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Degrees of freedom: Quarks or hadrons, or both?

e.g.: Review by [Thiel, Afzal, Wunderlich, arXiv:2202.05055]

https://arxiv.org/abs/2202.05055
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QCD at low energies → mass generation & confinement

Non-perturbative dynamics → rich spectrum of excited states

How many states are there? → missing resonance problem)

What are they? → 2-quark/3-quark, hadron molecules, …

Faddeev Eq. / DSE (Binosi, Cloet, Chang, Roberts,…); 

Hadronic molecule 
Review of the (1405), M. Mai, 2010.00056 
[nucl-th]

https://arxiv.org/abs/2010.00056


Results in dynamical quark picture
[parts of slide courtesy of G. Eichmann, Few Body 2018]

Poincaré-covariant analysis of heavy-quark baryons, Qin, Roberts, Schmidt, PRD (2018)
Spectrum of light- and heavy-baryons, Qin, Roberts, Schmidt, Few Body Syst. 60 (2019)



Manifestly gauge invariant approach based on full BSE solution
[Ruic, M. Mai, U.-G. Meissner   PLB 704 (2011)]

Using ONLY meson-baryon degrees of freedom (no explicit quark dynamics):

→ Making the “Missing resonance problem” worse ?!



Lattice QCD for excited baryons

- Pioneering spectroscopic calculations

- Information on existence, width & 
properties of resonances requires 

- Meson-baryon interpolating 
operators

- Detailed finite-volume analysis

[G. Silvi et. al., arXiv: 2101.00689]

How about 𝜋𝜋𝜋𝜋𝜋𝜋?
Roper resonance?

https://arxiv.org/abs/2101.00689


Analyticity of the scattering amplitude in different approaches



Cuts and Unitarity

2-body

3-body







The Julich-Bonn Dynamical Coupled-Channel Approach
e.g. EPJ A 49, 44 (2013)



JBW: Channels and Analytic Structure



Single-meson photoproduction with JBW 
A boundary condition for electroproduction analysis

e.g.:   D. Ronchen et al., EPJA (2018), arXiv: 1801.10458

https://arxiv.org/abs/1801.10458


JBW: Photoproduction Data base

A new web interface [https://jbw.phys.gwu.edu/]

New JPARC data on pion-induced reactions coming!

https://jbw.phys.gwu.edu/


Selected Fit Results (I)
http://collaborations.fz-juelich.de/ikp/meson-baryon/main

[D. Roenchen, M. D., U.-G. Meißner, EPJ A 54, 110 (2018)

http://collaborations.fz-juelich.de/ikp/meson-baryon/main


Selected Fit Results (II)
http://collaborations.fz-juelich.de/ikp/meson-baryon/main

[D. Roenchen, M. D., U.-G. Meißner, EPJ A 54, 110 (2018)

http://collaborations.fz-juelich.de/ikp/meson-baryon/main


Extension to 𝐾𝐾𝐾𝐾 photoproduction
[D. Roenchen et al., preliminary]



Resonances in 𝐾𝐾𝐾𝐾 photoproduction 
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[D. Roenchen et al., preliminary]



Pion and eta Electroproduction
A first step towards a coupled-channel photo- and electroproduction analysis

M. Mai et al., 2104.07312 [nucl-th], 2111.04774 (PRC)

https://arxiv.org/abs/2104.07312
https://arxiv.org/abs/2111.04774


Single-meson electroproduction 
to reveal resonance structure

• ANL-Osaka PRC 80, 025207 (2009), Few-Body Syst. 59, 24 (2018),...
• Aznauryan, Burkert, Mokeev et al., PRC 80, 055203 (2009), Int. J. Mod. Phys. 

E22, 1330015 (2013),..
• EtaMAID2018, EPJA 54 (2018), 210
• MAID2007, EPJA 34 (2007) 69
• SAID, PiN Newsletter 16, 150 (2002)
• Gent group Phys. Rev. C 89, 065202 (2014),...

Highlights: 
• Simultaneous description of pion photo- and 

electroproduction (MAID)
• Consistent extraction of the Roper form factor 

from single and double pion electroproduction
• New resonance in electroproduction claimed 

Mokeev et al., PLB (2020) 2004.13531 [nucl-ex]

Burkert, Roberts, 1710.02549

https://arxiv.org/abs/2004.13531
https://arxiv.org/abs/1710.02549


Needed: Coupled-channel electroproduction analysis
Take advantage of multi-channel approach
→  analyze simultaneously final states

~105 pion electroproduction data; 

• Many of these (and similar) data await analysis.
• Many more data to emerge at Jlab (𝑄𝑄2 = 5 − 12 Ge𝑣𝑣2) 

e.g.: Carman, Joo, Mokeev, Few Body Syst. 61, 29 (2020)
• Approved Jlab experiments to study

• Higher-lying nucleon resonances
• Hybrid baryons
• Transition regime between nonperturbative and perturbative regions



Pion Electroproduction – data base

Extended Q2 up to 6 GeV2 to check dependence of results 



Pion Electroproduction – data base

• Data base grown over decades with recent input mostly by CLAS, MAMI.
• Far from complete: Kinematic gaps & consistency issues. Need to combine 

information from different (W, Q2)  regions
• Need to combine information from simultaneous analysis of different final states 

(𝜋𝜋 ⁄𝑁𝑁 𝜂𝜂 ⁄𝑁𝑁 𝐾𝐾 ⁄𝑌𝑌 𝜋𝜋 𝜋𝜋𝜋𝜋,….) to extract resonance helicity couplings



Kinematics

(Un)polarized differential cross section:



Polarized Observables

• CLAS: Structure functions  
K. Joo et al. [CLAS], Phys. Rev. C 68 (2003),
K. Joo et al. [CLAS], Phys. Rev. C 70 (2004).

• Jlab-Hall A for  
J. J. Kelly, Phys. Rev. Lett. 95 (2005).

• Response functions (R) ⇔ Kelly notation (RL, RT, …) ⇐ Helicity 
amplitudes H ⇔ CGNL  amplitude.  For example: 

https://arxiv.org/abs/nucl-ex/0301012
https://arxiv.org/abs/nucl-ex/0407013
https://arxiv.org/abs/nucl-ex/0505024


• Photoproduction solution as constraint

• Constraints from (Pseudo)-threshold:

• Siegert’s theorem at pseudo-threshold:

• Watson’s theorem, multi-channel unitarity

Parameterization

Amaldi, Fubini, Furlan,
Springer Tracts Mod. Phys. 83, 1 (1979)
Tiator, Few-body Systems 57, 1087 (2016)



• Up to D-waves included (photoproduction part includes up to J=9/2)

• Energy range up to 𝑊𝑊 ≈ 1.6 allows to include 𝜂𝜂𝜂𝜂 electro-production 
without much extra effort, but KY electroproduction requires additional 
work

• Final state interaction given by JuBo/JBW model such that pole positions 
and hadronic branching ratios (pole residues) are universal as required by 
reaction dynamics

• Q2-dependence: Several 
analytic forms tested; 
settled for:

• Other analytic forms? 
Ramalho et al., arXiv:1909.00013 

Parameterization (2)

PN: Polynomial

https://arxiv.org/abs/1909.00013


• Six different fit strategies: 

• Avoid fitting structure function if corresponding cross sections can 
be fitted (respect data correlations)

• Sequential S  S+P  S+P+D waves; 
• Subsets of data until full data set reached
• Simultaneous fit all parameters (209) set to zero without any (!) 

guidance
• Extend data range from 0 < 𝑄𝑄2 < 4 Gev2 to 0 < 𝑄𝑄2 < 6 Gev2 to 

check for stability

Results (1): Fit Strategies

𝜒𝜒2



Results (2): Kelly data

J. J. Kelly, Phys. Rev. Lett. 95 (2005).π0p, Q2=1 GeV2, W=1.23 GeV, ϕ=150

[𝜇𝜇
⁄ 𝑏𝑏
𝑠𝑠𝑟𝑟

]

The closest to a complete data set there is

https://arxiv.org/abs/nucl-ex/0505024


Results (3): Structure Functions (Selection)

𝑄𝑄2 = 0.9 Gev2, π0p
data: CLAS, Phys. Rev. C (2003) 0301012 [nucl-ex], Phys. Rev. Lett.  (2002) 0110007 [hep-ex]

[𝜇𝜇
⁄ 𝑏𝑏
𝑠𝑠𝑟𝑟

]

https://arxiv.org/abs/nucl-ex/0301012
https://arxiv.org/abs/hep-ex/0110007


Results (4): Large Multipoles

Prominent multipoles are well determined, even with significantly 
different fit strategies (e.g., all parameters initially set to zero, no 
guidance for fit!)

Fit strategies 1-6 together with MAID (open dots) 
for the magnetic  multipole of the 
Δ 1232 Drechsel et al., EPJA (2007) 0710.0306 [nucl-th]

(Strategy 1 only)

https://arxiv.org/abs/0710.0306


Results (5): Other multipoles
• Less prominent multipoles are sometimes less well determined
• Overall: solutions are still surprisingly close together given vastly different 

strategies
• Differences from various strategies (different local 𝜒𝜒2minima) much larger 

than statistical uncertainties; larger than typical MAID uncertainties.
• Example: S-wave multipoles [mfm] as function of energy W at fixed 𝑄𝑄2 =

0.2𝐺𝐺𝐺𝐺𝐺𝐺2

W [GeV]



Results (6): Roper Multipole
• Non-trivial structure
• Zero transition
• Helicity coupling still to be extracted

(Strategy 1 only)

[m
fm

]

(W=1.38 GeV fixed)



𝜂𝜂 Electroproduction
[M. Mai et al., arXiv: 2111.04774]

Dots: eta-MAID, arXiv:0110034
Extraction of resonance helicity couplings 
at the pole is under way

https://arxiv.org/abs/2111.04774
https://arxiv.org/abs/nucl-th/0110034


Outlook

• Statistical challenges
• DCC approaches for three-body physics



• Can parametrization dependence be avoided? Not if the data is far 
from being complete enough to represent even a truncated complete 
electroproduction experiment 

L. Tiator et al. Phys. Rev. C (2017), arXiv: 1702.08375
Wunderlich, Svarc et al., arXiv:1708.06840

• Single-Q2 analysis can decrease parametrization-independence but 
not remove it (discrete & continuous ambiguities).

Y. Wunderlich, arXiv:2111.09587

• Future: Bias-variance tradeoff: Different statistical criteria (Akaike, 
Bayesian) to find sweet spot between no. of parameters (flexibility of 
parametrization) and data accuracy

J. Landay et al., Phys.Rev.C (2017), arXiv: 1610.07547

• Challenges: PWA solution uncertainties dominated by 

• Ambiguities
• Empty kinematic regions (in W and Q2) 
• Systematic data uncertainty/consistency

Parameterization Dependence

https://arxiv.org/abs/1702.08375
https://arxiv.org/abs/1708.06840
https://arxiv.org/abs/2111.09587
https://arxiv.org/abs/1610.07547


• Strength of DCC approaches: Allows for general three-body 
amplitudes, ordered and truncated by “isobars”

• DCC approaches well suited for three-body meson physics
ANL/Osaka (Kamano et al.) arXiv:1106.4523

• Three-body unitarity + Dispersive representations to construct a 
general 3-body amplitude 

Aaron et al., Phys. Rev. 174 (1968)
M. Mai et al., arXiv:1706.06118

DCC approaches for three-body physics
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https://arxiv.org/abs/1106.4523
https://journals.aps.org/pr/abstract/10.1103/PhysRev.174.2022
https://arxiv.org/abs/1706.06118


Imaginary parts of B, S are fixed by unitarity/matching

• un-subtracted dispersion relation

• one-π exchange in TOPT → RESULT, NOT INPUT !

• One can map to field theory but does not have to. Result is a-priori dispersive.

Unitary three-body scattering equation
Mai et al., arXiv:1706.06118

https://arxiv.org/abs/1706.06118


Extraction of a1(1260) from lQCD
• First-ever three-body resonance from 1st principles 

• A step towards understanding axials, Roper, exotics,…]

39

[Mai/GWQCD]

Another talk on axial mesons by S. Clymton on Thursday 
afternoon, 16:05!

https://inspirehep.net/literature/1879418


Extraction of a1(1260) from lQCD
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[Mai/GWQCD]

[Sadasivan at al., 
arXiv: 2107.03973, 
arXiV:2112.03355]

lQCD
poles

“Branching ratios” in 3B 
decays are momentum –
dependent, complex  
pole residues

https://inspirehep.net/literature/1879418
https://inspirehep.net/literature/1782971
https://arxiv.org/abs/2112.03355
https://inspirehep.net/literature/1782971


Summary
• JBW model: Phenomenology of excited baryons through coupled-

channels, two- and three-body dynamics
• Analysis finds/confirms new states in analysis of photo-production 

data, renewed effort to explore additional reaction channels
• Pion and eta electroproduction analysis

• Exploration of parameter space through different fit strategies reveals 
different local minima leading to significantly different multipole content.

• Yet, prominent multipole well determined, albeit with uncertainties larger than 
in other analyses.

• Extraction of helicity couplings and single-bin analyses planned
• Upgrade KY electroproduction under way
• Machine Learning: How to find a minimal resonance spectrum 

through model selection J. Landay et al., Phys.Rev.D (2019), 1810.00075 [nucl-th]

• Unitary dispersive amplitudes for analysis of lQCD data allow 
access to dynamics of three-body systems (resonances)

https://arxiv.org/abs/1810.00075


(spare slides)



Machine learning and Model selection for baryon spectrum

[J. Landay et al., arXiv:1810.00075, arXiv: 1610.07547]

https://arxiv.org/abs/1810.00075
https://arxiv.org/abs/1610.07547


Least Absolute Shrinkage and Selection Operator (LASSO)

See, e.g.: The Elements of Statistical Learning: Data Mining, Inference, and Prediction,
T. Hastie, R. Tibshirani, J. Friedman, Springer 2009 second ed.

Induces sparsity

← Elastic net →



The Sweet Spot for
● Example: Smoothing a curve



Information theory criteria

46





Bayesian Information Criterion
for model selection



Data description of selected model
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