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Hadrons: Nonperturbative methods for QCD

Pion as a fermion-antifermion bound state in Minkowski space.
Nakanishi integral representation and LF projection.

Valence Momentum Distributions, Valence Probability.

Decay constant, charge radius and Electromagnetic Form Factor.
Dressed quark propagators.

Conclusions and perspectives




Hadrons: Nonperturbative QCD

For a quantitative understanding of hadron physics, we need
nonperturbative methods to study QCD at low energies.

 Hadron mass spectrum
Pion mass ~ 140 MeV

Rho mass ~ 770 MeV

Nucleon mass ~ 1 GeV

Higgs Coupling: quarks u and d ~ 5MeV

Dynamical Chiral Symm. Breaking: Dressed quarks and Light-Flavored hadrons

e Structure of Hadrons: Hadron Tomography (JLAB, EIC ... )

* Confinement: Experimentally, only color-singlet hadrons are observed
No free quarks have been observed

Conjecture: Collored objects are confined inside the hadrons




onperturbative approaches to QC
* Lattice QCD

Generating functional Z[J] — /DAszDgZ etS
Simulate QCD action

Discretize (Euclidean) space-time

Wick-rotation: ¢t — 1t Z[J] = /DAD@&D?,Z e o

Use Monte Carlo methods to sample path integrals
Equivalent to a Statistical Mechanics problem

Finite lattice size and spacing effects

Need extrapolation methods for the continuum limit L — oo, a — 0

Requires massive computational power.




Nonperturbative approachs to QC
* Schwinger-Dyson Equations
Generating functional ZJ] :/DAszD@Ze’:S

Field equations can be derived from the generating functional
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Challenge: Minkowski space calculations

Most non-perturbative methods are formulated in Euclidean space
Wick Rotation: We have to be care with the

presence of singularities.

Our challenge is to work with a non-perturbative framework in
Minkowski Space in order to access hadron structure observables.

: : : Bethe-Salpeter
Minkowski solutions:

Schwinger-Dyson

Tool: Integral representations




Pion Bound State

We start from the four-point Green function

G(x1,x2; y1,¥2) =< 0] T{¢1(x1)p2(x2)b; (y1)93 (y2)} [0 >
which is a solution of the integral equation

G=Gy+GyZG
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I = kernel given by the infinite sum of irreducible Feynmann graphs

— : .,h- -t\. ': -t\.'b-
L Y N
W N+ X+
7 | | \ VALKY
P N LI

i - » Ly B —

Iterations produce all the expected contributions



Bethe-Salpeter Equation

Close to the bound-state pole we obtain the BSE
¢(k;pB) = Go(k;PB)/d4k’ Z(k,k';pB)o(K';pB)

BSA in configuration space: ¢(z1, z2;pr) =< 0|T{d1(z1)d2(x2)}pB >

k + p/2
k + p/2 e
k-p/2
k - p/2

The two-body irreducible Kernel of the four-point Green function

Challenge: To solve the BSE in Minkowski space




Quark-antiquark bound state -

*Bethe-Salpeter equation(0™) : :< - K

d4k/ k- pr2 .
(27)4 SPY(@T (@@ K'; P)Ty(q)S(k — g)

®(k; P) = S(k+ 5)/

T'y(q) = CIy(g)C™"
where we use: i) bare propagators for the quarks and gluons;

ii) ladder approximation
i gtV

P—m+ie

S5(P) = SH(q) = —i

g% — n? +ie
2 2
. M —A
=g oV
qc — A“ + 1€
We consideronly one of the Longitudinal components of the QGV

Quark-gluonvertex pu

We set the value of the scale parameter (~300 MeV) from the combined analysis of
Lattice simulations, the Quark-Gap Equation and Slanov-Taylor identity.

Oliveira, WP, Frederico, de Melo EPJC 78(7), 553 (2018) & EPJC 79 (2019) 116 &
Oliveira, Frederico, WP, EPJC 80 (2020) 484
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Nakanishi Integral Representation

 Nakanishi representation: Generalization of the Kallén-Lehmman
integral representation (two point functions) for n-point functions.

Bethe-Salpeter amplitude

1 0 ! Sl
_ / o g(+.7)
(k. p) = /_1 dz /0 d (7 + K2 — k2 — p.kz' — i€)3

BSE in Minkowski space with NIR

» Kusaka and Williams, PRD 51 7026 (1995);

« Karmanov and Carbonell, EPJA27 1 (2006), EPJA27 11 (2006), EPJA27 11
(2010);

e Sauli J.Phys.G35(2008)035005;

* Frederico, Salme and Viviani PRD 85 036009 (2012), PRD 89,016010(2014);
WP, Frederico, Salme and Viviani PRD 94 071901 (2016);

WP, Frederico, Salme, Viviani and Pimentel EPJC 77 764 (2017);

WP, Ydrefors, A. Nogueira, Frederico and Salme PRD 103 014002 (2021);

e Ydrefors, WP, Nogueira, Frederico and Salme PLB 820, 136494 (2021).




NIR for fermion-antifermion Bound State

BSA for a quark-antiquark bound state

4
=< @ (k,p) = ; Si(k,p)¢i(k, p)

k- p/2
1

M2 Jp:yp” ky']fﬁ

1 k-p 1
Si =7 Sa=-—py15 Sa=—apys— —k15 Si=

Using the NIR for the scalar functions
+1 00 PN,
(}51(-1’-3}?) — /1 dﬁi‘/u dﬂf" gﬁ(ﬁf . z)

(K24+p-k 2/ + M2/4—m2 —+ +ie)’

System of coupled integral equations

! P Ry g'(')’, z') ! P Ry o ;o
dz/ d AL = / dz/ d&v' Kii(k,p;v',2") gi(v, 2
/;1 0 ’Y[k2+z,p°k—’)’,—ﬁ',2+’l:€]3 27: 1 0 2 .7( DY )gJ(fY )




Projecting BSE onto the LF hyper-plane x*=
‘ct

Light-Frontvariables  z* = (z+,27,x)

LF-time £B+ — (1;0 — ;1;3
- =2 — 23

X = (xlaw2)

Within the LF framework, the valence wf is obtained by integrating
the BSA on k (elimination of the relative LF time).

LF amplitudes _ [dkm UL Ay 9i(7', 2)
¢2(77€) _/ 2’ ¢2(k)p) - M 0 d’Y ['y+'y’+m2z2+(1—z2)h:2]2

The coupled equation system is (NIR+LF projection, Karmanov & Carbonell 2010)

o0 A~ ~! o0 1
dl gl(’)’lz) — 4 / d I/ dl .. N /
W e (= ML f, ' [ 4y g7

The Kernel contains singular contributions




WP, Frederico, Salme, Viviani, PRD94 (2016) 071901

We can single out the singular contributions

—(k_)j S(k_7 v, Z, zla s 'Y,)

For two-fermion BSE © dk~
G = / 2T

with j=1,2,3 and in the worst case
1
[k~ ]°
Then one can not close the arcat the infinity .

S(k—,v,z,Z,v,7") ~ for k= — o0
The severity of the singularities (powerj), does not depend on the Kernel

We calculate the singular contribution using

& 1
/ dx 5 = £ (2m)i o)
—00 [5 T—yF z'e] [—y ¥ z'e] Yan PRD 7 (1973) 1780




Numerical I\/Iethﬁc\)d -

Basis expansion for the Nakanishi weight function

i(1,2) = Z ZwmnG2m+r (2) Tn(7)

m=0n=0

Gegenbauer polynomials

CA(z) = 1—z2)qm)\/ it d) oy

2122 ['(n + 2))
Laguerre polynomials

In(7) = va Ly(ay)e "/

We obtain a discrete generalized eigenvalue problem

Cw=g¢g°Dw

We used ~ 44 Laguerre polynomialsand 44 Gegenbauer




ector Exchange:
WdP, Frederico, Salme, Viviani and Pimentel — EPJC 77 (2017) 764
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In order to calculate hadronic properties, we need to properly normalize the BSA

rr| [ @ et 5/2) @(05) 5= /)y s | = i 20

Using the BSA expansion and performing the Dirac traces, we have

4
i / (d ’; [¢1¢1 + G202 + b33 + bPsps — 4 bP1Py — 4—(152(/51] =

From the NIR, we obtain

+1 00 +1 00 1 2(1 —v)?
32/ dz'/ d'y’/ dz/ d7/ dv - v(1-v) T
321 J 0 -1 0 (2 + 202 + v+ (1 —v)]
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LF Momentum Distributions
The fermionic field on the null-plane is given by:

()~ o+ B dg  0(q")
v (‘”’x+‘0+)‘/ (2m)*2 /24t 4 2

UG, 0) b(g,0)e' ™™ +VH(g,0) d'(q, o)e""""f]

where

1
UG, 0) = Atu(G,o) , V(G 0)=ATv(G,0) A= =27

Hence d'and b are the fermion creation/annihilation operators

The LF valence amplitude is the Fock componentwith the lowest number of constituents

(5, k.LaalaM Jﬂ- V 2p V f) <O|b(62,02) d(q1,01)|f3,M,J7r,Jz>

where g = (gt = M(1-¢),-k,}, G = {gf = ME k)

and¢ =1/2+ k™ /p? ‘




LF Momentum Distributions

LF valence amplitudein terms of BS amplitude is:

o2(6, k1,05 M, I, 3,) = Ve @) [ G b Ok )y Lyoy@non)

which can be decomposed into two spin contributions:

Anti-aligned configuration:

o ',z)/0
P (1,2) = 9a(1,2) + Ss(ma) + o [ BT

v+ +2z2m? 4 (1 — 22)x?

Aligned configuration:  ¢44(7,2) = ¥ 1 (7,2) = \/ﬁ’_y Y4(7y, 2)

with the LF amplitudes given by

b / gi(7,z)
A [y + o/ m222 1 (1 - 22)x2]2




Valence Probability

We can define the Valence Probability as

Pyal = ﬁ )3 /_11 (1 izz2) /dkl

g102

on=2(§, k1,05, M,J7, J5)

2

where z =1 — 2§
The probability to find the valence component in the bound state

The Valence momentum distribution density is

1 00
Py = / dz / dyPya(y, z)
-1 0

We decompose in terms of the aligned and anti-aligned LFWF:

c

N,
Poa(1,2) = 15 |[on(1,2) 12 + 91 (7,2) 2]




Pion Decay Constant

In terms of the BS amplitude, we can write the Pion Decay Constantas:

T 8(p, )

ipH fr = Nc/ o

Contracting with p,, and using the BSAdecompositionwe have

d*k
i M2 f, = —4MNC/ W)4¢2(kap)

(2

which can be expressedas

. Nc 00 1
fro= i s |y [ dzunn)




\uantitative results:

WP, Ydrefors, A. Nogueira, Frederico and Salme PRD 103 014002 (2021).

Set mMeV) B/m u/m A/m Py Py Py fr (MeV)
| 187 1.25  0.15 2 064 055 0.09 77
II 255 1.45 1.5 1 065 055 0.10 112
I11 255 1.45 2 1 066 056 0.11 117
IV 215 1.35 2 1 067 057 0.11 98
\Y% 187 1.25 2 1 0.67 056 0.11 84
VI 255 1.45 25 1 068 056 0.11 122
VII 255 1.45 25 1.1 069 056 0.12 127
VIII 255 1.45 2.5 1.2 070 057 0.13 130
IX 255 1.45 1 2 070 057 0.14 134
X 215 1.35 1 2 071 057 0.14 112
XI 187 1.25 1 2 071 058 0.14 96

The set VIII reproduces the pion decay constant

mq = 255 MeV, m, = 637.5 MeV and A = 306 MeV

The contributions beyond the valence component are important, ~30%

The Valence probability has a small variation for the range of parameters
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WP, Ydrefors, A. Nogueira, Frederico and Salme PRD 103 014002 (2021).
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Result in red reproduce experimental f; and two other cases shown for

comparison.

Here

¢(C

)= /Ooova(%Z), P(y) = /_1 1 dzP(7,z)

where P(7,z) is valence probability distribution.
¢(¢) is pdf at initial scale. Evolved PDFs are in progress.
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WP, Ydrefors, A. Nogueira, Frederico and Salme PRD 103 014002 (2021).

Spin decomposition of the longitudinal momentum distribution
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Pion image on the null-plane

The probability distribution of the quarks inside the pion, on the light-front, is

evaluatedin the space given by the Cartesian product of the loffe-time and
the plane spannedby the transverse coordinates.

Our goalis to use the configuration space in order to have a more
detailed information of the space-time structure of the hadrons.

The loffe-time is useful for studying the relative importance of short
and long light-like distances. It is defined as:

Z=X" Ptaget = X P:;,get /2 on the hyperplane xT =0




Pion image on the null-plane

We perform a Fourier transform of the valence wf

The space-time structure of the pion in terms of loffe-time Z = x“p™ /2 and
the transverse coordinates {b,, b}

The pion b |@|*2 in the 3D loffe—space

3D imaging of the Pion




3D imaging of the Pion

3Dk»Pion Image: Spin ¢

The pion b ||*2 in the 3D loffe-space

onfigurations




Covariant Electromagnetic Form Factor

Among the pion observables, the electromagnetic form factor plays a relevant
role for accessing the inner pion structure, since it is related to the charge
density in the so-called impact parameterspace.

q

Adopting the Impulse aproximation (bare photon vertex), we have

N, d*k

(p +PWE(Q) = - 4M2+Q2 (277)4

Tr[(— K — m)Dy(ko; ") (P + ') D1 (ki p)]
After using the NIR and computing the traces, one obtains

F(Q%) = 327122/ d”/ dzgf('y’z)/ d7/ el Z’)/ y (1 - y)zl\;é;v




Valence Electromagnetic Form Factors

The Valence contributionto the FF is obtained from the matrix elements
of the component ¥ "

— —

kLK ,
J,'”,l P47, 2) ‘PTT(’)’,Z)]

NC 1 * /
Fat@) = 7055 [ 1 [ dz[wiy (v, 2)9n(1,2) +

1673

Fval(o) = Pual.
where ¥ =%, +1(1+2)j,
Total FF (Drell-Yan Frame): F(Q?2) = Z Fn(Q?) = Fya(Q?) + Frya(Q?)

n=2
where Fn(Q?) represents the contribution of the n-th Fock component

QCD Asymptotic Formula (Lepage & Brodsky, 1979):

Q%Fasy(Q%) =8mas(Q?) f2

Runing coupling constant - PDG




“Results: pion charge radius

Ydrefors, WP, Nogueira, Frederico and Salme PLB 820, 136494 (2021).

Pion charge radius and its decomposition in valence and non valence contributions.

Set m B/m u/m A/m Py fr rn (fm) 15y (fm) 754 (fmM)

I 255 1.45 2.5 1.2 0.70 130 0.663 0.710 0.538
II 215 1.35 2 1 0.67 98 0.835 0.895 0.703
where

= —6dF(Q?%)/dQ*| g2

Pval(nval) r\zlal(nval) — _6 dFval(nval)(Qz)/sz Q2=0

Theset I is in fair agreement with the PDG value: P DG — (.659 4 0.004 fm




F(QA)/F pon(@®)

Form factor vs

Ydrefors, WP, Nogueira, Frederico and Salme PLB 820, 136494 (2021).
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mq = 255 MeV, my = 637.5 MeV and A = 306 MeV

Good agreement with experimental data (black curve).
For high Q2 we obtain the valence dominance (dashed black curve)

Our results recoverthe pQCD for large Q? — Blue curve vs Black curve
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/Dressing the Quark

» Dressed quark propagators defined for time and
space-like momentum.

» Dynamical Chiral Symmetry Breaking

Solution of the Schwinger-Dyson Eq. in Minkowski-Space.

Also discussed in

Sauli, Nucl. Phys. 689A, 467 (2001), JHEP 0302, 001 (2003)
Bicudo, Phys. Rev. D 69, 074003 (2004 ).

Mezrag & Salme, EPJC 81, 34 (2021).

The model:

Rainbow-Ladder, Pauli Villars regularization,
massive effective gluon.




Schwinger-Dyson equation in Rainbow ladder truncation
In collaboration with Duarte, Frederico, Ydrefors

Bare vertices, massive vector boson, Pauli-Villars regulator

p-k
-1 -1
p = p +
—— ®

k
The rainbow ladder Schwinger-Dyson equation in Minkowski spaceis

4
57 0 == motig* [ Sy (k- 9w @

The massive gauge boson s given by

D;u/( ) _ 1 17 (1 _ §)q#qV
V=2 —m2 te g% — Em2 + 1€
(o2 o

¢ =0 (Landau Gauge) & £ = 1 (Feynman Gauge)
The dressedfermion propagatoris

Sy (k) :

" k—mp + kA; (k%) — By (k%) + ic




Fermion Schwinger-Dyson equation (Rainbow ladder)

Self-Energies Integral representations

= pa(7) e
As (k?) :/O s By (k)

PB (W)
k2 —~ + ie

Vector and scalar Self-Energy densities
Fermion propagator— Integral representation

%+mo / / ,03
S = R <
: k? —mg + ie - &ze /62—’74—26

\ physicalmass

Vector and scalar spectral densities

Gauge fixing

. d*q 7. S(k—q)v (1-¢)q"q”
A 2\ _ B 2y _ 2/ M v puv .
o [ d'q v Sk-—9vw[ .  (1=8¢"¢" ¢ Pavli-Villars
4 2 A2 4 5 2 A2 4 g regulator
— (2m)* q% — A% + i€ 2 — €A + 1€ 1




Fermion Schwinger-Dyson equatioﬁl\l(Rainbow ladder)

2
* Parameters: o = i— AN, mg, Ty .
s

« Self energy densities: p,(y) =-Im[A(y)]/m and p (y) = —-Im[B(y)]/m.

« Solutions of DSE obtained writing the trivial relation S J;‘S ;= 1in a suitable
form:

LAY (o L+ Ay (k)
k2 —m3 +e  Jo k? —v+ie  Kk%2(1+ Af(k?))? — (mp + Bp(k?))? + e
k2 —mg+i€ 0 k? — v + i€ k2(1+Af(k2))2 — (mB+Bf(k2))2—|—z'e



Fermion Schwinger-Dyson equation (Rainbow ladder)

Fermion DSE solution

_ 1
pa(p’) =R [’Ci_l (p*,mg;m2) + W’Ci (pz,mﬁ;m?,)]

- /Sthrcs dsp (8) [’C§421 <p2a S5 mg) + m’Ci (pz’ S; m?,)]
¢
— [ms — A

thres

— (= 2
2y _ e (K61 (02 72 m2) K (12 72 2 ST = (g + Em,)
pB (p ) — mO B (p ,mo,mo.) + m2 B (p ,mo,m )

o
g

o0
+/ dspy () [’C£B=1 (p* ssm3) + —7,12 K (P2’3;m3)]
S’éhres g

= Imy — A Connection Formulas
2
. | pv (P?) = —2fc’; (Z ) [p°pa () fa (0?) — B (V%) fB ()]
fA(Pz):l+P/ dv@;)‘i?(s) (2;0)
et R0 PAP") r 2.0/ 2y 292929 22 2 9 (2
o) mB+P/” .d'sngS)S. g WA W) —m e (v7) = [ (0°) + 7o (7))
. o (7

ps (p°) = -2 d(pﬂ)) (p?pa (p7) fa () — B (P?) f5 (P°)]
d(p®) = |P*FA(0°) — 7 p* P2 (V") — B (%) + 7* pB(P?) 2
p [p p p°palp p PB\P ] + d(p2)) [p 2 (pz) — w22 (pz) _ 12 (pz) 2l (pz)]

2
+4m? [p2pA () fa®?) — p(P°) fB (pz)}




Comparison with Un-Wick rotated results

In collaboration with Duarte, Frederico, Ydrefors, Maris and Jia

» From Euclidean space formulation, in increments of 8: p — e 0 P

The integration path in SDE is deformed into the complex plane

» Minkowski space: & = 1/2, or in a more conveninent notation © = /2 — 3.

P2 =0, P> >0 spacelike region
0 =0,
2>0, =0 timelike regior
Py > U, p° = timelike region
0 - Feynman gauge* 0.04- Landau gauge ~— p,, Nakanishi -
! +— Py, Nakanishi
I — Im(A)/n, 6 =n/256
0.02 .02 = mymo-nas| |
0. — |
i = 0
& Q i
o .
T 0.04 -0.02}
< I !
Q
'0.06 —— e=n/32 '0.04_
T U= -0.06
-0.08} -— 0=m/256 | i
I —— Minkowski| | 0,08
_01 L 1 lllll]l 1 1 lllllll L 1 Illllll L 1 111111 ' 1|||||| L 1 ||x|||| 1 L ||||||| L 1 |||||||
"1 10 1020 1000 10000 1 10 , 100 1000

p P
*S. Jia et al., Proceedings of HADRON-2019, arXiv:1912.00063, T. Frederico et al., Proceedings of NTSE-2018, arXiv:1905.00703.

mo = 0.5, u = 1.0, A = 10.0, and a = 0.5




Dynamical Chiral Symmetry Breaking

Strong coupling regime

Fit to Lattice Landau Gauge Results
Oliveira, Silva, Skullerud & Sternbeck, PRD 99 (2019) 094506

Quark propagator




Phenomenological Mode

In collaboration with Duarte, Frederico, Ydrefors

We can calibrate the model to reproduce Lattice Data for M(p?)

Running quark mass
350 L L L L L L e s
i ~——— Lattice fit (EPJC 80484) ]
300 \ —— A=15GeV,m=035GeV, =86 ||
\ —— A=10GeV,m =035GeV, a=19.0
i \\\ — — A=15GeV,m =042GeV, a=119|]
250+ \ — — A=12GeV,m =042GeV, a=19.7[]
2 = _
p ) EZOO—
2) g
P o
S 150
(p?) 100
50
0

0 1 2 3 4 5 6 7 8 9 10
p(GeV] ~, . ;
Chiral Symmetry Breaking

The next step 1s to use this solution to obtain the
Fermion-Antifermion bound state




Conclusions and Perspectives

We present a method for solving the fermionic BSE in Minkowski
space and how to treat the expected singularities.

We obtain the Valence Probability, the Momentum Distributions,
Decay constant, charge radius and Electromagnetic Form Factor.

Furthermore, the image of the pion in the configuration space has
been constructed. This 3D imaging is in line with the goal of the
future Electron Ion Collider.

The beyond-valence contributions are important. The valence
probability is of the order of 70%.

We intend to calculate other Hadronic observables: TMD, GPD.

Future plan is to include dressing functions for quark and gluon
propagators and a more realistic quark-gluon vertex.







niqueness of the Nakanish Représentation

Nakanishi proposed that the weight function is unique. It means that if both
LHS and RHS have the same integral operator, they can be extracted

[ar 9:(7,2) - [Car 9:(7,7)
0 0

(v + 9 + 22m? + (1 — 22)K2)? (v+ 7 + 22m? + (1 — 22)K2)?

= 0 (7/7 Z') - 92(’7/’ ZI)

Stieltjes Transformation

* P(y)
Glx) = f (y+x)2

We can relate the kernel with a integral in the complex plane
y +7
= 2 ip ip
F(y) > f:ﬂ dop e G(ye)

For Bosons: Carbonell, Frederico and Karmanov PLB769(2017) 418




Extreme Binding Energy (B=2m)

Example: Fermion-Antifermion Bound State with massless vector exchange

The BSE in the limit of Extreme Binding Energy (M=0) is:

~ ’ gl(y”z) _ (PZ_AZ)Z f°° /f+l /fl 2 )2 r o7
[ AT e [ay [ [ dora - oPatr2) x

0(k} [8D:(y,z 9,2, 0) + (1 = v)(u* — A?)]
(1+2) [D2y,zy",2,0) + (1 = v)(u? = A?)PP [Da(y, z; ', 2, 0)]?

+z—>-z;2 - -72],

with

DZ()’/ Z, )”/ z’l U) =

“a :)-z) m* + m*vz +m*Z’(1-0)+ (1-0)(1 +2')y + (1 +2)y’ + 1 = 0)(1 + 2)p?




Extreme Binding Energy (B = 2m)

Using Feynman parametrization, Dirac delta properties and Uniqueness we have

A22
00,9 =32 [Ty [ [ wwoa - oty g

[G(k )f dE E4(1 - é)( 8y —az +m?) + 246”’()/”—043+m2))+[z—>—z z — =Z']|.

Solving numerically we obtain g?=68 (fundamental state) , which is consistent
with the solution of the BSE for B close to 2m

+1 00
9(7,2) = / dz’ / &Y' W(y,z,7,2,v)g(«,2)
—1 0

Definition of W (v, z;v/, 2’;v)




Stieltjes Transformation

We can compare with the Uniqueness method

The BSE is written as

( ,,Z)d ’ + ’ ’ . ' 7
4v4 )4 =f1 dz 0 dy'V(y,z; v,z ,v)80, 2')

o [V +y+22m?+ (1-22)x?]?

(o0}

Stieltjes Transformation:
+1
gy, z) = f 1 dz’ f dy'N(y,z;y',z',0)g(y’,Z)

T
N, zy,2Z,v) = % f dg e? V(ye® —m’z* — (1 - 2%, 2y, 2')

-7t

Uniqueness

+1 00
9(7,2) = / dz’ / Ay W(vy,z,7',2,v) g(v, #)
—1 0




Stieltjes Transformation:

+1
g(y,2) = f 1 dz’ f dy'N(y,z;v',z',0)g(y’,2)

+7
N(y,zy,2,v) = % f do e° V(ye® —m’z* — (1 - 29)%%,z;7',2)
-n
Uniqueness

+1 00
9(7,2) = / a7 / Y W (v, 2,7, 7 0) g 7)
—1 0

For the following values

g°=68,y=6,7/=04,2=06,2=07,m=1
The Kernels are

N(v,z;v,2;v) = 0.361861 W(~, 27, 2";v) = 0.361861




Let’s take a connected Feynman diagram (G) with N
external momenta p;, n internal propagators with
momenta [; and masses m;and k loops.

6
ee s e g

1 1
1
7 d4 r
fa(p H/ 9 I3 —m?2 +i€)--- (12 —m2 + ie)
1 no! 0(1—> )
A 2 — (r — 1) : k N
Feynman parametrization A A (n 1)'};[1 /0 doy S o A zj:ijrquchﬁpi
We obtain

ful i):(z'w) (n—2k—1)! H/ dozz 0O a; —1)

/ n 2 . —
(n—1)! D i CitrDil — D iq Qi + i€)" 2k

The denominator is a linear combination of the scalar product of the external
momenta and the masses.

The coefficients and the exponent (n-2k) depends on the particular Feynman
diagram.




Nakanishi Integral Representation
After some change of variables we can write
6(1 =3 2) ¢ (2, 0)
a(pi) H/ dzh/ dx (3, 2i 8i — X + ie)n2k

Performing integration by parts, we have the integral
representation

c(pi) H/ dzh/ dx Z 2 8§ — — (-)I-(ze)X)

et (1) ok1 0" k)
(Xazh) ( 1)n— - 8Xn_2k_1 G (X7 zh)

The dependence upon the details of the diagram moves from the denominator to
the numerator. We obtain the same formal expression for the denominator of any
diagram.




Ydrefors, WP, Nogueira, Frederico and Salme PLB 820, 136494 (2021).

Within the BSE approach we can calculate the contribution to the valence FF
from the 2 different spin configurations presentin the pion.

- . : . . d 0.3
Total
NA 0.25 [
S
5 0.2
£
L
. 0.15
N
c
= 0.1
g I .
0.01 fv - - 0.05 |
VL . . . . . . .
0 20 40 60 80 100 0 20 40 60 80 100
Q2 (GeV?) Q2 (GeV?)

For zero momentum transfer, the pure relativistic Spin-aligned configuration
contributes with 20%.

Zeroin spin-aligned FF is due to relativistic spin-orbit coupling that produces
the term K - i/, wich flips the sign around Q>~8GeV>

For large Q?, the difference between the exact formula, the asymptotic
expressionand pQCD becomes small.
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Kernels
2 © Y (a' + ma)2
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Common parameters: A = 10, m_=1, a =0.5.

é R my mp
|1 (Feynman) 0.884 0.759 0.5
O(Landau) 1.05 0.797 0.5
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a ~ (.22
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The spincomponents of the DA, defined by
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Aligned component (blue) more wide than the anti-aligned one (red).




Nakanishi Integral Re|

To represent the BSA, we consider the constituent particles with
momentum p,, p, and the bound-state with momentum p.

p=p1t+p2 k= (pr—p2)/2

(1 )(
_ X zh)/(zl + z2)
p’L) - H/ th(S(Z Zh, ]-) o k2 k(zl —22) 4 (z1+z2+4Z3) —X .
( TP (z1+22) + (z1+22) + ZE)
Using the identities
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where o, H / d2d Zzh—l /

(1) Zh 21— 22 / MTQ 21T 22 T 223) —
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we obtain the NIR

p2

p1




Quark-Gluon Vertex
Schwinger-Dyson eq. ) — m
Quark propagator @ = mmmmee--- - v o -@-

Quark-gluon vertex I/ (p1, p2, p3) = gt“ I'u(p1, P2, P3)

—P1

Fﬂ(pl’ P2, p3) = F;S.L)(pl’ P2, p3) : 3 INIB)

Longitudinal component Iy’ (p1,p2,p3) = —i (/\1 Yu + A2 (B —#2) (P1 —p2),

+ A3(p1 —p2)p + A1ou (01 —P2)V)
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Loanwaoo

quark-gluon vertex from factors

» Slanov-Taylor identity & Quark-Ghost Kemel
» Padé approximants

» Error minimization ~ 2-4%

» simulating annealing

as = 0.22 and all propagators renormalised at p = 4.3GeV
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