
the binding energies are expected to be less, as large part of errors 
will be canceled by taking the mass differences of the tetraquark 
and threshold mesons.

One missing element here is hadron dynamics, in particular 
meson-exchange interactions at long distances. There are reasons, 
however, important features of our present discussions are robust. 
For deeply bound compact states such dynamics can be negligible. 
Whether or not shallow states exist may be modified, while their 
molecular structure remains unchanged as long as binding ener-
gies are small.

To solve the four-body problem accurately, we employ the 
Gaussian expansion method [36]. The variational wave function of 
a tetraquark, )I, J M , with isospin I and total spin ( J , M) is formed 
as follows:

)I, J M = ∑
C ξ

(C)
1

∑
γ B(C)

γ η(C)
I

[[[
[χ 1

2
χ 1

2
]sχ 1

2

]
-
χ 1

2

]

K

×
[
[φ(C)

n/ (rC )ψ
(C)
N L (RC )]$φ

′ (C)
νλ (ρC )

]
G

]

J M
, (3)

where ξ1 stands for the color singlet (indicated by the lower index 
1) wave function, η for the isospin of light quarks, χ for the spin 
of each quark, and φ, ψ , φ′ denote spatial wave functions. The la-
bel (C) specifies a set of Jacobi coordinates shown in Fig. 1, which 
are to coincide with the color combinations of quarks. When two 
quarks are connected by a line, they form a color 3̄, while a quark 
and an antiquark will be connected to form a color singlet state. 
For example, the color wave functions, ξ (C)

1 , for C = 1 and 4 are 
given by ξ C=1

1 = [((12)3̄, 3)3, 4]1 and ξ C=4
1 = [((14)1, 3)3̄, 2]1, re-

spectively. The label γ in Eq. (3) includes all quantum numbers 
needed for the expansion, γ ≡ {s, -, K , n, N, ν, /, L, λ, G}.

The expansion coefficients, or the variational parameters, B(C)
γ , 

are determined by matrix diagonalization. Details of the method 
and its validity and accuracy are discussed in Ref. [36]. It should 
be noted that the precision is very important in the present anal-
ysis because the bound states are often close to the two-body 
thresholds, where the system becomes very dilute, making it much 
harder to obtain accurate wave functions and eigenenergies.

2



APCTP workshop on Nuclear Physics 2020: Exotic Hadrons in the Present and Future Facilities: July 11-16, 2022 /30

Results — bound states

22

0

–50

–100

– 173

– 4 – 40

– 59

bbq̄q̄ bcq̄q̄ bbs̄q̄

– 3

– 37

– 5
/ / / / / / / / / /50

BB* DB* BsB*

BB DB
BsB

B*B*

D*B*

0(1+)

0(1+)

0(1+) – 23

ccq̄q̄

DD*

DD

0(1+)

1
2 (1+)

1(2+)

0(0+)

– 5

bsq̄q̄

– 7

KB*

KB

0(1+)

0(0+)

0(2+)

[MeV]

–150

Arrows indicate the energy gain (binding energy) from the relevant thresholds

Red: 1+ blue: 0+



APCTP workshop on Nuclear Physics 2020: Exotic Hadrons in the Present and Future Facilities: July 11-16, 2022 /3023

4. A Stable bbūd̄ Tetraquark
The question whether QQq̄q̄ tetraquarks with two heavy quarks Q and two light antiquarks q̄

are stable or unstable against decay into two Qq̄ mesons has a long history. Until summer 2017 it
had been largely undecided, mainly due to lack of experimental information about the strength of the
interaction between two heavy quarks. The LHCb discovery of the doubly charmed baryon provided
the crucial experimental input which allows this issue to be finally resolved.

Specifically, the mass of Ξ++cc = (ccu) doubly-charmed baryon being close to the predicted mass
validated the assumption that the binding energy of two heavy quarks Q in a color-antitriplet QQ state
is half that of QQ̄ in a color singlet. The same theoretical toolbox that led to the accurate Ξcc mass
prediction then predicts a stable, deeply bound bbūd̄ tetraquark, far below two B meson threshold –
the first manifestly exotic stable hadron [13, 14].

The essential mechanism at work here is as follows. The heavier the quarks, the closer they are
to each other in a hadron, the bigger the binding energy between them, because of the −αs/r term
in the heavy quark potential. When the four quarks QQq̄q̄ are split into two Qq̄ mesons, this QQ
binding energy is lost. The QQ binding energy scales like mQα2

s , so for sufficiently large mQ the
QQq̄q̄ tetraquark must be bound. The new piece of information is that, thanks to LHCb, we now know
that the b quark is heavy enough, so that the binding energy of two b quarks in a bbūd̄ tetraquark is
so big as to prevent its decay into two mesons.

The lowest possible mass of a bbūd̄ state is obtained with all four quarks in a relative S -wave
and the ū and d̄ light antiquarks in a color-triplet “good” antidiquark with S = 0 and I = 0. The bb
diquark must then be a color antitriplet and Fermi statistics dictates it has spin 1. The total spin and
parity are then JP = 1+. The resulting configuration is very similar to a doubly-heavy baryon, c.f.
Fig. 4.

Fig. 4. Similarity between a
doubly heavy QQq baryon and
doubly heavy QQūd̄ tetraquark.
Instead of a light color-triplet
quark in the baryon, in the
tetraquark one has a light com-
posite color-triplet ūd̄ diquark.

Fig. 5. Distance of the QQ′ūd̄ tetraquarks from the corresponding
(Qū) (Q′d̄) two meson thresholds.

For this configuration we use the methods of Ref. [13] to predict a doubly-bottom tetraquark
T (bbūd̄) with JP=1+ at 10,389 ± 12 MeV.
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Table 2
The energies of stable tetraquarks −E B in comparison with recent lattice QCD calculations in units of MeV [27–31]. 
N stands for “no bound state”. Refs. [27,28,30] report binding energies directly, while only the meson and tetraquark 
energies are given in Ref. [29]. The shown errors for Ref. [29] here are estimated by combining the errors of the 
individual hadron masses in quadrature. The errors of Ref. [31] are obtained by combining the given statistical and 
systematic errors in quadrature.

I( J P ) This work [27] [28] [29] [30] [31]

bbq̄q̄ 0(1+) −173 −189 ± 13 −143 ± 34 − −186 ± 15 −128 ± 26
bcq̄q̄ 0(1+) −40 − − 13 ± 3 − −
ccq̄q̄ 0(1+) −23 − −23 ± 11 − − −
bsq̄q̄ 0(1+) −5 − − 16 ± 2 − −
bbs̄q̄ 1

2 (1+) −59 −98 ± 10 −87 ± 32 − − −

bbq̄q̄ 1(0+) N − −5 ± 18 − − −
bcq̄q̄ 0(0+) −37 − − 17 ± 3 − −
ccq̄q̄ 1(0+) N − 26 ± 11 − − −
bsq̄q̄ 0(0+) −7 − − 18 ± 2 − −

Fig. 3. Coulomb energies of the bQ pair in the bQ q̄q̄ tetraquark (red line) and that 
of the Q Q pair in the Q Q q̄q̄ tetraquark (blue line), as functions of mQ .

Table 3
Mean distance Rqq′ [fm] for various tetraquarks. Binding energies E B are in units of 
MeV.

Q Q ′q̄q̄ I( J P ) −E B R Q Q ′ R Q q̄ R Q ′ q̄ Rq̄q̄ R Q q̄−Q ′ q̄

bbq̄q̄ 0(1+) −173 0.34 0.84 0.74 0.32
bbq̄q̄ 0(1+) −4 1.09 0.93 1.11 1.07
bcq̄q̄ 0(1+) −40 0.65 0.79 0.80 0.94 0.61
ccq̄q̄ 0(1+) −23 0.83 0.85 1.00 0.75
bcq̄q̄ 0(2+) −5 1.72 1.38 1.40 1.93 1.57

There is another bound state for bbs̄q̄ : I( J P ) = 1/2(1+) with 
a binding energy of 59 MeV. This is the strange analogue of the 
deeply bound state of 173 MeV. The difference between the two 
energies is partly due to the spin-spin interaction, which is weaker 
for the strange quark than for the up and down quarks.

Other J P ’s: We have found two bound states with I( J P ) =
0(0+) for bcq̄q̄ bound below the B D threshold by 37 MeV, and for 
bsq̄q̄ by 7 MeV. Their Q and Q ′ are in symmetric configurations, 
so that their siblings in the bbq̄q̄ or ccq̄q̄ channels are forbidden 
by the Pauli principle. This is realized in a lattice QCD calculation 
as well [28].

Lastly, we have also found two more states with J P = 2+ . The 
one in the bbq̄q̄ channel of I = 1 is located only 3 MeV below 
the B∗B∗ threshold. This state is formed by the bad anti-diquark 
q̄q̄ of (I( J+) = 1(1+)) bound to the heavy vector diquark bb. The 
mass difference from the state of 0(1+) with 173 MeV binding 
energy can mostly be explained by the spitting between the good 
(I( J P ) = 0(0+)) and bad anti-diquarks. The other 2+ bound state 
appears in a bcq̄q̄ configuration with a small binding energy of 5 
MeV below the D∗B∗ threshold.

Next, we compare our results with those of recent lattice QCD 
calculations [27–31] in Table 2. We see that for the channels con-
taining either cc or bb heavy quarks, the agreement between the 
lattice and our quark model results is rather good. Especially for 
the deeply bound bbq̄q̄ and bbs̄q̄ cases with I( J P ) = 0(1+) for 
which calculations of multiple lattice QCD collaborations are avail-
able, the quark model states lie within an energy range of at most 
45 MeV of the lattice results. For all other states with cc or bb
heavy quarks, the bound states, if any, are only rather shallow both 
for the quark model and the lattice calculations. Conversely, for 
the channels with bc and bs quarks which have been studied in 
Ref. [29], there is some disagreement between the lattice and the 
quark model results. Specifically, we find bound states for all of 
them in our work, while on the lattice no such bound state is ob-
tained.

We continue by discussing the two-body density distributions 
for quark pairs in the tetraquarks, which will help revealing their 
spatial structure. The two-body density distribution of a qq′ pair, 
where q or q′ indicates any quark or anti-quark in the tetraquark, 
is defined by

ρqq′(rqq′) =
∫

dr̂qq′dx1dx2 |" J M(rqq′ , x1, x2)|2 (4)

where rqq′ = |rqq′ | is the distance between q and q′ , r̂qq′ is the 
angular part of the relative q-q′ coordinate, and x1 and x2 denote 
the other Jacobi coordinates.

In Fig. 4, we show r2ρqq′(r) for various qq′ pairs in the two 
bbq̄q̄ tetraquarks of I( J P ) = 0(1+). For the deeply bound state (a), 
we see a very compact structure for the bb pair, while the bq̄ and 
q̄q̄ pairs have extended density distributions. This is what we ex-
pect; the bb pair is strongly attracted due to the color-electric 
force, while this effect is smaller for the bq and qq pairs as the 
attraction is proportional to their reduced masses. Turning to the 
shallow bound state (b), all diquark pairs are extended and further-
more, the bb distribution shows a node-like structure. This implies 
that this state is a nodal excitation of the bb pair.

To understand these features more quantitatively, we summa-
rize in Table 3, the mean distances,

Rqq′ ≡
(∫

r2ρqq′(r) r2dr/
∫

ρqq′(r) r2dr
)1/2

(5)

of various pairs of quarks (and antiquarks). One sees clear tenden-
cies that the density distributions depend on the types of quark 
pairs and their binding energies. Namely, the deep bound states 
have a smaller R Q q̄−Q ′q̄ , the distance between the centers of mass 
of Q q̄ and Q ′q̄, compared to the shallow ones, for which R Q q̄ <
R Q q̄−Q ′q̄ . This indicates that the shallow states are loosely bound 
(molecular) states of color singlet mesons, (Q q̄)1 + (Q ′q̄)1, where 

4
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Short Title of the Article

Table 2
The energies of stable tetraquarks *E

B
in comparison with recent lattice QCD calculations

in units of MeV [27, 28, 29, 30, 31]. N stands for “no bound state”. Refs. [27, 28, 30]

report binding energies directly, while only the meson and tetraquark energies are given in

Ref. [29]. The shown errors for Ref. [29] here are estimated by combining the errors of the

individual hadron masses in quadrature. The errors of Ref. [31] are obtained by combining

the given statistical and systematic errors in quadrature.

I(JP ) This work [27] [28] [29] [30] [31]

bb Ñq Ñq 0(1+) *173 *189 ± 13 *143 ± 34 * *186 ± 15 *128 ± 26
bc Ñq Ñq 0(1+) *40 * * 13 ± 3 * *
cc Ñq Ñq 0(1+) *23 * *23 ± 11 * * *
bs Ñq Ñq 0(1+) *5 * * 16 ± 2 * *
bbÑs Ñq

1
2
(1+) *59 *98 ± 10 *87 ± 32 * * *

bb Ñq Ñq 1(0+) N * *5 ± 18 * * *
bc Ñq Ñq 0(0+) *37 * * 17 ± 3 * *
cc Ñq Ñq 1(0+) N * 26 ± 11 * * *
bs Ñq Ñq 0(0+) *7 * * 18 ± 2 * *

10

q̄q̄

bq̄

bb

q̄q̄

bq̄

bb

(a) : E
B

= 173 MeV (b) : E
B

= 4 MeV

Figure 4: Density distibutions for various quark pairs in the deep (a) and shallow (b) bb Ñq Ñq tetraquarks of J
P = 1+.

of quark pairs and their binding energies. Namely, the deep
bound states have a smaller R

Q Ñq*Q® Ñq , the distance between
the centers of mass of Q Ñq and Q

®
Ñq, compared to the shal-

low ones, for which R
Q Ñq

< R
Q Ñq*Q® Ñq . This indicates that the

shallow states are loosely bound (molecular) states of color
singlet mesons, (Q Ñq)1 + (Q®

Ñq)1, where the index 1 denote
color singlet. In particular, the node-like structure of bb may
transfer to the similar structure for the mesons. It is very in-
teresting to see two extreme cases of bound states, one deep
and compact, the other shallow and molecular, simultane-
ously in the spectrum of the single quark model Hamilto-
nian. This is the first example of a hadronic analogue of
cluster formation in spectra of light nuclei, where cluster
structures made of ↵ particles are developed around the ↵

emission thresholds [32], while the lower bound states are
compact shell-model-like states.

The states that we have discussed so far are stable against
the strong decay, while they decay through the electro-magnetic
or weak interactions. For example, the I(JP ) = 0(1+) state
of bc Ñu Ñd with binding energy 40 MeV will decay radiatively
into D+B+ �(M1). Similarly all the JP = 1+ states above
the two 0* meson thresholds, and 2+ states above the 0*
and 1* meson thresholds, are subject to such decays. The
two deeply bound states, the bb Ñu Ñd (0(1+)) and bc Ñu Ñd (0(0+))
states, on the other hand, can decay only via the weak inter-
action.

4. Summary

In this study, we have found a few stable bound states
in QQ

®
Ñq Ñq

® tetraquark systems in the quark model by solv-
ing the four-body system rigorously for various combina-
tions of quark flavors. The deep compact bound state in bb Ñu Ñd

(and also in cc Ñu Ñd) with I(JP ) = 0(1+) agrees well with the
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Table 2
The energies of stable tetraquarks −E B in comparison with recent lattice QCD calculations in units of MeV [27–31]. 
N stands for “no bound state”. Refs. [27,28,30] report binding energies directly, while only the meson and tetraquark 
energies are given in Ref. [29]. The shown errors for Ref. [29] here are estimated by combining the errors of the 
individual hadron masses in quadrature. The errors of Ref. [31] are obtained by combining the given statistical and 
systematic errors in quadrature.

I( J P ) This work [27] [28] [29] [30] [31]

bbq̄q̄ 0(1+) −173 −189 ± 13 −143 ± 34 − −186 ± 15 −128 ± 26
bcq̄q̄ 0(1+) −40 − − 13 ± 3 − −
ccq̄q̄ 0(1+) −23 − −23 ± 11 − − −
bsq̄q̄ 0(1+) −5 − − 16 ± 2 − −
bbs̄q̄ 1

2 (1+) −59 −98 ± 10 −87 ± 32 − − −

bbq̄q̄ 1(0+) N − −5 ± 18 − − −
bcq̄q̄ 0(0+) −37 − − 17 ± 3 − −
ccq̄q̄ 1(0+) N − 26 ± 11 − − −
bsq̄q̄ 0(0+) −7 − − 18 ± 2 − −

Fig. 3. Coulomb energies of the bQ pair in the bQ q̄q̄ tetraquark (red line) and that 
of the Q Q pair in the Q Q q̄q̄ tetraquark (blue line), as functions of mQ .

Table 3
Mean distance Rqq′ [fm] for various tetraquarks. Binding energies E B are in units of 
MeV.

Q Q ′q̄q̄ I( J P ) −E B R Q Q ′ R Q q̄ R Q ′ q̄ Rq̄q̄ R Q q̄−Q ′ q̄

bbq̄q̄ 0(1+) −173 0.34 0.84 0.74 0.32
bbq̄q̄ 0(1+) −4 1.09 0.93 1.11 1.07
bcq̄q̄ 0(1+) −40 0.65 0.79 0.80 0.94 0.61
ccq̄q̄ 0(1+) −23 0.83 0.85 1.00 0.75
bcq̄q̄ 0(2+) −5 1.72 1.38 1.40 1.93 1.57

There is another bound state for bbs̄q̄ : I( J P ) = 1/2(1+) with 
a binding energy of 59 MeV. This is the strange analogue of the 
deeply bound state of 173 MeV. The difference between the two 
energies is partly due to the spin-spin interaction, which is weaker 
for the strange quark than for the up and down quarks.

Other J P ’s: We have found two bound states with I( J P ) =
0(0+) for bcq̄q̄ bound below the B D threshold by 37 MeV, and for 
bsq̄q̄ by 7 MeV. Their Q and Q ′ are in symmetric configurations, 
so that their siblings in the bbq̄q̄ or ccq̄q̄ channels are forbidden 
by the Pauli principle. This is realized in a lattice QCD calculation 
as well [28].

Lastly, we have also found two more states with J P = 2+ . The 
one in the bbq̄q̄ channel of I = 1 is located only 3 MeV below 
the B∗B∗ threshold. This state is formed by the bad anti-diquark 
q̄q̄ of (I( J+) = 1(1+)) bound to the heavy vector diquark bb. The 
mass difference from the state of 0(1+) with 173 MeV binding 
energy can mostly be explained by the spitting between the good 
(I( J P ) = 0(0+)) and bad anti-diquarks. The other 2+ bound state 
appears in a bcq̄q̄ configuration with a small binding energy of 5 
MeV below the D∗B∗ threshold.

Next, we compare our results with those of recent lattice QCD 
calculations [27–31] in Table 2. We see that for the channels con-
taining either cc or bb heavy quarks, the agreement between the 
lattice and our quark model results is rather good. Especially for 
the deeply bound bbq̄q̄ and bbs̄q̄ cases with I( J P ) = 0(1+) for 
which calculations of multiple lattice QCD collaborations are avail-
able, the quark model states lie within an energy range of at most 
45 MeV of the lattice results. For all other states with cc or bb
heavy quarks, the bound states, if any, are only rather shallow both 
for the quark model and the lattice calculations. Conversely, for 
the channels with bc and bs quarks which have been studied in 
Ref. [29], there is some disagreement between the lattice and the 
quark model results. Specifically, we find bound states for all of 
them in our work, while on the lattice no such bound state is ob-
tained.

We continue by discussing the two-body density distributions 
for quark pairs in the tetraquarks, which will help revealing their 
spatial structure. The two-body density distribution of a qq′ pair, 
where q or q′ indicates any quark or anti-quark in the tetraquark, 
is defined by

ρqq′(rqq′) =
∫

dr̂qq′dx1dx2 |" J M(rqq′ , x1, x2)|2 (4)

where rqq′ = |rqq′ | is the distance between q and q′ , r̂qq′ is the 
angular part of the relative q-q′ coordinate, and x1 and x2 denote 
the other Jacobi coordinates.

In Fig. 4, we show r2ρqq′(r) for various qq′ pairs in the two 
bbq̄q̄ tetraquarks of I( J P ) = 0(1+). For the deeply bound state (a), 
we see a very compact structure for the bb pair, while the bq̄ and 
q̄q̄ pairs have extended density distributions. This is what we ex-
pect; the bb pair is strongly attracted due to the color-electric 
force, while this effect is smaller for the bq and qq pairs as the 
attraction is proportional to their reduced masses. Turning to the 
shallow bound state (b), all diquark pairs are extended and further-
more, the bb distribution shows a node-like structure. This implies 
that this state is a nodal excitation of the bb pair.

To understand these features more quantitatively, we summa-
rize in Table 3, the mean distances,

Rqq′ ≡
(∫

r2ρqq′(r) r2dr/
∫

ρqq′(r) r2dr
)1/2

(5)

of various pairs of quarks (and antiquarks). One sees clear tenden-
cies that the density distributions depend on the types of quark 
pairs and their binding energies. Namely, the deep bound states 
have a smaller R Q q̄−Q ′q̄ , the distance between the centers of mass 
of Q q̄ and Q ′q̄, compared to the shallow ones, for which R Q q̄ <
R Q q̄−Q ′q̄ . This indicates that the shallow states are loosely bound 
(molecular) states of color singlet mesons, (Q q̄)1 + (Q ′q̄)1, where 
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There is another bound state for bbs̄q̄ : I( J P ) = 1/2(1+) with 
a binding energy of 59 MeV. This is the strange analogue of the 
deeply bound state of 173 MeV. The difference between the two 
energies is partly due to the spin-spin interaction, which is weaker 
for the strange quark than for the up and down quarks.

Other J P ’s: We have found two bound states with I( J P ) =
0(0+) for bcq̄q̄ bound below the B D threshold by 37 MeV, and for 
bsq̄q̄ by 7 MeV. Their Q and Q ′ are in symmetric configurations, 
so that their siblings in the bbq̄q̄ or ccq̄q̄ channels are forbidden 
by the Pauli principle. This is realized in a lattice QCD calculation 
as well [28].

Lastly, we have also found two more states with J P = 2+ . The 
one in the bbq̄q̄ channel of I = 1 is located only 3 MeV below 
the B∗B∗ threshold. This state is formed by the bad anti-diquark 
q̄q̄ of (I( J+) = 1(1+)) bound to the heavy vector diquark bb. The 
mass difference from the state of 0(1+) with 173 MeV binding 
energy can mostly be explained by the spitting between the good 
(I( J P ) = 0(0+)) and bad anti-diquarks. The other 2+ bound state 
appears in a bcq̄q̄ configuration with a small binding energy of 5 
MeV below the D∗B∗ threshold.

Next, we compare our results with those of recent lattice QCD 
calculations [27–31] in Table 2. We see that for the channels con-
taining either cc or bb heavy quarks, the agreement between the 
lattice and our quark model results is rather good. Especially for 
the deeply bound bbq̄q̄ and bbs̄q̄ cases with I( J P ) = 0(1+) for 
which calculations of multiple lattice QCD collaborations are avail-
able, the quark model states lie within an energy range of at most 
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heavy quarks, the bound states, if any, are only rather shallow both 
for the quark model and the lattice calculations. Conversely, for 
the channels with bc and bs quarks which have been studied in 
Ref. [29], there is some disagreement between the lattice and the 
quark model results. Specifically, we find bound states for all of 
them in our work, while on the lattice no such bound state is ob-
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for quark pairs in the tetraquarks, which will help revealing their 
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where rqq′ = |rqq′ | is the distance between q and q′ , r̂qq′ is the 
angular part of the relative q-q′ coordinate, and x1 and x2 denote 
the other Jacobi coordinates.

In Fig. 4, we show r2ρqq′(r) for various qq′ pairs in the two 
bbq̄q̄ tetraquarks of I( J P ) = 0(1+). For the deeply bound state (a), 
we see a very compact structure for the bb pair, while the bq̄ and 
q̄q̄ pairs have extended density distributions. This is what we ex-
pect; the bb pair is strongly attracted due to the color-electric 
force, while this effect is smaller for the bq and qq pairs as the 
attraction is proportional to their reduced masses. Turning to the 
shallow bound state (b), all diquark pairs are extended and further-
more, the bb distribution shows a node-like structure. This implies 
that this state is a nodal excitation of the bb pair.

To understand these features more quantitatively, we summa-
rize in Table 3, the mean distances,
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cies that the density distributions depend on the types of quark 
pairs and their binding energies. Namely, the deep bound states 
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Fig. 2. Calculated masses of bbq̄q̄ bound and resonant states. The quantum numbers 
are designated as I( Jπ ). Blue lines are bound states below the B B∗ threshold, and 
red lines show resonant states. The numbers indicate absolute masses as well as 
the binding or excitation energies (in MeV), and the numbers in parenthesis are the 
estimated decay widths in the real scaling method (in MeV).

Fig. 3. The stabilization plots of the energy eigenvalues of I( Jπ ) = 0(1+) states by 
changing the scaling parameter α.

3. Results

The obtained energy spectra of the resonant states together 
with bound states of bbq̄q̄ are shown in Fig. 2. Two bound states 
(1+

1 and 1+
2 ) with I( Jπ ) = 0(1+) are already reported in our pre-

vious paper [23], a deeply bound state and a shallow bound state 
below the B B∗ threshold (blue lines). In this study, we further find 
a few low-lying resonant states; another I( Jπ ) = 0(1+) state (1+

3 ) 
located at 10667 MeV which is 5 MeV below the B∗ B∗ threshold 
and negative-parity states with I( Jπ ) = 0(0−), 0(1−) and 0(2−), 
which are located at 10762 MeV which are 90 MeV above the 
B∗B∗ threshold.

The resonant states are identified by the real-scaling method 
[33]. In Fig. 3, we plot the energy eigenvalues of the 1+ states as 
functions of the scaling factor α. A horizontal behavior at around 
10667 MeV is identified as the 1+

3 resonant state.1 One sees a level 
crossing of the resonance with a B B∗ continuum state at around 

1 Another horizontal line at 10613 MeV corresponds to the bound state 1+
2 .

Fig. 4. Density distributions of bb (blue), bq̄ (black) and q̄q̄ (red) of 1+
2 (10613 MeV, 

solid lines) and 1+
3 (10667 MeV, dashed lines) states.

α = 1.45. The width of the resonance can be roughly estimated 
from the two-state crossing formula given in Ref. [33], as

# ≈ 2$E ×
√|Sr ||Sc|
|Sr − Sc|

(4)

where Sr and Sc are the slopes of the two crossing levels, res-
onance and continuum, respectively. $E is the energy difference 
between the upper and lower branches at the level crossing point. 
We then estimate the decay width to be 9 MeV for the 1+

3 reso-
nant state.

Next, let us study the structure of each resonant state in detail. 
First, we focus on the 1+

3 state, located at 10667 MeV, that is 50 
MeV above the lowest B B∗(1+) threshold. This state is compared 
with the lower 1+ states, the lowest deeply bound state (1+

1 ) and 
the shallow bound state just below the B B∗ threshold (1+

2 ). The 
binding energy of the latter is very small, 4 MeV, and almost the 
same as the (quasi-binding) energy of the 1+

3 state measured from 
the B∗B∗ threshold.

As was shown in our previous study [23], the lowest 1+
1 state is 

a compact bound state with the binding energy of 173 MeV. The 
large binding energy is driven by the short-range color Coulomb 
force between the two b quarks, which forms the 1S state, bb(1S). 
In contrast, the second and third states are shallow and are ex-
pected to have strong effects from the near-by thresholds, B B∗ and 
B∗B∗ .

In order to reveal their dynamical structure, we calculate the 
two-body density distributions. Fig. 4 compares the distributions 
as functions of distances between designated quark pairs in the 
1+

2 and 1+
3 states. One sees long tail regions in the bb and q̄q̄ dis-

tributions, that look almost identical at r larger than 1.5 fm for the 
1+

2 and 1+
3 states. It is clear that due to color confinement the tail 

parts are dominated by the color-singlet component, that is, B B∗

and B∗B∗ in these cases. Calculating the overlap probabilities with 
the S-wave B B∗ , P (B B∗) and B∗B∗ states, P (B∗ B∗),2 we find that 
the ratio P (B∗B∗)/P (B B∗) is about 0.02 for 1+

2 and ∼ 2.4 for 1+
3 . 

So the tail part of the 1+
2 state is dominated by B B∗ , while that of 

1+
3 is by B∗B∗ .

For further analyses of the inner parts, we compute expectation 
values of the color operator, 〈λb1 ·λb2〉, of the b1b2 sub-system. The 
results are ∼ 0 for the 1+

2 state and −0.63 for 1+
3 . Note that the 

tail part, consisting of B B∗ and B∗ B∗ molecule components, should 
give 〈λb1 · λb2〉 = 0. Therefore the vanishing expectation value in-
dicates that the 1+

2 state is almost purely B B∗ molecular bound 
state.

2 It should be noted here that the probabilities for the 1+
3 resonant state are 

defined for the discrete state, whose wave function is truncated at around 2.4 fm 
due to the choice of the basis function of the Gaussian expansion.
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Fig. 1. Seven sets of Jacobi coordinates for Q Q q̄q̄ tetraquarks. The heavy quarks Q and light anti-quarks q̄ are labeled by 1, 2 and 3,4, respectively. They are classified into 
four types according to the color combinations, as K (C = 1, 2), K ′ (C = 3, 4), H (C = 5, 6), and H ′ (C = 7) types.

Fig. 2. Bound tetraquarks with their energies −E B (MeV) measured from the thresholds for various flavor contents. The labels beside each bar indicate isospin and spin-parity 
quantum numbers I( J P ). The hatch pattern in the bcq̄q̄ sector indicates that the distance between the D B∗-D∗ B∗ thresholds does not reflect the actual scale.

3. Results

Bound tetraquark states, Q Q ′q̄q̄′ , are searched for various flavor 
combinations from light to heavy quarks with spin and parity J P =
0+, 1+ and 2+ . In the presence of light quarks, flavor combinations 
are expressed by isospin I . We have found altogether ten bound 
tetraquarks as shown in Fig. 2, six for J P = 1+ (red bars), two for 
0+ and two for 2+ (blue bars). Other combinations, such as the 
one with all heavy quarks, do not accommodate stable states due 
to the relatively low threshold masses of fall apart mesons. We 
therefore conclude that the combination of heavy and light quarks 
is the key to generate stable bound states.

In Fig. 2, the resulting energies −E B (E B : binding energy) are 
shown in units of MeV together with their quantum numbers 
I( J P ). In the figure, dashed bars stand for fall-apart two meson 
thresholds as indicated beside the bars. The columns are drawn 
relative to the threshold energies of the pseudoscalar (0−) plus 
vector (1−) meson masses such as B B∗, D B∗ for each quantum 
number.

Let us discuss the nature of these bound states.
J P = 1+: For bbūd̄ (I = 0), we have obtained two bound states; 

one is deeply bound with a binding energy of 173 MeV, and the 
other shallow one with a binding energy of 4 MeV. As we will 

discuss shortly, these two states have very different internal struc-
tures. If we change the bottom quarks to charm or strange quarks 
for the deeply bound state, its binding energy decreases; specif-
ically, in the order of the reduced masses of the quark pairs bb, 
bc, cc, bs, it decreases systematically as 173, 40, 23 and 5 MeV, 
respectively.

This behavior is explained by the color electric force between 
heavy quarks, as emphasized in Refs. [19,20]. For color 3̄ states, it 
provides half of the attraction strength of the color singlet quark 
and antiquark pair. Moreover, due to its 1/r behavior at short dis-
tances the attraction increases proportional to the reduced mass 
of the two quarks. To demonstrate this explicitly, we plot the ex-
pectation values of the Coulomb (1/r) term of the color-electric 
potential for the bQ pair in a bQ q̄q̄ tetraquark (red line) and for 
the Q Q pair in a Q Q q̄q̄ tetraquark (blue line) as functions of mQ
in Fig. 3. When mQ = mb , the two results agree, with the large at-
traction energy of ∼ −200 MeV. As mQ decreases down to ∼ 1
GeV, where a bound state still exists, the absolute values of both 
the Q Q and bQ energies decrease monotonically. The Coulomb 
energy for bQ is more attractive than for Q Q , because the re-
duced mass of bQ is larger than that of Q Q . The increase in the 
attractive energy is also understood intuitively by the decrease in 
the size of the bQ pair as shown in Table 3.
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discuss shortly, these two states have very different internal struc-
tures. If we change the bottom quarks to charm or strange quarks 
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for the deeply bound state, its binding energy decreases; specif-
ically, in the order of the reduced masses of the quark pairs bb, 
bc, cc, bs, it decreases systematically as 173, 40, 23 and 5 MeV, 
respectively.

This behavior is explained by the color electric force between 
heavy quarks, as emphasized in Refs. [19,20]. For color 3̄ states, it 
provides half of the attraction strength of the color singlet quark 
and antiquark pair. Moreover, due to its 1/r behavior at short dis-
tances the attraction increases proportional to the reduced mass 
of the two quarks. To demonstrate this explicitly, we plot the ex-
pectation values of the Coulomb (1/r) term of the color-electric 
potential for the bQ pair in a bQ q̄q̄ tetraquark (red line) and for 
the Q Q pair in a Q Q q̄q̄ tetraquark (blue line) as functions of mQ
in Fig. 3. When mQ = mb , the two results agree, with the large at-
traction energy of ∼ −200 MeV. As mQ decreases down to ∼ 1
GeV, where a bound state still exists, the absolute values of both 
the Q Q and bQ energies decrease monotonically. The Coulomb 
energy for bQ is more attractive than for Q Q , because the re-
duced mass of bQ is larger than that of Q Q . The increase in the 
attractive energy is also understood intuitively by the decrease in 
the size of the bQ pair as shown in Table 3.

3

They can be scattering states ρ(7) → αρ(7)

Scaling factor

Resonances

Position:

 Sequence of horizontal 

 lines that repel each

 other.

Width:

 Distance of repulsion
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3

identified by the real-scaling method, in which the Gaus-
sian range parameters for the � coordinate of C = 7 are
scaled as � ! ↵�. When ↵ is varied, the distance of
two color-singlet mesons in the channel C = 7 is scaled
with ↵. Then energy eigenvalues of scattering states will
decrease as ↵ increases, while compact resonance states
will stay at the same energy. Thus the ↵ dependences of
energy eigenvalues can be used to distinguish resonance
states from scattering states. Furthermore, level crossing
with repulsion allow us to evaluate the widths and the
couplings of the resonance states as shown below.

RESULTS
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FIG. 2. Calculated masses of bbq̄q̄ bound and resonant states.
The quantum numbers are designated as I(J⇡). Blue lines are
bound states below the BB⇤ threshold, and red lines show
resonant states. The numbers indicate absolute masses as
well as the binding or excitation energies (in MeV), and the
numbers in parenthesis are the estimated decay widths in the
real scaling method (in MeV).

The obtained energy spectra of the resonant states to-
gether with bound states of bbq̄q̄ are shown in Fig. 2. Two
bound states (1+1 and 1+2 ) with I(J⇡) = 0(1+) are already
reported in our previous paper [23], a deeply bound state
and a shallow bound state below the BB

⇤ threshold (blue
lines). In this study, we further find a few low-lying res-
onant states; another I(J⇡) = 0(1+) state (1+3 ) located
at 10667 MeV which is 5 MeV below the B

⇤
B

⇤ thresh-
old and negative-parity states with I(J⇡) = 0(0�), 0(1�)
and 0(2�), which are located at 10762 MeV which are 90
MeV above the B

⇤
B

⇤ threshold.
The resonant states are identified by the real-scaling

method[33]. In Fig. 3, we plot the energy eigenvalues
of the 1+ states as functions of the scaling factor ↵. A

BB*

B*B*
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FIG. 3. The stabilization plots of the energy eigenvalues of
I(J⇡) = 0(1+) states by changing the scaling parameter ↵.

horizontal behavior at around 10667 MeV is identified
as the 1+3 resonant state.1 One sees a level crossing of
the resonance with a BB

⇤ continuum state at around
↵ = 1.45. The width of the resonance can be roughly
estimated from the two-state crossing formula given in
Ref. [33], as

� ⇡ 2�E ⇥
p

|Sr||Sc|
|Sr � Sc|

(4)

where Sr and Sc are the slopes of the two crossing levels,
resonance and continuum, respectively. �E is the energy
di↵erence between the upper and lower branches at the
level crossing point. We then estimate the decay width
to be 9 MeV for the 1+3 resonant state.
Next, let us study the structure of each resonant state

in detail. First, we focus on the 1+3 state, located at 10667
MeV, that is 50 MeV above the lowest BB

⇤(1+) thresh-
old. This state is compared with the lower 1+ states, the
lowest deeply bound state (1+1 ) and the shallow bound
state just below the BB

⇤ threshold (1+2 ) . The binding
energy of the latter is very small, 4 MeV, and almost
the same as the (quasi-binding) energy of the 1+3 state
measured from the B

⇤
B

⇤ threshold.
As was shown in our previous study [23], the lowest

1+1 state is a compact bound state with the binding en-
ergy of 173 MeV. The large binding energy is driven by
the short-range color Coulomb force between the two b

quarks, which forms the 1S state, bb(1S). In contrast,
the second and third states are shallow and are expected
to have strong e↵ects from the near-by thresholds, BB

⇤

and B
⇤
B

⇤.

1 Another horizontal line at 10613 MeV corresponds to the bound
state 1+2 .
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3

identified by the real-scaling method, in which the Gaus-
sian range parameters for the � coordinate of C = 7 are
scaled as � ! ↵�. When ↵ is varied, the distance of
two color-singlet mesons in the channel C = 7 is scaled
with ↵. Then energy eigenvalues of scattering states will
decrease as ↵ increases, while compact resonance states
will stay at the same energy. Thus the ↵ dependences of
energy eigenvalues can be used to distinguish resonance
states from scattering states. Furthermore, level crossing
with repulsion allow us to evaluate the widths and the
couplings of the resonance states as shown below.
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FIG. 2. Calculated masses of bbq̄q̄ bound and resonant states.
The quantum numbers are designated as I(J⇡). Blue lines are
bound states below the BB⇤ threshold, and red lines show
resonant states. The numbers indicate absolute masses as
well as the binding or excitation energies (in MeV), and the
numbers in parenthesis are the estimated decay widths in the
real scaling method (in MeV).

The obtained energy spectra of the resonant states to-
gether with bound states of bbq̄q̄ are shown in Fig. 2. Two
bound states (1+1 and 1+2 ) with I(J⇡) = 0(1+) are already
reported in our previous paper [23], a deeply bound state
and a shallow bound state below the BB

⇤ threshold (blue
lines). In this study, we further find a few low-lying res-
onant states; another I(J⇡) = 0(1+) state (1+3 ) located
at 10667 MeV which is 5 MeV below the B

⇤
B

⇤ thresh-
old and negative-parity states with I(J⇡) = 0(0�), 0(1�)
and 0(2�), which are located at 10762 MeV which are 90
MeV above the B

⇤
B

⇤ threshold.
The resonant states are identified by the real-scaling

method[33]. In Fig. 3, we plot the energy eigenvalues
of the 1+ states as functions of the scaling factor ↵. A

BB*

B*B*
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FIG. 3. The stabilization plots of the energy eigenvalues of
I(J⇡) = 0(1+) states by changing the scaling parameter ↵.

horizontal behavior at around 10667 MeV is identified
as the 1+3 resonant state.1 One sees a level crossing of
the resonance with a BB

⇤ continuum state at around
↵ = 1.45. The width of the resonance can be roughly
estimated from the two-state crossing formula given in
Ref. [33], as

� ⇡ 2�E ⇥
p

|Sr||Sc|
|Sr � Sc|

(4)

where Sr and Sc are the slopes of the two crossing levels,
resonance and continuum, respectively. �E is the energy
di↵erence between the upper and lower branches at the
level crossing point. We then estimate the decay width
to be 9 MeV for the 1+3 resonant state.
Next, let us study the structure of each resonant state

in detail. First, we focus on the 1+3 state, located at 10667
MeV, that is 50 MeV above the lowest BB

⇤(1+) thresh-
old. This state is compared with the lower 1+ states, the
lowest deeply bound state (1+1 ) and the shallow bound
state just below the BB

⇤ threshold (1+2 ) . The binding
energy of the latter is very small, 4 MeV, and almost
the same as the (quasi-binding) energy of the 1+3 state
measured from the B

⇤
B

⇤ threshold.
As was shown in our previous study [23], the lowest

1+1 state is a compact bound state with the binding en-
ergy of 173 MeV. The large binding energy is driven by
the short-range color Coulomb force between the two b

quarks, which forms the 1S state, bb(1S). In contrast,
the second and third states are shallow and are expected
to have strong e↵ects from the near-by thresholds, BB

⇤

and B
⇤
B

⇤.

1 Another horizontal line at 10613 MeV corresponds to the bound
state 1+2 .
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• Stable tetraquarks exist for  (Heavy + light)

• Different configurations are formed depending on their energies


• The most stable one looks like a 

• Shallow ones are like molecule

• No stable all heavy 


• There are also resonances;  

      Negative parity ones ( ) may form heavy quark triplet,

      


Future

• Decays, inclusion of pion exchange interaction

QQq̄q̄

[QQ]q̄q̄ ∼ Q̄q̄q̄ ( ∼ Qqq)

QQQ̄Q̄ ( > QQ̄ + QQ̄)

L = 1
J = L + S = 0,1,2


