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» Relativistic definition of mass
« Energy-momentum tensor and mechanical properties

« Mass decompositions and their interpretation
a. Energy decomposition
b. EMT trace decomposition
c. Ji's decomposition



What is mass!?

Formal definition prp, = M? A global Lorentz-invariant quantity
characterizing a physical system

A\ Not additive! p' =py + 1 = M? = pg + p?, + 2pg - Py
Physical interpretation plu, =M Proper inertia (i.e. energy) of a system
CM four-
velo(c)il:; ut = p.u /A/j
Additive Pt =py +pj = M=p;-u+ps-u
= pg + pg CM frame

A mass decomposition is a proper energy sum rule



Link with the energy-momentum tensor (EMT)
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T“’V — 520 ‘— Shear stress
| T30 3 a Normal stress (pressure)
Four-momentum operator P = /d?’r Tg“(r) a=4q,q
PH T4 (0
Expectation value ph = (Pl) = |23 p) = I (0)lp)



Poincaré constraints (spin-0 or spin-1/2 targets)

(p| T (0)|p) = 2p*p” Au(0) + 2M?g"* C,(0)

=D <P£> = p'u'Aa (0) + 0 gO#Ca (0) Not a four-vector!
P
ghetrone —(pu s — i 0+ 2 g, 0) = (PR = Al0)p"
’ p ?
p= = £p°)/V2 = (*)a

Four-momentum sum rules

[Ji, PRD58 (1998)]

From the experimental side,all we needis: |. to measure all the coefficients and
2. to check the four-momentum sum rules



Mass decomposition

Once a decomposition of the EMT into quark and gluon contributions is determined,
a well-defined mass decomposition follows automatically

M = (P, -u) + (P, - u) (P, -u) = [Ag(0) 4+ Co(0)] M

Each term represents in a covariant way
an energy contribution in the CM frame [C.L., EP]JC78 (2018)]

Renormalized QCD operators
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Refinements of the mass decomposition

[C.L., EPIC78 (2018)]
In CM frame [Rodini, Metz, Pasquini, JHEP09 (2020)]

[Metz, Pasquini, Rodini, PRD102 (2020)]

M = [({[ &*ry"iD%) — ([ Promy)] + ([ rdmy) + ([ dPr 5(E® + B?))
Quark Quark Gluon
kinetic and potential energy rest mass energy total energy

Spatial distribution in CM (or Breit) frame /= / cPr7r0r) =Y / d*rT°(r)

a

—

[Donoghue, Holstein, Gambrecht, Konstandin, PLB529 (2002)]
[Polyakov, PLB555 (2003)]
[Polyakov, Schweitzer, IJMPA33 (2018)]

100 =M [ 52 e 3T a0+ Gl + 1z [Balt) - 46,00)]

[C.L., Moutarde, Trawinski, EPJC79 (2019)]



Trace decomposition it =T,

Quantum corrections break conformal symmetry

T, = 52 G2 4 (14 ) Y

' 1
l—Y—,
Trace anomaly Quark mass
matrix

Textbook approach {p[T"(0)[p) = 2p"p”

[Crewther, PRL28 (1972)]

[Chanowitz, Ellis, PRD7 (1972)]

[Adler, Collins, Duncan, PRD15 (1977)]
[Collins, Duncan, Joglekar, PRD16 (1977)]
[Nielsen, NPB120 (1977)]

[Shifman, Vainshtein, Zakharov, PLB78 (1978)]
[Donoghue, Golowich, Holstein, CMPPNPC2 (1992)]
[Kharzeev, PISPF130(1996)]

[Roberts, FBS58 (2017)]

(\ G2\p> <p\(1+7m)5mw\p>:2M2

Y Y

1 =2GeV ~90% ~10%

Caveats: 1) Depends on state normalization

2) Decomposition of squared mass and not mass

3) No explanation for the evaluation of EMT at a single spacetime point

4) Relation to mass only at the level of matrix element of total trace



Trace decomposition

Expectation value (independent of state normalization) [C.L., EPIC78(2018)]
[Krein, Thomas, Tsushima, PPNP100 (2018)]

(%2 G2|p) + (p|(1 + vm) Prmi)|p) = 2

QpO 2p0 2p0
\ , ) \ , ) (T‘u )a _ M G2
= ([P (T",),) = ([P (T")) e
' ' (TH )i = (1 + Yom) i
A\ Operator mixing e e ok, IERG: (20109
gvaéw = Ca (T#,u,)a + Cm (Tﬂp)m
9 TH = (1 —ca) (TH,)a + (1 = cm) (T",)m

Ca; Cm are scheme and scale-dependent calculable coefficients

Quark-gluon separation and trace operation do not commute



Trace decomposition
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density
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Shear stress

Normal stress (pressure)

Physical interpretation in CM frame

3 3 00 3 X .
(Jd*rT¥,) = ([ d®rT%) =} (Jd*>rT") [Landa, Lifswis, CTF (1062)]

L ) ) . L )
T Y 1 Y

=M =M =0 Virial theorem

Stable system = Total pressure-volume work
must vanish!

(J&rTh) = ([ d®rTP) =) (Jd>rTF)  a=gq.yg
| ' - ' | i ' | [C.L., EPIC78 (2018)]

Canb — 0 - A .
ne;:tivi! - <Pa> 7é 0 [C.L., Metz, Rodini, Pasquini (in preparation)]

Trace decomposition combines
mass decomposition with mechanical equilibrium



Ji's decomposition

T,u,u — THV _ %g,uuTaa

Step | THY — THY | THY [3i, PRL74 (1995)]
. Ji, PRD52 (1995)]
pv _ 1w [
™ = 3 g™,
Step 2 T’U’U = T(’;LV —|— T;’U NB: quark and gluon contributions also traceless
T = (Tﬂu)m + (T#V)a or Téw + T;U A Operator mixing

Physical interpretation in CM frame

T = T + TSO a=4¢q,qg [CL.,EPIC78(2018)]
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Ji’s decomposition is a sum of terms representing

physical quantities of different nature



Ji's decomposition

T,u,u — THV _ %g,uuTaa

Step | TH = TH + T+ .
Ty — %Q#UTQQ

THY TH” belong to different Lorentz representations == separately renormalized

00 3 oWy "y 1 (712 32 1 ] 1 B(g) 2
T = ZbT’LD . Of?,b + ?,bm?,b + §(E + B ) + 1 Ym WY + 1 2(—(}) G [Ji, PRL74 (1995)]
- [Ji, PRD52 (1995)]
[Ji, Liu, Schaefer, arXiv:2105.03974]

... but the total EMT is conserved and should not contain the anomalous terms

[Hatta, Rajan, Tanaka, JHEP12 (2018)]
[Tanaka, JHEPO1 (2019)]

[Rodini, Metz, Pasquini, JHEP09 (2020)]
[Metz, Pasquini, Rodini, PRD102 (2020)]
[C.L., Metz, Rodini, Pasquini (in preparation)]

I\ Breaking of translation symmetry by regulator creates artifacts!

= No quantum anomalous energy survives
at the level of renormalized operator



To sum up

Fundamental sum rules

Mass M = [A,(0) + C,(0)] M + [A,(0) + Cy(0)] M
Momentum p=A.0)p+ A,(0)p

Mechanical equilibrium 0= [-C,(0)| M + [-Cy(0)] M in CM frame

Trace decomposition



To sum up

Ji’'s decomposition

Mq_g(a—Hf;m)M £ ([ dPrytiD-av) A

M,=3(1—a)M £ YE*+BY) A
M = My + M, + M,, + M, ’ ‘Ziﬂff | ) ! 1 "

M,=1(1—-bM :(fdf”r%%)a%

NB: one has M, — iﬁ;ﬂ M,, + My, —3M, =0 asa result of mechanical equilibrium!

Relations between Ji’s parameters and gravitational FFs

A,0)=1—-a Ag(0) +4C,(0) = (1 —co)(1 =b) + (1 — ¢ )b



