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Introduction
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Vorticity by global angular momentum
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• Angular momentum conservation



Vorticity by global angular momentum

𝝎 =
1
2
𝛁×𝒗

(Angular velocity of fluid cell)
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• Angular momentum conservation No rigid rotation*, but local fluid vorticity

* At low energy, there is a possibility that two colliding nuclei fuse into a compound high-spin nucleus



Vorticity by global angular momentum

𝝎 =
1
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𝛁×𝒗

(Angular velocity of fluid cell)
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𝐽 = ∫𝑑!𝒙 𝐼 𝒙 𝜔 𝒙 ≈ ∫𝑑!𝒙 𝜀 𝒙 𝑥"# +𝜔 ~ 2𝑚$ 𝐴 𝑅%# +𝜔 𝐟𝐨𝐫 𝑏 < 2𝑅%

• Angular momentum conservation

𝐩𝐚𝐫𝐭 𝐨𝐟 𝐽&~𝐴𝑏 𝑠 − 2𝑚$ 𝐫𝐞𝐭𝐚𝐢𝐧𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐫𝐨𝐝𝐮𝐜𝐞𝐝𝐦𝐚𝐭𝐭𝐞𝐫: !𝜔 ~
𝑏
𝑅!"

𝑠 − 2𝑚#

2𝑚#
~ 10""𝑠$%

No rigid rotation*, but local fluid vorticity

• Estimation at low energy 𝑠 ≳ 2𝑚,

𝐽 ≈ ∫𝑑!𝒙𝛾#(𝒙)𝜀 𝒙 𝑥"# +𝜔 ~ 𝑠 𝐴 𝑠 𝑅%# +𝜔/(2𝑚$)# 𝐟𝐨𝐫 𝑏 < 2𝑅%

𝐩𝐚𝐫𝐭 𝐨𝐟 𝐽&~𝐴𝑏 𝑠 𝐫𝐞𝐭𝐚𝐢𝐧𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐫𝐨𝐝𝐮𝐜𝐞𝐝𝐦𝐚𝐭𝐭𝐞𝐫:

• Estimation at high energy 𝑠 ≫ 2𝑚,
!𝜔 ~

𝑏
𝑅!"

2𝑚#

𝑠

"

~ 10%&𝑠$%

(𝑏 = 𝑅!, 𝑠 =200	GeV)

(𝑏 = 𝑅!, 𝑠 =	3	GeV)

* At low energy, there is a possibility that two colliding nuclei fuse into a compound high-spin nucleus



Vorticity by global angular momentum
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• Relativistic vorticities

Kinematic vorticity 

Temperature vorticity 

Thermal vorticity 
… …

• Numerical results for various vorticities

(Deng-XGH 2016; Deng-XGH-Ma-Zhang 2020) (Jiang-Lin-Liao 2016)

HIJING

AMPT



Vorticity by global angular momentum
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• Relativistic vorticities

Kinematic vorticity 

Temperature vorticity 

Thermal vorticity 
… …

• Numerical results for various vorticities

(Wei-Deng-XGH 2018) (Lei etal 2021)

HIJING AMPT
PACIAE

(Deng-XGH 2016)

(See also: Becattini-Karpenko etal
2015,2016; Xie-Csernai etal
2014,2016,2019; Pang-Petersen-
Wang-Wang 2016; Xia-Li-Wang 
2017,2018; Sun-Ko 2017; Ivanov 
etal 2017-2020; … …)  

thermal 
vorticity

Temperature vorticity



Vorticity by inhomogeneous expansion
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Transverse 

Longitudinal Thermal 
vorticity

(Wei-Deng-XGH 2019)

(Xia-Li-Wang 2017)

(See also: Karpenko-Becattini 2017; 
Csernai etal 2014; Teryaev-Usubov
2015; Ivanov-Soldatov 2018; Fu etal
2020; Lei etal 2021; … … ) 



1) Jet

(Pang-Peterson-Wang-Wang 2016)

2) Magnetic field

Einstein-de-Haas effect

Other sources of vorticity
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(Betz-Gyulassy-Torrieri 2007) (Voloshin 2018; Lisa etal 2021)



Summary of this part
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1. Global AM induces strong vorticity in HICs

2. Inhomogeneous expansion: quadrupoles in both xy and xz planes

3. Vorticity (i.e., rotation of local fluid cell) can polarize spin 

: 𝝎 ≈ 𝟏𝟎𝟏𝟗 − 𝟏𝟎𝟐𝟐 𝒔9𝟏

(QGP: The most vortical fluid)



Global spin polarization
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Global spin polarization
• Spin can thus be polarized by vorticity

• The original idea was proposed by Liang and Wang

𝑑𝑁H
𝑑𝒑

~𝑒I(J!I𝝎L𝑺)/N

P =
𝑁↑ −𝑁↓
𝑁↑ +𝑁↓

~
𝜔
2𝑇

(at thermal equilibrium)

P =

(Liang-Wang 2004)
14(Figure by J. H. Gao )

Quark polarization:



Global spin polarization: Experiments
• First measurement of Λ global polarization (in rest frame) by STAR@RHIC

• Using Λ to study spin physics in p+p, e+p, e+e collisions has a long history 
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-

Λ polarization w.r.t production plane

(Lesnik etal 1975; Bunce etal 1976;
see e.g. review: Panagiotou 1990)

𝑝 + 𝑝

Useful for understanding e.g. single spin asymmetry,
proton spin puzzle, …

𝑱𝟎



Global spin polarization: Experiments
• Ξ#, Ω# global polarization by STAR@RHIC, Λ global polarization by ALICE@LHC 

• Global polarization at low energy by STAR@RHIC 2021, HADES@GSI 2021
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Exp. method 1:

Theory curves: Wei-Deng-XGH 2019 

Exp. method 2:
Useful to understand B-field, 
but still big uncertainties

(Deng-XGH-Ma-Zhang 2020)

Theories suggest 
peak at low energy

Experiments not see 
peak till 2.X GeV

2.4, 2.55 3 (Ayala etal 2021)



• Global polarization is (mainly) due to global angular momentum (AM)
• Vorticity: a bridge connecting  initial AM and final global polarization

• Valid at global equilibrium in lab frame. 𝑓(𝑥, 𝑝) is Fermi-Dirac distribution
• Thermal vorticity 𝜛;< =

=
> 𝜕<𝛽; − 𝜕;𝛽< , 𝛽? = 𝑢?/𝑇

• Spin polarization is enslaved to thermal vorticity, not dynamical
• Friendly for numerical simulation (A Cooper-Frye type freeze-out formula)
• When magnetic field is present:                             and  

A spin polarization formula
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𝑃? 𝑝 = −
1
8𝐸@

𝜖?A;<𝑝A
∫𝑑ΣB𝑝B𝑓C(𝑥, 𝑝)𝜛;<(𝑥)

∫ 𝑑ΣB𝑝B𝑓(𝑥, 𝑝)
+ 𝑂(𝜛>)

(Becattini etal 2013, Fang-Pang-Wang-Wang 2016, Liu-Mameda-XGH 2020)

An estimate for static spin:

Covariant extension to moving spin-1/2:



Global spin polarization: Vorticity
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Λ hyperons:  Experiment            =               Theory

(See also: Sun-Ko etal 2019; Xie-Wang-Csernai etal 2018-
2021; Ivanov etal 2017-2019; Liao etal 2018-2021; Deng-
XGH-Ma 2021; ……)

(Li-Pang-Wang-Xia 2017; Sun-Ko 2017; Wei-Deng-XGH 
2019; Xie-Wang-Csernai 2017; Karpenko-Becattini 2016)



Global spin polarization: Vorticity
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Vorticity interpretation of global spin polarization works well! 

Ξ, Ω hyperons:  Experiment            =               Theory

(Li-Xia-XGH-Huang 2021)(Wei-Deng-XGH 2019)



Local spin polarization
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Local Λ spin polarization
The global Λ polarization reflects the total amount of angular momentum retained in 
the mid-rapidity region. How is it distributed in different 𝜙 ?

• Spin harmonic flow:
𝒅𝑷𝒚,𝒛
𝒅𝝓

=
𝟏
𝟐𝝅

[𝑷𝒚,𝒛 + 𝟐𝒇𝟐𝒚,𝒛𝐬𝐢𝐧 𝟐𝝓 + 𝟐𝒈𝟐𝒚,𝒛𝐜𝐨𝐬 𝟐𝝓 +⋯]
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Azimuthal angle 𝜙

Λ

φ

𝒇𝟐, 𝒈𝟐: Spintronics analogue of elliptic flows

⊙ z direction



Local Λ spin polarization
The global Λ polarization reflects the total amount of angular momentum retained in 
the mid-rapidity region. How is it distributed in different 𝜙 ?

• Spin harmonic flow:
𝒅𝑷𝒚,𝒛
𝒅𝝓

=
𝟏
𝟐𝝅

[𝑷𝒚,𝒛 + 𝟐𝒇𝟐𝒚,𝒛𝐬𝐢𝐧 𝟐𝝓 + 𝟐𝒈𝟐𝒚,𝒛𝐜𝐨𝐬 𝟐𝝓 +⋯]

1) longitudinal polarization vs 𝜙 2) Transverse polarization vs 𝜙

Vs
STAR2018

STAR2018

𝒇𝟐𝒛𝐭𝐡𝐞𝐫 < 𝟎 𝒇𝟐𝒛
𝐞𝐱𝐩 > 𝟎 𝒈𝟐𝒚𝐭𝐡𝐞𝐫 < 𝟎,𝒈𝟐𝒚

𝐞𝐱𝐩 > 𝟎

(Wei-Deng-XGH 2019)(Becattini-Karpenko 2018)
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How to resolve the local spin polarization puzzles
Attack the spin sign problem from theory side:
• Understand the vorticity (J)
• Effect of feed-down decays is not enough (J)
• Go beyond equilibrium treatment (spin as a dynamic d.o.f)

spin hydrodynamics 
spin kinetic theory

• Initial condition 
(Initial polarization, initial flow, … …)

• Other possibilities
(chiral vortical effect (Liu-Sun-Ko 2019), mesonic mean-field(Csernai-Kapusta-Welle 2019), 
other spin chemical potential (Wu-Pang-XGH-Wang 2019, Florkowski etal 2019), contribution 
from shear flow (Becattini etal 2021, Fu-Liu-Pang-Song-Yin 2021, Yi-Pu-Yang 2021), contribution 
from gluons, … …)

23



Revisit spin polarization formula
• Consider a local Gibbs state for spin-1/2 fermions* (Zubarev etal 1979, Van Weert 1982, Becattini etal 2013) 

Canonical stress tensor Canonical spin tensor

* Obtained by maximizing Von Neumann entropy under local constraints of stress and angular momentum tensors:    

Thermal flow vector Spin potential

• The corresponding Wigner function 

• The canonical spin vector in phase space 

with and 24



Revisit spin polarization formula
• For Dirac fermions (on-shell) at local equilibrium (Liu-XGH 2021; Buzzegoli 2021)

• This is a Cooper-Frye type formula for spin polarization

: Thermal shear tensor

with thermal vorticity tensor

25

Recall Cooper-Frye formula for 
number spectrum:

: Baryon chemical potential



Revisit spin polarization formula
• It is worth writing down different components in non-rel. form in phase space:

26

• Spin potential:

• Vorticity:

• Shear tensor:

• T gradient:

• Chemical potential:

with

with

with

(Becattini-Buzzegoli-Palermo 
2021, Liu-Yin 2021)

(Buzzegoli 2021, 
Liu-XGH 2021)

(Becattini etal 2013, Fang 
etal 2016, Liu etal 2020)

(Becattini etal 2013, Fang 
etal 2016, Liu etal 2020)

(Fang etal 2016, Liu-XGH 2021, 
Yi etal 2021, Fu etal 2022)



Temperature vorticity as spin chemical potential
• Recall

• Relax the global equilibrium condition (1)

(Wu-Pang-XGH-Wang 2019)
27



Shear tensor contribution
• Recall

• Relax the global equilibrium condition (2) (Becattini-Buzzegoli-Palermo 2021, Liu-Yin 2021)

(Fu-Liu-Song-Yin 2021)
(Becattini-Buzzegoli-Palermo-Inghirami-Karpenko 2021)

(See also Yi-Pu-Yang 2021; Florkowski-Kumar-Mazeliauskas-Ryblewski 2021; 
Sun-Zhang-Ko-Zhao 2021; Alzhrani-Ryu-Shen 2022) 28



Dynamic description of spin polarization

• Local spin polarization is still a puzzle. 
• Dynamic theories for spin transport and polarization are needed 

29

Ø Spin hydrodynamics!

Ø Spin kinetic theory!

Fluid velocity, temperature, and spin density evolve together

Particle and spin phase-space distribution functions evolve  together

• A lot of theoretical progress since 2019



Spin alignment of vector mesons
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Spin density matrix
• Spin state is conveniently described by spin density matrix (SDM)
• Choose a direction (e.g. y-axis in lab frame ) to quantize spin. 
• For spin-1/2 particles (e.g. quarks), a state with only polarization in y-direction:

• A spin-1 particle (e.g. 𝜙 meson), SDM is 3×3 matrix in basis ⟩|1 , ⟩|0 , ⟩|−1

• Hermiticity and unit-trace constrain that only 8 elements are independent:
3 form a vector and 5 form a rank-2 spherical tensor  

31



Spin density matrix
• Consider recombination 𝑞 + 6𝑞 → 𝜙
• 𝜌$is obtained by 𝜌%⨂𝜌 &% projected onto spin-1 subspace

• Vorticity dominance: 𝑃% = 𝑃&% , 𝜌'' <
(
)

Magnetic-field dominance: 𝑃% = −𝑃&% , 𝜌'' >
(
)

• The results of Λ polarization suggests vorticity dominance

• Spin alignment: 𝜌'' −
(
) 32

(Liang-Wang 2004)

Expectation: spin alignment is a  10() level phenomenon



Spin alignment
• Main decay channels, parity-even strong decay: 𝜙 → 𝐾𝐾, 𝐾∗' → 𝐾𝜋

• Global spin alignment

33

STAR 2022

Puzzle: 𝜙-meson 𝝆𝟎𝟎 >
𝟏
𝟑

and too big!

(Sheng-Oliva-Liang-Wang-Wang 2022)

A recent theory



Spin alignment
• Global spin alignment

• Global spin alignment of 𝐽/𝜓 → 𝑙+𝑙#

34

Puzzle: charge sensitive but 𝑲∗((𝒖Q𝒔) larger 
than 𝑲∗𝟎(𝒅Q𝒔), opposite to B-effect

STAR 2022

ALICE 2022

Puzzle: 𝚲 polarization at LHC is very small 
but a big 𝑱/𝝍 spin alignment



Local spin alignment
• Centrality dependence

• Local spin alignment

35

Central:

Noncentral:

More significant at higher energies
STAR 2022

Central collisions

Quark spin density matrix:

More significant at higher energies



Local spin alignment
• Vector meson spin density matrix element

• More experimental verification of this scenario is needed
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1) Measure azimuthal angle dependence 2) Measure 𝝆𝟎𝟎 w.r.t other plane, e.g., yz plane

Local spin alignment 
unchanged, but 
global one may 
change significantly

(Xia-Li-XGH-Huang 2020)



Summary

Vortical
strongly 

interacting 
matter

Hyperon spin 
polarization

Vector meson 
spin alignment

Global angular 
momentum

Inhomogeneous 
expansion

… …

…
 …

Thank you

Global hyperon polarization J

Local hyperon polarization L

Vector meson spin alignment L

huangxuguang@fudan.edu.cn Exotics in a vortical fluid? 



Global angular momentum

𝑷𝒛~
𝑨 𝒔
𝟐

𝑱𝟎~
𝑨𝒃 𝒔
𝟐

~𝟏𝟎𝟔ℏ

(RHIC Au+Au 200 GeV, b=10 fm)

⨀ y
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Global angular momentum


