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Background and Motivation
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What do we want?

To study the makeup of nuclear matter

Building blocks of nature are quarks and gluons
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What’s the problem?

Quarks and gluons are not directly measurable!
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Motivation

• QCD allows us to study the structure of hadrons in terms of partons
(quarks, antiquarks, and gluons)
• Use factorization theorems to separate hard partonic physics out of 

soft, non-perturbative objects to quantify structure
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Factorization Theorems

• Deep Inelastic 
Scattering (DIS) ℳ ! at 
Leading Order shown to 
the right
• At large 𝑄! = −𝑞!, can 

decouple the soft part 
from the hard part
• At short distances, 

virtual photon picks out 
individual parton
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Soft Part, 𝑆

Hard Part, 𝐻

𝑊!" ∝ 𝑆 ⊗𝐻
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Game plan

What to do:
• Define a structure of hadrons in terms of quantum field theories
• Identify physical observables that can be factorized in theory with 

controllable approximations, or factorizable lattice QCD observables
• Perform global QCD analysis as structures are universal and are the 

same in all processes
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Complicated Inverse Problem

● Factorization theorems involve convolutions of hard perturbatively 
calculable physics and non-perturbative objects

● Parametrize the non-perturbative objects and perform global fit
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Pions

• Pion is the Goldstone boson associated with 
spontaneous symmetry breaking of chiral 
𝑆𝑈 2 "×𝑆𝑈 2 # symmetry
• Lightest hadron 
• Made up of 𝑞 and *𝑞 constituents
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Large momentum fraction behavior
• Many theoretical papers have studied the behavior of the valence 

quark distribution as 𝑥 → 1 and 
• Debate whether 𝑞$%(𝑥 → 1) ∼ 1 − 𝑥 or 1 − 𝑥 !
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• Historically, pion distributions have been extracted from fixed target 
𝜋𝐴 data
• Drell-Yan (DY) 𝜋𝐴 → 𝜇#𝜇$𝑋
• Prompt photon 𝜋𝐴 → 𝛾𝑋

Pion structure in phenomenology
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GRS, GRV, and SMRS ASV valence PDF xFitter
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Owens 
attempted to 
use 𝐽/𝜓
production



Large-𝑥& behavior

• Generally, the parametrization lends a 
behavior as 𝑥 → 1 of the valence quark PDF of
𝑞$ 𝑥 ∝ 1 − 𝑥 &

• For a fixed order analysis, analyses find 𝛽 ≈ 1
• Aicher, Schaefer Vogelsang (ASV) found 𝛽 = 2

with threshold resummation
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ASV valence PDF
Phys. Rev. Lett. 105, 114023 (2011).



Lattice QCD Activity

• Simulations on the lattice have been done to investigate this structure

Subset of pion lattice 
QCD analyses

Phys. Rev. D 100, 114512 (2019). barryp@jlab.org 13



Goals

• Use the available experimental data with modern theoretical 
calculations in perturbative QCD such as threshold resummation to 
perform global QCD analysis
• Include lattice QCD data in analysis on the same footing as the 

experimental data
• Study the large-𝑥% behavior of the valence quark distribution in the 

pion
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Theoretical Input
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Drell-Yan (DY)

𝜋!

𝐴
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Fixed Order Up to NLO
Feynman diagrams for DY 
amplitudes in collinear 
factorization
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Issues with Perturbative Calculations

• If 𝜏 is large, can potentially spoil the perturbative calculation
• Improvements can be made by resumming log 1 − 𝑧 ( terms
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)𝑆 is the center of mass 
momentum squared of 

incoming partons



Threshold Resummation

Significant contributions to cross section occur in soft gluon 
emissions and follow the pattern

Initial quark line from 
hadron

Annihilates with antiquark 
to produce virtual photon
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Keep the first order term in 
the expansion –
“expansion” method

Methods of resummation – Mellin-Fourier

• Threshold resummation is done in conjugate space
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Two choices occur when isolating the hard part

Keep cosine intact –
“cosine” method



Method of resummation – double Mellin

• Alternatively, perform a double Mellin transform

• Double Mellin transform is theoretically cleaner and sums up terms 
appropriately
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Next-to-Leading + Next-to-Leading Logarithm 
Order Calculation

LL NLL … NpLL

LO 1 -- … --

NLO 𝛼+ log 𝑁 ! 𝛼' log(𝑁) … --

NNLO 𝛼'! log 𝑁 , 𝛼+! log 𝑁 ! , log 𝑁 - … --

… … … … …
NkLO 𝛼'. log 𝑁 !. 𝛼'. log 𝑁 !./0 , log 𝑁 !./! … 𝛼'. log 𝑁 !./!1 +⋯22

Make sure only counted once!
- Subtract the matching

barryp@jlab.org



Leading Neutron (LN)
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𝑥!

𝑥̅!
𝑥̅! = 1 − 𝑥!



Large 𝑥'
• 𝑥" is fraction of longitudinal momentum 

carried by neutron relative to initial proton
• For 𝑡 to be close to pion pole, has to go 

near 0 – happens at large 𝑥"
• In this region, one pion exchange 

dominates
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Nucl. Phys. B637, 3 (2002).



How to relate PDFs with lattice observables?

• Make use of good lattice cross sections and appropriate matching 
coefficients

• Structure just like experimental cross sections – good for global 
analysis
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Reduced Ioffe time pseudo-distribution (Rp-ITD)

• Lorentz-invariant Ioffe time pseudo-distribution:
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𝜈 = 𝑝 ⋅ 𝑧
“Ioffe time”

𝑧 = (0,0,0, 𝑧1)
Quark and antiquark 
fields Gauge link

Observable is the reduced
Ioffe time pseudo-
distribution (Rp-ITD)

Ratio cancels 
UV divergences



Fitting the Data and Systematic Corrections

Valence quark 
distribution in pion

Wilson coefficients 
for matching

Systematic corrections to parametrize Other potential 
systematic 
corrections the data 
is not sensitive to

•  𝑧2𝐵3 𝜈 : power corrections •  45 𝑃3 𝜈 : lattice spacing errors

•  𝑒$6! 7$5 𝐹3 𝜈 : finite volume corrections
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Integration lower bound is 0



Global Analyses
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Experiments to probe pion structure
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Drell-Yan (DY)
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Include Threshold Resummation in DY

• ASV analysis got 1 − 𝑥 ! behavior using threshold resummation, 
while all NLO analyses follow (1 − 𝑥)
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Data and theory comparison

• Cosine method tends to 
overpredict the data at 
very large 𝑥2
• Double Mellin method is 

qualitatively very similar 
to NLO
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Method 𝝌𝟐/𝐧𝐩𝐭𝐬
NLO 0.85

NLO+NLL cosine 1.29

NLO+NLL expansion 0.95

NLO+NLL double Mellin 0.80

Slightly 
disfavored

Current data do not 
distinguish between 
NLO and NLO+NLL



Resulting PDFs

• Large 𝑥 behavior of 𝑞$ highly sensitive to method of resummation
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Effective 𝛽- parameter

• 𝑞$ 𝑥 ∼ 1 − 𝑥 &!"##as 𝑥 → 1
• Threshold resummation does 

not give universal behavior of 
𝛽$344

• NLO and double Mellin give 
𝛽$344 ≈ 1
• Cosine and Expansion give 
𝛽$344 > 2

barryp@jlab.org 34

0.75 0.8 0.85 0.9 0.95 1x

0

0.5

1

1.5

2

2.5

Ø
eÆ v

NLO

NLO+NLL cosine

NLO+NLL expansion

NLO+NLL double Mellin

ASV



Deriving resummation expressions – MF

Claim: yellow terms give rise to the resummation expressions

Claim: Red terms are power suppressed in (1 − 𝑧) and wouldn’t contribute 
to the same order as the yellow terms
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Generalized Threshold resummation

• Write the (𝑧, 𝑦) coefficients in terms of (𝑧5 , 𝑧6), and for the red 
terms, you get:

• This is not power suppressed in (1 − 𝑧5) or (1 − 𝑧6) but instead the 
same order as the leading power in the soft limit 
• Generalized threshold resummation in the soft limit does not agree 

with the MF methods
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G. Lustermans, J. K. L. Michel, and F. J. Tackmann, 
arXiv:1908.00985 [hep-ph]. 



What we believe to be theoretically better

• Take more seriously the 
red and yellow
• 𝛽$344 ∼ 1 − 1.2, much 

closer to 1 than 2
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Including lattice QCD data from HadStruc

• Can lattice QCD simulations further discriminate between NLO and 
the double Mellin methods?
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Goodness of fit

• Scenario A: 
experimental data 
alone
• Scenario B: 

experimental + lattice, 
no systematics
• Scenario C: 

experimental + lattice, 
with systematics
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Agreement with the data

• Results from 
the full fit and 
isolating the 
leading twist 
term
• Difference 

between bands 
is the 
systematic 
correction
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Resulting PDFs

• PDFs and 
relative 
uncertainties
• Including lattice 

reduces 
uncertainties
• NLO+NLLDY

changes a lot –
unstable under 
new data
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Effective 𝛽 from 1 − 𝑥 .'((
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Calculations 
from QCD do 
not predict 
𝛽344 = 2



Future Work and Conclusions
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EIC kinematics and uncertainties

• Uncertainties are 
dominated by 
systematics
• Large range in 
𝑥% , 𝑄! to overlap 
Drell-Yan and 
leading neutron 
regions

barryp@jlab.org 44



EIC Impact on Pion PDFs
• Statistical uncertainties are small compared with HERA because of 

larger luminosity – systematics dominate
• 𝑠 = 5400 GeV2, 1.2% systematic uncertainty, integrated ℒ = 100fb-1
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Future Experiments

• TDIS experiment at 12 GeV upgrade from 
JLab, which will tag a proton in coincidence 
with a spectator proton
• Gives leading proton observable, 

complementary to LN, but with a fixed 
target experiment instead of collider
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• Proposed COMPASS++/AMBER also give 𝜋-induced DY data 
• Both 𝜋( and 𝜋/ beams on carbon and tungsten targets

barryp@jlab.org



TMD factorization in Drell-Yan 

• In small-𝑝7 region,  Use the CSS formalism for TMD evolution

• Fit non-perturbative TMDs to pion-induced E615 data
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Non-
perturbative 

TMDs to extract

Collinear pion PDF



Low energy Drell-Yan

• Can achieve good description of the data in a single fit
• Will perform global analysis to extract pion TMDPDFs and collinear 

PDFs
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Conclusions

• Behavior of large-𝑥 valence distribution with double Mellin threshold 
resummation 𝑞$(𝑥 → 1) ∝ 1 − 𝑥 ∼0.!

• The complementarity between lattice and experimental data sheds 
light on the pion PDF itself as well as systematics associated with the 
lattice
• Future experimental and lattice data are needed to further pin down 

large-𝑥 behavior of the valence quark distribution
• Successfully have performed single fits to low- 𝑝7 of both pion TMD 

and collinear PDFs and Monte Carlo is underway
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Backup Slides
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Critiques suggested 1 − 𝑥 / is a fact of QCD

• T1: There is no proof of this in QCD
• [a] The double Mellin method is more rigorous than Mellin-Fourier
• [b] We carefully apply factorization; lattice QCD data prefer a linear falloff; 

there is no evidence to suggest these data are wrong
• [c] There is no indication to insinuate QCD is not the theory of strong 

interactions
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Ezawa
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• No explicit proof of 
nonperturbative          
𝑞$% 𝑥 → 1 ∼ 1 − 𝑥 !

• Assumes one hard gluon 
exchange dominance

Not QCD



Farrar and Jackson
• Assumption made that the 

below diagram dominates 
the structure
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Assumption

• This is a perturbative assumption – we cannot say that higher order terms 
or soft gluons do not contribute to the nonperturbative structure of the 
hadron in QCD

• First principles QCD does not prove this behavior for PDF



Not necessary to have 1 − 𝑥 . behavior

• A recent work by Collins, Rogers, and Sato proved that MS PDFs were 
not necessarily positive as long as cross section was positive.

• PDFs do not have to have a large-𝑥 behavior associated with the 
counting rules
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Phys. Rev. D 105, 076010 (2022).



QCD does not fail if 𝛽-& ≠ 2

• The perturbative expansion performed in Ezawa and Farrar & Jackson 
does not capture nonperturbative effects
• Like in threshold resummation, the buildup of very soft gluon 

exchanges between quark states may be non-negligible contributions 
to the perturbation
• When 1 − 𝑥 → 0, the light front zero mode could play a non-trivial 

role, which cannot be calculated perturbatively
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Angular dependence in E615 DY data

• Expected behavior of the cross section

• Parabolic = leading twist
• Each range of 𝑥% follows the parabolic 

behavior except 0.92 < 𝑥% < 1 for shown 
4.05 < 𝑀:$:% < 4.95 GeV where higher 
twist is expected to be most dominant

higher twist
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Kinematics of E615

• Each of these points is 
included in the global 
analysis
• For small 𝑄, we only 

have 𝑥% < 0.92 points
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Studying cuts in 𝑥0
• To ensure the leading twist formalism, we also modify the 𝑥2,<=>

Large 𝑥 behavior is conserved, 
albeit with larger uncertainties
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Quantifying individual systematic corrections 
on the lattice
• Breaking down by the 3 

systematics

• Dominance of power or 
spacing corrections 
depends on 𝑧
• Finite volume corrections 

don’t matter
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