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Generalized Parton Distributions
̣ GPDs provide information on spatial distribution of partons inside the 

hadron, and its  mechanical properties (OAM, pressure, etc.)  
[M. Burkardt, PRD62 071503 (2000), hep-ph/0005108]  [M. V. Polyakov, PLB555 (2003) 57, hep-ph/0210165] 

̣ GPDs are not well-constrained experimentally (DVCS, DVMP): 
 

- x-dependence extraction is challenging 
- independent measurements to disentangle GPDs  
- limited coverage of kinematic region 
- data on certain GPDs 
- indirectly related to GPDs through the Compton FFs 
- GPDs phenomenology more complicated than PDFs (multi-dimensionality) 

̣ twist-3 contributions: 
 

- Related to certain spin-orbit correlations 
-  related to tomography of F  acting on the active q in DIS off a 
transversely polarized N right after the virtual photon absorbing 

-  related to  :                

H̃ + G̃ 2 ⊥

G2(x, ξ, t) Lq Lq = − ∫
1

−1
dx x Gq

2 (x, ξ, t = 0)
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Ẽ (x, ξ, t)

H̃ T, Ẽ T
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̣ Lack density interpretation, but not-negligible 

̣ Contain info on quark-gluon-quark correlators 

̣ Physical interpretation, e.g., transverse force 

̣ Kinematically suppressed  
Difficult to isolate experimentally 

̣ Theoretically: contain  singularities δ(x)

(Selected)

G̃ 1, G̃ 2
G̃ 3, G̃ 4

G1, G2
G3, G4

H′ 2(x, ξ, t)
E′ 2(x, ξ, t)
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Accessing information on GPDs

̣ Mellin moments  
(local OPE expansion)
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Accessing information on GPDs

̣ Mellin moments  
(local OPE expansion)

local operators

Wilson line

∼

⟨N(Pf ) |Ψ̄(z) Γ *(z,0)Ψ(0) |N(Pi)⟩μ

̣ Matrix elements of non-local operators  
(quasi-GPDs, pseudo-GPDs, …)
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Generalized Form Factors
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• Frame independence  

• Several values of momentum transfer with same computational cost 
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Form Factors & Generalizations

[M. Constantinou et al. (2020 PDFLattice Report),  Prog.Part.Nucl.Phys. 121 (2021) 103908, arXiv:2006.08636]

̣ Ultra-local operators (FFS)
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Form Factors & Generalizations

[M. Constantinou et al. (2020 PDFLattice Report),  Prog.Part.Nucl.Phys. 121 (2021) 103908, arXiv:2006.08636]

̣ Ultra-local operators (FFS)

• Simulations at physical point 
available by multiple groups 

• Precision data era  

• Towards control of systematic 
uncertainties

̣ 1-derivative operators (GFFs)

• Lesser studied compared to FFs 
at physical point 

• Decay of signal-to-noise ratio
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GPDs 

Through non-local matrix elements  
of fast-moving hadrons
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Access of GPDs on a Euclidean Lattice

q̃GPD
Γ (x, t, ξ, P3, μ) = ∫ dz

4π
e−i x P3 z ⟨N(Pf ) |Ψ̄(z) Γ *(z,0)Ψ(0) |N(Pi)⟩μ

Matrix elements of nonlocal (equal-time) operators with fast moving hadrons
[X. Ji, Phys. Rev. Lett. 110 (2013) 262002]

Δ = Pf − Pi

t = Δ2 = − Q2

ξ = Q3
2P3

M. Constantinou, APCTP 2022
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Access of GPDs on a Euclidean Lattice

q̃GPD
Γ (x, t, ξ, P3, μ) = ∫ dz

4π
e−i x P3 z ⟨N(Pf ) |Ψ̄(z) Γ *(z,0)Ψ(0) |N(Pi)⟩μ

Matrix elements of nonlocal (equal-time) operators with fast moving hadrons
[X. Ji, Phys. Rev. Lett. 110 (2013) 262002]

Δ = Pf − Pi

t = Δ2 = − Q2

ξ = Q3
2P3N( ⃗P f ,0) N( ⃗P i, ts)

Variables of the calculation: 
 

- length of the Wilson line ( z ) 
- nucleon momentum boost ( P3 )  
- momentum transfer ( t ) 
- skewness ( ξ )

M. Constantinou, APCTP 2022
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Access of GPDs on a Euclidean Lattice

$ (Λ2
QCD/P2

3 , m2
N /P2

3)

Contact with light-cone distributions (PDFs, GPDs, TMDs):

̣ Matching procedure in large momentum ET 
(LaMET) X. Ji, Sci. China Phys. Mech. Astron. 57, 1407 (2014), arXiv:1404.6680]  

M. Constantinou, APCTP 2022



10

Access of GPDs on a Euclidean Lattice

$ (Λ2
QCD/P2

3 , m2
N /P2

3)

Contact with light-cone distributions (PDFs, GPDs, TMDs):

̣ Matching procedure in large momentum ET 
(LaMET) X. Ji, Sci. China Phys. Mech. Astron. 57, 1407 (2014), arXiv:1404.6680]  

M. Constantinou, APCTP 2022



10

Access of GPDs on a Euclidean Lattice

Light-cone direction  
for hadron at rest

$ (Λ2
QCD/P2

3 , m2
N /P2

3)

Contact with light-cone distributions (PDFs, GPDs, TMDs):

̣ Matching procedure in large momentum ET 
(LaMET) X. Ji, Sci. China Phys. Mech. Astron. 57, 1407 (2014), arXiv:1404.6680]  

M. Constantinou, APCTP 2022



10

Access of GPDs on a Euclidean Lattice

Light-cone direction  
for hadron at rest

Spatial (z) direction for 
 high-momentum hadron

$ (Λ2
QCD/P2

3 , m2
N /P2

3)

Contact with light-cone distributions (PDFs, GPDs, TMDs):

̣ Matching procedure in large momentum ET 
(LaMET) X. Ji, Sci. China Phys. Mech. Astron. 57, 1407 (2014), arXiv:1404.6680]  

M. Constantinou, APCTP 2022



10

Access of GPDs on a Euclidean Lattice

Light-cone direction  
for hadron at rest

Spatial (z) direction for 
 high-momentum hadron

$ (Λ2
QCD/P2

3 , m2
N /P2

3)

Contact with light-cone distributions (PDFs, GPDs, TMDs):

̣ Matching procedure in large momentum ET 
(LaMET) X. Ji, Sci. China Phys. Mech. Astron. 57, 1407 (2014), arXiv:1404.6680]  

Matching between 
quasi-GPDs and  
light-cone GPDs: 
length increased by  
the boost factor γ,  
goes to  in IMF∞

M. Constantinou, APCTP 2022



10

Access of GPDs on a Euclidean Lattice

Light-cone direction  
for hadron at rest

Spatial (z) direction for 
 high-momentum hadron

$ (Λ2
QCD/P2

3 , m2
N /P2

3)

Contact with light-cone distributions (PDFs, GPDs, TMDs):

̣ Matching procedure in large momentum ET 
(LaMET) X. Ji, Sci. China Phys. Mech. Astron. 57, 1407 (2014), arXiv:1404.6680]  

Matching between 
quasi-GPDs and  
light-cone GPDs: 
length increased by  
the boost factor γ,  
goes to  in IMF∞

Difference  
reduced as P3 increases

$ (Λ2
QCD/P2

3 , m2
N /P2

3)

M. Constantinou, APCTP 2022
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“form factors”  
disentanglement

4

hR
γμγ5, 0(z, t, ξ, P3, μ) = ⟨⟨γμγ5⟩⟩FH̃ (z, P3, t, ξ) − i⟨⟨γ5⟩⟩

Qμ

2m
F Ẽ (z, P3, t, ξ)

hR
γμ, 0(z, t, ξ, P3, μ) = = ⟨⟨γμ⟩⟩FH(z, P3, t, ξ) − i

⟨⟨σρ μ⟩⟩ Qρ

2m
FE(z, P3, t, ξ)
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x-dependence  
reconstruction5

Hq(x, t, ξ, μ, P3) = ∫ dz
4π

e−ixP3z FH(z, P3, t, ξ, μ)
In this work:  Backus-Gilbert
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Matching to  
light-cone GPDs6

Hq(x, t, ξ, μ0, (μ0)3, P3) = ∫
1

−1

dy
|y |

CH ( x
y

, ξ
y

, μ
yP3

, (μ0)3
yP3

, r) FH(y, t, ξ, μ) + $ ( m2

P2
3

, t
P2

3
,

Λ2
QCD

x2P2
3 )
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Parameters of calculation

̣ Proton Momentum:

̣ Excited states:      Tsink=1.12 fm

Pion mass:           260 MeV 
Lattice spacing:   0.093 fm 
Volume:                 323 x 64  
Spatial extent:      3 fm

̣ Nf=2+1+1 twisted mass (TM) fermions & clover term

N( ⃗P f ,0) N( ⃗P i, ts)
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Decomposition of matrix elements (twist-2)



M. Constantinou, APCTP 2022 13

Decomposition of matrix elements (twist-2)

{Unpolarized
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Decomposition of matrix elements (twist-2)

{Unpolarized
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Decomposition of matrix elements (twist-2)

{Unpolarized

{Helicity

Kinematic factors defined by calculation setup 

Decomposition similar to the decomposition of form factors  

Zero skewness:  inaccessibleFẼ(Q2)



M. Constantinou, APCTP 2022 14

Example: Matrix elements for unpolarized GPDs

Unpolarized  
projector (Γ0)

Polarized  
projector (Γ1)

̣ Statistics compared to 0.83 GeV:   x10 (1.25 GeV),   x30 (1.78 GeV) 

̣ P3 = 1.78 GeV :   similar contributions from both matrix elements 

̣ P3 - dependence non-negligible and can propagate to GPDs 

̣ FE more noisy than FH 

−t = 0.69 GeV2 ξ = 0
Pion mass:           260 MeV 
Lattice spacing:   0.093 fm 
Volume:                 323 x 64 
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What can we currently do in lattice QCD?

15

̣ ERBL/DGLAP: Qualitative differences 

̣  inaccessible  
(formalism breaks down) 
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What can we currently learn from lattice results?

̣ Qualitative understanding of GPDs and their relations  

̣ Qualitative understanding of ERBL and DGLAP regions 

̣ Relations can be identified for 
the -dependence of GPDst
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What can we currently check  using lattice results?

̣ Understanding of  
systematic effects  
through sum rules 

̣ Sum rules exist  
for quasi-GPDs 
[S. Bhattacharya et al., PRD 102, 054021 (2020) ]

̣ Lattice data on transversity GPDs

- lowest moments the same 
between quasi-GPDs and GPDs 

- Values of moments decrease 
as  increases 

- Higher moments suppressed 
compared to the lowest

t
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Twist-3 GPDs
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Twist-3 GPDs ( )γμγ5

̣ Transverse matrix element of axial operator 

[F. Aslan et a., Phys. Rev. D 98, 014038 (2018), arXiv:1802.06243] 

μ = 1, 2
[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105, arXiv:hep-ph/0212372] 
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Twist-3 GPDs ( )γμγ5

̣ Transverse matrix element of axial operator 

[F. Aslan et a., Phys. Rev. D 98, 014038 (2018), arXiv:1802.06243] 

μ = 1, 2
[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105, arXiv:hep-ph/0212372] 

̣ Sum Rules (generalization of Burkhardt-Cottingham)
∫

1

−1
dx G̃ i(x, ξ, t) = 0

 [X. D. Ji, Phys. Rev. Lett. 78, 610 (1997), hep-ph/9603249]

̣ Sum Rules (generalization of Efremov-Leader-Teryaev)

∫
1

−1
dx x G̃ 1(x,0,t) = 1

2 [F2(t) − ∫
1

−1
dx x Ẽ (x,0,t)],

∫
1

−1
dx x G̃ 3(x,0,t) = 0 ∫

1

−1
dx x G̃ 4(x,0,t) = 1

4 GE(t)

∫
1

−1
dx x G̃ 2(x,0,t) = 1

2 [− t
4m2 F2(t) − Ã 20(t)],

  
 

F2 : Pauli FF
GE : electric FF
Ã 20 , B̃ 20 : axial GFFs

[A. Efremov, O. Teryaev , E. Leader, PRD 55 (1997) 4307, hep-ph/9607217]

M. Constantinou, APCTP 2022



0 2 4 6 8 10 12 14 16
z=a

-0.2

0

0.2

0.4

0.6

0.8

1

P3 = 0:83 GeV

&(.2.5;!0)
&(.1.5;!1)
&(.2.5;!2)
&(.1.5;!3)

M. Constantinou, APCTP 2022 20

Bare matrix elements (ME)

−t = 0.69 GeV2

ξ = 0

0 2 4 6 8 10 12 14 16
z=a

-0.25

-0.2

-0.15

-0.1

-0.05

0
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̣ Similar picture for P3 = 1.25 GeV 

̣ Real part of ME: dominant 

̣  is kinematically suppressedG̃ 3

̣   & :  

disentangle  

̣  and : 

disentangle  

̣  gives 

Π(γ2γ5, Γ0) Π(γ2γ5, Γ2)
H̃ + G̃ 2 , G̃ 4

Π(γ1γ5, Γ1) H̃ + G̃ 2

Ẽ + G̃ 1

Π(γ1γ5, Γ3) G̃ 3
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x-dependence of twist-3 GPDs

̣  dominant distribution  

̣  similar in magnitude to  

̣  is expected to be small

gT(x) :

H̃ + G̃ 2 H̃

G̃ 2

-1 -0.5 0 0.5 1

0

1

2

3

-1 -0.5 0 0.5 1
x

-2

0

2
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8

10

P3 = 1:25 GeV

[ ~G2 + ~H](x; 0;!0:69GeV2)

[ ~G2 + ~H](x; 0;!1:28GeV2)
~H(x; 0;!0:69GeV2)
gT (x)

PRELIMINARY
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Concluding Remarks
̣  Computationally expensive calculation  

multi-dimensionality 

̣ Promising results on dependence of proton GPDs 
signal comparable to PDFs  

̣ Sources of systematic uncertainties need to be addressed 
volume effects, continuum limit, pion mass dependence, …  

̣ Exploration beyond leading twist is feasible 

̣ Synergy with phenomenology is anticipated

x−
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